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PREFACE. 


I 


The  chief  object  of  the  present  work  ia,  as  its  title 
indicates,  to  furnish  to  the  student  examples  by  which 
to  illustrate  the  processes  of  the  Differential  and  In- 
tegral Calculus.  In  this  respect  it  will  be  seen  to 
agree  with  Professor  Peacock's  Collection  of  Examples  ; 
and  indeed  if  a  second  edition  of  that  excellent  work 
liad  been  published  I  should  not  have  undertaken  the 
task  of  making  this  compilation.  But  as  Professor 
Peacock  informed  me  that  he  had  not  leisure  to  su- 
perintend the  publication  of  a  second  edition  of  his 
•' Examples "  which  had  been  long  out  of  print,  I 
thought  that  I  should  do  a  service  to  students  by 
preparing  a  work  on  a  similar  plan,  but  with  such 
modi6cations  as  seemed  called  for  by  the  increased 
cultivation  of  Analysis  in  this  .University.  Accordingly 
I  have  not  limited  myself  to  tW.mere  collection  of 
Examples  and  Problems  illustrative  of  Theorems  given 
in  Elementary  Treatises  on  the  subject,  but  I  have 
also  introduced  demonstrations  of  propositions  which, 
although  important  and  interesting,  do  not  usiially 
find  a  place  in  works  devoted  to  the  exposition  of  the 
I  principles  of  the  Calculus.  1  wished  by  these  means 
»  render  this  Collection,  as  it  were,  complementary  to 
lose  works,  and,   with  the  view  of  allowing  it  to  be 
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read  in  connection  with  any  of  them,  I  have  generally  J 
assnmed  as  known  only  those  methods  which  are  to 
be  found  in  all  Elementary  Treatises.  To  this,  how- 
ever, there  is  one  exception :  it  will  be  seen  that  I 
have  made  constant  use  of  the  method  known  by  the 
name  of  the  Separation  of  the  Symbols  of  Operation, 
although  the  Theory  of  the  process  is  not  usually 
^ven  in  works  which  are  likely  to  be  in  the  hands 
of  students.  I  have  done  so  because  I  think  it  a 
matter  of  some  importance  that  the  use  of  this  method 
should  be  extended  as  much  as  possible,  since  it 
shortens  and  simplifies  many  of  the  processes  of  the 
Calculus,  while  at  the  same  time  it  offers  to  the  stu- 
dent one  of  the  most  instructive  examples  of  Analyti- 
cal Generalization.  There  seems  to  have  been  among 
writers  on  the  Calculus  an  unwillingness  to  consider 
this  method  in  any  other  light  than  as  founded  on  an 
accidental  analogy,  and  therefore  to  reject  it  as  not 
based  on  a  strict  logical  deduction.  This  idea  I  think 
is  formed  on  a  limited  view  of  the  nature  of  Analysis, 
and  I  shall  be  glad  if  the  use  which  I  have  made  of 
the  Separation  of  the  Symbols  may  induce  others  to 
examine  the  question  closely,  and  so  satisfy  themselves 
of  the  logical  validity  of  the  process.  The  principles 
of  the  method  are  so  simple  that  I  think  the  short 
sketch  which  I  have  given  of  them  in  Chap,  xv,  will 
be  sufficient  to  make  its  application  readily  imderstood. 
I  have  adhered  throughout  to  the  notation  of  Leib- 
nitz in  preference  to  that  which  has  been  of  late  re- 
vived and  partially  adopted  in  this  University.  Of 
the   Differential   notation   T  need  say  nothing  here,  as 
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it  appears  to  be  abaudoncd  as  an  exclusive  syBtem  by 
.those  who  introduced  it :  but  as  the  use  of  the  suffix 
notation  for  integrals  has  been  sanctioned  by  those 
whose  names  are  of  high  authority,  I  may  state  briefly 
some  of  my  reasons  for  differing  from  them.  In  the 
first  place,  on  considering  the  subject,  I  could  find 
no  arguments  against  the  use  of  the  notati(m  for  Dif- 
ferentials, which  did  not  apply  with  even  greater  force 
against  that  for  integrals:  indeed,  although  there  may 
be  some  cases  in  which  the  use  of  the  former  is  ad- 
vantageous, 1  know  of  none  in  which  the  latter  does 
not  appear  to  me  to  be  inconvenient.  In  the  next 
place,  I  fully  agree  with  Professor  I)e  Morgan  in  an 
unwillingness  to  lose  sight  of  the  analogy  to  summa- 
tion which  is  implied  in  the  old  notation ;  ami  if  it 
were  at  any  time  necessary  to  consider  integration 
merely  as  the  inverse  of  differentiation,  I  should  pre- 
fer to  employ  such  a  symbol  as  t/,''  which  expresses 
the  required  idea  better  than  f,.  But  what  I  look 
on  as  a  fatal  objection  to  the  suffix  integral  notation 
is  that,  like  the  corresponding  one  for  differentials,  it 
is  not  applicable  to  all  cases.  Of  this  any  one  may 
satisfy  himself  by  attempting  to  use  it  in  transforming 
a  multiple  Integral  from  one  system  of  independent 
variables  to  another,  a  problem  which  is  of  frequent 
occurrence,  but  which  1  have  not  seen  solved  analyU- 
cally  in  any  work  in  which  the  suffix  notation  is  em- 
ployed. So  long,  therefore,  as  the  old  notation  adapts 
itself  to  all  cases  in  which  it  is  required,  while  that 
which  is  proposed  is  not  so  accommodating,  there  ap~ 
pears  to  me  no  doubt  which  is  to  be  preferred. 
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.The  .sources  from  which  the  Examples  have  been 

ta£en  aiae  indicated   by  the  references  which  will  b^ 

foupd  in  the"  body  of  the  work.     For  although  I  have 

uqI  .Aought  it  necessary  to  cite  an  authority  for  every 

example,   I   haw^  done  so  in  all  cases  in   which    the 

'  -^fitudent  wduld  be  likely  to  wish  for  more  information 

^\    by  confulting  the  original  authors.      It  has  always  ap- 

P%ired  to  me  that  we  sacrifiL^  many  of  the  advantages 

•.and  more  of  the  pleasures  of  studying  any  science  by 

iDmitting  all  reference  to  the  history  of  its  progress :   I 

have  therefore  occasionally  introduced  historical  notices 

of  those  problems   which  are  interesting  either  from 

the  nature  of  the  questions   involved,   or    from   their 

bearing  on  the  history  of  the  Calculus.     From  a  fear 

of  increasing  the  size  of  the  volume  too  much,  I  have 

not  done*  this  to  as  great  an  extent  as  I  wished,  but 

these  digressions  short  as  they  are  may  serve  to  relieve 

the  dryness  of  a  mere  collection  of  Examples. 

Trinity  College, 
October^  1841. 


EDITOR'S    NOTICE. 


;  first  etlitioti  of  this  work,  which  appeared  at  the 
close  of  the  year  1841,  having  been  exhausted,  a  new 
edition  is,  under  the  sanction  of  the  Proprietors,  now 
presented  to  the  public.  The  Editor  has  not  attempted 
to  make  any  alterations  in  the  general  arrangement  of 
the  treatise,  but  has  confined  himself  to  effecting  such 
occasional  changes  in  the  details,  as  would  probably 
have   been    thought   desirable    by    the  author  had    he 

»  lived  to  prepare  another  edition  for  the  press.  The 
last  chapter,  however,  on  the  Comparison  of  Trans- 
cendents, offers  an  exception  to  these  remarks,  having 
been  in  a  great  measure*  rewritten ;  for  the  alterations 
his  department  of  the  work,  the  Editor  is  indebted 
l-to  the  kindness  of  Mr  Kllis,  Fellow  of  Trinity  College. 


WILLIAM  WALTON. 
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DIFFERENTIAL   CALCULUS. 


CHAPTER  I. 

DIFP  K  RBNTI ATION . 


Funetuma  rtf  One   Variable. 


If  u  be  an  explicit  functioD  of  x,  which  is  of  a  com- 
plicated form,  it  may  generally  be  reduced  to  the  differen- 
tiation of  simpler  functions  by  means  of  the  theorem 
du      du   dy 
dm      dy    da 
y  being  some  function  of  «,  and  u  some  function  of  y. 
This  theorem  may  be  extended  to  any  number  of  functions, 


du     du  dv  dx          dy 
di'di'di'd) di' 

Ex. 

(1)     Let   «  -  (a  +  hiry. 

Then  y 

.  o  +  »»■,         »  -  »-, 

dy 

dT 

.n6«-',     ^-ra!r-'-«(<.  +  6«')-'i 

therefore  ^  -  «.»6«-'  (o  +  i.-)— . 

(«) 

«-f'^'--«'.     T.-'-m^ 

(») 

dx 

W 

«  ■  «"■*  ;      _  .=  cos  «,™'. 

% 


DIFFBRBNTIATION. 

(5)  «-log{^+(l+«;»)Jj;     ^.^_L^. 

du  1 


(6)  w  -  log  (log  J?)  =  log*  (a?) ;  _ 

a^      w  log  or 

(7)  u  a  log"  or ;  which  signifies  not  the  n^  power  of 
e  logarithm  of  a?,  but  the  n^  logarithm  of  that  quantity, 

du  1 

dtr      o^log^log^o; log""*.r  ' 

du 

(8)  u  «  log  (sin  a?)  ;     j^  -»  cot  a?. 

ad? 


1  -  co8ifi^\^       du 


,      /I  -  co8m^\»       au 

(9)  «  =  log ;     — 

\1  4  cosmwj         d/v 


m 


(10)  f«  a  log  (tan  iv), 


sin  m/r 
du  2 


dx      sinScr 
du 


(11)  w  =  cos  (sin  ai)\     — ^  =  -  cos  a?  sin*  zr, 

sin^  «v  being  the  same  as  sin  (sin  w). 


I 


\ 


) 


(12)  u  =  sin  (log  0?),      :;—  =  -  cos  (log^).  J 

,07  du  \  {' 

(14)  tt  =  sin"* r,      -r- = ^• 

^    ^  1  +  a?*'     d.T  1+^' 

(,6,  „.„„,-.  ('_t£^)  , 

Va  +  6  cos  ktI 

du        (o»  -  6*)i 
dx       a  •{•  h  cos  J7  ' 
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a*        aa?       (a*  -  .r*)5 
cIm  X 


(23) 


(84) 


(25) 


d/p      {(.r»-a»)(6« -*»)}*• 

,    ,  .     ,  af  -  1        du  1 

(.9)  «-8.n-^^,     --^____j^. 

(20)  «.tan-.{(,+.^)»-.},      g=-,(/^-^. 

(21) 


(22) 


ffA 

=  tan' 

1  -  a?" '     dm"  I 

3 

• 

dV 

+  «« 

t^ 

«=  tan' 

,    2car  +  6          dw 
(4f»c  -  b*)i '     d^ 

-*: 

(4ac  - 

+  IJ47* 

u 

B  tan' 

J  fa  +  feay\i 

du 
dx 

-*(T 

(b  -  a)i 
+  J?)  (o  +  fea?)*  * 

u 

=  sin" 

J     «r  (a  -  6)^ 
{o(l+.r«)|r 

du 

(a  -  6)* 

dx 

0  + 

«»)  (o  +  6.r')i  ■ 

u 

-log 

{(1  +a')i  +  wii\ 
(1  -  *»)*         ' 

du 

2l 

dx 

O- 

■  a>^  (1  +  a)')i  ' 

X 

(26)  w  =  log  \x  +  (a^  -  a*)i|  +  sec" '  - 


dw      1  /4T  +  a\i 

dd7      X  \x  -^  al 

1—2 
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,     ,  ,  (1  -  ^)*        du       (1  -  a?)* 

(27)  u  =  COS"*  4?  —  2  -^ -,  •      —  «  ^ ^  . 

^    ^  sin  /r  (2  +  6  cos  w) 

(28)  t*  « ^^— , 

(1  +  c  cos  «)* 

du      3e  -f  (2  +  6*)  cos  /r 
dof  (1  +  ccosj?)' 

^^  V  c  •    /^      ^\>i       ^**  or  cos  (a*-**) 

(29)  w-{8in(a«-«»)}i,      —=»-,.       ;  /,, 

^  ^         dw         j8in(a'-ar)J* 

(80)  u  1  log  cos-*  (1  -  a;»)4,     --  - ^.i   .   .,     • 

^    ^  *^  ^  da?      (I  -  ^*)*  sin  *  ar 

When  a  function  consists  of  products  and  quotients  of 
roots  and  powers,  it  is  geaerally  most  convenient  to  take  the 
differential  of  the  logarithm,  or,  as  it  is  usually  called,  the 
logarithmic  differential  of  the  function. 

(81)  Let  ua(a  +  a?)"(6  +  a^)% 

log  u  ts  m  log  (a  -f  /p)  +  n  log  (6  +  a)y 

1  du         m  n 

u  dw      a  -¥  w      0  •\-  w 

du  /    fi>  fi    \ 

—  =  (a  +  wy{h  +  wy  ( +  j^ —  . 

dx  \a  +  w      0  -^  wj 

du       /gy-IN*      1  I 

dw  *  \w  +  \)   d^-1  ""  (a?  -  1)*  {w  +  1)1  • 

^^^^       ""OT^'    dii "  (1  +  «)"+' • 

(g  -  g)' 

^^*^  **"{(a?-l)»(»-8)"|»' 

— ,       a  (ai»  -  7«  +  1). 

oar      (a,  _  i)i  (ar  -  s)i 

rs.,^  «      <^  -^  *)*       i^      wiai  +  4,) 

^    ^  "    »  + «    '     d«  "  (a?  +  2)*  • 


(36)  u 


DIFFBRENTUTION. 


(W  +  2)* 

du 
da 

(37)  u  t^  w^y     log  u  ^  a  log  ^, 

du 


(^  +  2)*  I  .r  +  1  J  * 


-I  ^  (1  -f  log  a^). 


ri««       d«       .!« -  /  -  sin  (io\ 

(38)  tt -«■*"';      —  «dr^'(co8«r.log«  + 1 

dw  \  at 

{9S)         u  —  (sin  «)"  (cos  /p)", 

-—  «  (sin  d7)"~*  (cos  d;)""*  (m  cos"  a  —  n  sin*  «). 


-     .  (sin  w) 

(40)  tt  r^         ^ 


(cos  a^)* ' 

dtf      (sin  ^)""* 
d^      (cos  »)*+* 


(m  cos*  07  +  n  sin*  a?). 


du 
(41)  ttae^sinr^,     — -  =  e"  (a  sin  r  j?  +  r  cos  ror), 

dor 

«  «  €    COS  ra?,      T—  o  €    (a  cos  ro?  -  r  sm  rof). 

da 

{AA)  u^e"  (sin  ra?)*, 

dt^ 

•—  =  €"*  (sin  ra?)""*  (a  sin  r j?  +  mr  cos  ra). 

da 

Implicit  Functions  of  Two  Variables. 

If  u  » 0  be  an  implicit  function  of  two  variables  a  and 
jf,   then 

du 

dy         da 

da         du ' 


DIFFBRBNTIATION. 


(43)      Let  Oology  1  ylog«; 


then 

dm 


ay  ^  y  /y-j?iogy\ 

rfd7      /p  \/r  — ylogo?/ 


(44)  If  siny  Bi  w  sin  (a  +  y)^ 

dy  sin  (a  +  y) 


dw      cosy  -  SB  cos  (a  +  y) 

(45)  If  y"logy  «  o«, 

dy  ^ o 

d^     y*"*(l+nlogy)  * 

(46)  If  tan  y  ==  1  -h  ^  sin  y^ 

dy      (cos  yY  sin  y 
dw      1  —  0?  (cos  y)' ' 

f/       / 1  —  a?\  i 

(47)  Let    tan  -  =     )    ; 

taking  the  logarithmic  di£Ferential  we  find 

dy  sin  y  1 

dw^  ^  1  -««  "  ~  (1  -  d7*)i ' 

(48)  If   y  «  1  +  a^. 


dy  6^ 


e-' 


.V 


dx      I  —  «c^      2  -  y 

(49)  Let  0?  (1  +  y)i  +  y  (1  +  a?)i  «  0 ; 

then     ^  =  y  y +  g(l  -Hay)*(i  +  y)^ 
d4T     «'47-H  2(1 +«)i  (1 +y)^ ' 

(50)  Let    sin-*  f  +  sin"*  7  =  c ; 

then     ':^--%^,. 
doe  (A*  -  rt^)i 


DIFFBRBNTIATION. 


(51)  Let    {x'  +  y*)*  =  a*x'  -  6y, 

dy      {a*-%{a?^%f)\x 
dd»°{6^  +  «(«»  +  y»)|y' 

(52)  Let   (a  +  y)»  (6*  -  y*)  -  **»•  -  0, 

then    ^l^.t^^. 
ax  y*  +  air 

Functions  of  Two  or  more  Variables, 


(")  -(^'' 


dt«  So^y"  dtt  2^y 


2 j^y  (yd^  -  wdy) 


du  = 


(54)      ti 


(^  +  y*)»  Cr«  -  y»)r 
ori  -f  yi 


»  +  y 

dt/      y  —  w  -^9,  («ry)}       dw      ar  -  y  -  2  (a?y)i 
dw  "     2^7*  (a?  +  y)*     '     dy         2yi  (a?  +  yY    ' 

{y-ay-2(jyy)^}  y^dd?+ {ar-y  ~2(a?y)i}^^dy 
""  2  (a;y)i  (a;  +  y)* 

du  di^ 

(55)     t*  =  ^,     7-«y«^'S      3-«^log^, 

d«i7  ay 

dtt  -  d^  ( -  d«  +  log  ^dy  j . 

du  2y  du  2.17 


d^      y(a;«-y»)*'      dy         y(^-y')*' 
2  (yda?  -  xdy) 


du  a 


»(«•-»•)*  * 
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(57)  Let    u  «  sin  (^y*), 

du  =  oT'^y*"^  cos  (ir*y")  {mydx  +  nxdy), 

(58)  Iftt-sin-»-,      ^«*=Sr5 lia- 

y  y  (r  -  a^)« 

(59)  If«-tan-^,     du.^^^Ilf^. 

y  ^  +  y" 

2  (ydd7  —  wdy) 


(60)      If  u  slog  [tan -j,     du  = 


(61)      If  u  ^^ 


eg 
tf  sin  2- 

y 


C^+j*)*' 


""(^^n^*"^^    (^ + »»)•    ■ 

(62)  If«-^. 

2wydaf       w^dy       Za^yzdz 
""^^^^^"*"?^IT«"*"  (a« -*«)«* 

(63)  M  =  (*•  +  y*  +  «*)i  +  tan"*  -  +  — , 

wdof^  ydz  +  «dx      zdw  —  xdz 
"**  ■  — 73 1 — ZKi —  + ^ M —  +  ^dz, 

(64)  u , 

civ  —  ax 

a  . 

*=  (eg  ^  q^)«  K«»  -  **)  ^*  +  (<^«  -  «*)  ^y  +  (**v  -  ^»)  dz\ 


CHAPTER   II. 


SUCCSBSIVE    DIFFEBKNTUTION. 


The  analogy  between  Algebraic  powers  and  successive 
differentials,  when  expressed  by  the  notation  of  Leibnitz,  was 
observed  soon  after  the  invention  of  the  Calculu§.  Leibnitz 
himself  paid  mucli  attention  to  this  subject,  as  may  be  seen 
in  his  correspondence  with  John  Bernoulli;  and,  in  the  course 
of  his  investigations,  he  discovered,  by  induction,  the  Theorem 
which  bears  his  name.  He  also  conceived  the  existence  of 
differentials  with  fractional  oi'  irrational  indices,  but  he  made 
DO  steps  towards  the  calculation  of  such  functions  in  any 
cases.  In  recent  years  that  briinch  of  the  Calculus  has 
acquired  considerable  importance,  and  it  appears  to  be  the 
quarter  from  which  wc  may  look  for  great  additions  to  our 
knowledge  of  analysis.  I  shall  however  in  this  chapter 
confine  myself  lo  examples  of  differentiation  with  integer 
iodkee,  partly  because  there  are  still  some  points  in  the 
theory  of  general  difl'erentiation  which  are  not  entirely  fixed, 
so  that  the  subject  is  not  adapted  for  the  student ;  partly 
because  the  principles  of  that  branch  of  the  Calculus  are 
not  laid  down  in  any  Elementary  Treatises  which  a  stu- 
dent could  consult,  and  it  would  occupy  too  much  space 
to  enter  at  large  on  the  subject  in  the  following  pages. 
I  Those  who  wish  to  see  the  results  of  the  labours  of  mathe- 
^  maticians  in  this  field  of  research  are  referrred  to  various 
i  of  Liouville  in  the  Journal  de  I'Ecole  Polytech- 
,  Vol.  XIII.,  and  in  Crelle's  Journal:  to  two  papers 
rofessor  Kelland  in  the  Tranaactiona  of  the  Royal 
of  Edinburgh,  Vol.  xiv. ;  to  Professor  Peacock's 
Report  on  the  Progrens  of  Analysis  in  the  Transactions  of 
the  Btiiish  Awociationi  and  to  two  papers  by  Mr  Great- 
heed  in  ibc  Camtridgt  Mathematical  Journal,  Vol.  i. 
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Sect.  1.     Functions  of  One   Variable. 

(1)  u^af;  3-^=w(w-l) (n-r  +  l)«*-'. 

(2)  li  =  (a  +  bxY ; 

-— =  n(n  -  1) (n  -r-h  1)6' (a  +  6d7)•-^ 

ad?'' 

1       ifu  1 

(5)  «««';—-,-  (log  ay  a'. 

aw 

(6)  tt=:6"';  3-i«»'e"'. 

(7)  u  *  sin  n^, 

du 
dw 

dfu 


ncosn<v  a  nsin  (fi/r  -f  — )  « 

n  -— .  sm  I  nx  +  -  I  =  «'  cos  I  nj?  +  —  I 
da?         V  2/  \  2/ 

n*  sin  ( w^  +  -  +  — )  =  n*  sin  ( nj?  +  2  —  | 
V  2       2/  V  2/ 


7«n  sin  (n^  +  r— |  . 


By  continuing  the  same  process,  we  find 

dTu 

In  the  same  way  we  have 

(8)     u  -s  cos  nw ;  --—  «  n'  cos  ( n.i?  +  r  —  ) 
^  dar^  \  2/ 
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(9)     u  =  e'*^*  COS  (.T  sin  0)  ; 
du 


=  g'co«*  i^^g  (jj.  gi„  0)  COS  e  -  sin  (or  sin  0)  sin  0} 

=  €'">■*  COS  (a?  sin  0  +  fl), 
(f*w       d 


6'^"'  cos  (a?  sin  0-^6) 


da^     dec 

«6'~"*cos(^sin0  +  e  +  e)«6'«**cos(^sine+2fl). 

By  continuing,  the  same  process,  we  find 

-_,  =  e'^**  cos  {(ID  sm  0  +  rO). 
dw 

Murphy,  Cambridge  TransacHans^  Vol.  v.  p.  342. 

(10)     u^  €**cosnwy 

— —  B  e**'  (a  cos  n<r  -  n  sin  no?). 
dw 

_      n  _ 

Let  —  s  tan  d>,  so  that 

a  ^ 

a  s  (a*  -f  n*)i  cos  0,  n  =  (a*  +  n*)i  sin  0. 

Then  —  ■  (a*  +  n*)i  6*"  (cos  0  cos  nx  —  sin  0  sin  nw) 

=  (a*  +  n*)i  e*"co8  (n«  +  0). 
Hence  as  before, 

^  -  (a*  ^.  n»y €"'  cos  (nw  +  r 0). 


Similarly,  if  t^  «  6^'  sin  nw^ 


(a*  +  n^y  c"^  sin  (na?  +  r0). 
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(n)     «  =  loga..  — =-, 

by  Ex.  4. 

1  +a;     du  2 

d'u       dr-^        2  2.r(r- 1),,.8,2 

d^  "  d^^  (I  -  07)'  "         (l-a?y+> 

Id  functions  consisting  of  the  product  of  two  or  more 
simple  functions,  we  may  make  use  of  the  Theorem  of  Leib- 
nitz, the  enunciation  of  which  is  as  follows. 

If  Uf  V  be  two  functions  of  /r,  then 

dr  (uv)        dru        dv  dr-^u      r(r-l)  cPt?  d''*u 
doT     *°^d^"*"^didd7'^-*  "*"      1.2      ds/"  doT-^^ 

Commer.  Epia,  Leib.  et  Bern.  Vol.  i.  p.  46,  gQ* 
(IS)     wt>  -  ar*  (1  -  wY, 

^ --^  =  n(n-l)...(n-r +  1)0-0?)" 07- '^{l- 


1,2     (n-r+l)(w-r  +  2)  (I -0?)'""     ^'*' 
If  r  «  n, 

d.^     ^^«n(n-l),„3.2.l{(l-<>y   (l.o;)-^o7 

Murphy^s  Electricity^  p.  7. 
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(14)       tttJ  «  6"*^, 

-^=e'"{oV+r.na'-»«-'+^^^^«(n-l)o'-V-»+&c.{. 
In  the  same  way,  if  tto  »  t^w^y 

oflr  1.2 

Whence,  comparing  these  expressions,  it  appears  that 

(i)'^*" -'"'••"' (i)'^*'- 

(15)     uv  ^  a*  log  47, 

tTCuv)  1 

7— «n(n-  l)...(n  -r  +  l)a?"-'  |log^  +  r. 


d/p  *  n  —  r  + 1 

r(r-l)  1 

1.2      (n -r  +  l)(n -r +  2) 

r(r-l)(r-2)  1.2  ^     , 

1.2.3  (n -r  +  l)...(n-r  +  3)  ' 

If  r  «  n, 

d*(«*loffa?V        ^         ,              ,,             n      n(n-l) 
—^—_2_j^«n(n- 1)3.2.1  {log/r+ ^ -^ 

n(n-l)(n-2).l.2 

-" (T^TlOi '^"•^ 

(16)     «..(^^^>^ 


(c  +  wy ' 

€F(uv)  .(a +07)""*' 


—r— r— "iwim  —  il...(m— r+ 1)-— ^^ —  }l  — -. 

d«'  ^         ^     ^  ^   (c+j7)"    *       1  m-r+lc  +  ar 

^r(r->l)  n(n  +  l)  ^^•*'^^'  «  &-c  } 

1.2     (fii-r  +  l)(iii-r  +  2)  (c  +  o?)*  "^^ 
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(17)        UV  a=  €*"  COSn.T  .  •»". 

In  this  case  let  m  »  €^  cos  n<r,    v  «  a;^. 
Then  by  Ex.  (10)  if 

n  (fu  § 

-  =  tan  d),     - —  «=  (a*  +  n*)  e**'  cos  (nw  +  p  <^). 


(f(WU)  t 

^     =  c**  (a*  +  n')*  [a?"  cos(n«  +  ^  0) 

,cos  \nx  +  (r  -  l)d)l 
(a*  +  n')i 


^r(r-l) 


r  -  1)      ^          .    .  ,cos  jnaf  +  (r- 2)  d)t      „     - 
-m(m-  l)a7"-« .  ^        avi  ■»•  8gc  1 

(18)     Let  UV  =  €" Xy  JT being  any  function  of  jp. 
Then  making  w  «  -<¥,  v  «  c"*, 

d.2?'  Hr*^  d^v''^  1.2  rfa?*^-"  J 

=  .~{(rJ-«(^.)'"'^'-^'^"'(rr-«-)- 
-•■(7-.* ')'''■ 

Whence  it  appears  that 

(r.*")'^--"(s)'<'"^> 

This  result,   when  generalized,  is  of  great  importance  in 
the  solution  of  Differential  Equations. 
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If  the  function  to  be  differentiated  be  (a  -f  6«  +  c^)*, 
the  general  differential  might  be  found  by  resolving  the 
trinomial  a  +  6ar  -f  cx^  into  two  factors  of  the  first  degree, 
as  into  (or  •\'  a)(jB  -¥  /3),  and  then  differentiating  the  product 
{m  +  a)*  (<r  +  /S)*  by  the  Theorem  of  Leibnitz  ;  but  instead 
of  doing  so  we  shall  make  use  of  two  formulae  given  by 
Lagrange*. 

Let  ti  =  a  -f  6<r  +  ca^y     u'  ^b  -^  2cx ; 

Then  substituting  a?  +  A  for  <r  in  u"  it  becomes 

(tt  +  w'A  +  cA*)"; 

and    — .    will    be    the    coefficient  of   in  the  expan- 
der'                                                    1.2...r  ^ 

sion  of  this  trinomial. 

Developing  it  as  a  binomial,  of  which  u  -^  uh  is  the 
first  term,  we  obtain 

{u  +  uhy  ^niu-^t  uhy-'ch^  -f^^^"^^  {u  +  tt' A)-«c«A*  +  &c. 

Again,  developing  each  binomial  and  taking  only  the 
terms  which  multiply  V,  we  find  that  the  term  in 

(w  +  tt  hy  IS  — ^ ^^ w"     u   ; 

I  .2  . . .  !• 

m  («  +  w  A)"-*A*  is-^ ^^ — —^ ; ^tt*    +*«i     ' ; 

in  lu  +  u'AVA*  .^(n-2)...  (n^r4-3)^,,^^^  ^^,^_^ 
^  '  1.2...(r-4) 

Collecting   these   terms,   and    multiplying    by    l.2...r,  wc 
obtain  for  the  r^  differential  coefficient  of  f«" 

dT  (u")         ,  ,  V  ,  r  r(r-l)        cu 

-J_^,„(n-0...(«-r-Hi)«-«M>^.(;_,;,)i7-. 


1  .  2  (w  -  r  +  1)  (»  -  r  +  2)  fi 

*  Mkmoiret  de  Berlin,  1773,  p.  SIS. 
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By  developing  in  a  different  manner  a  more  convenient 
formula  may  be  obtained : 

{u  +  uh  +  <?**)•  =  tt«  (1  +  -  A  +  -^  A»)« 

u        u 

But  4uc  —  tt"  =  4ac  -  fc*  =  c*  suppose. 

Developing  «*"{(!  +  — A)*  +  p — vi**}"  ^1  ^^  binomial 
theorem,  we  have 

1.2  2w    '^         (2w)*  * 

and  the  r^*^  differential  of  u"  is  the  coefficient  of  K  in  this  ex- 
pansion multiplied  by  1  . 2...r.  Now  expanding  each  term  by 
the  binomial  theorem,  we  have  for  the  coefficient  of 

K  in  the  first  term  Kyi«n(8n  -  l)...(2n  -  r^l) 

\2/  w'  1  .2...r 

...      second     (^Y-'_L(^«-g)-(g«-»--^Og^^ 

\2/        2'tt'  1.2...(r-2)  I 

...     third     («Y-_L(^»-^)--(^»-^^0"j!^,«^ 

\2/        ^^VT  1.2...(r-4)  1.2 

and  so  on.  Collecting  these  terms  and  multiplying  by  1 .2...r, 
we  find 


f")  ,  ,  v/w\'       ,c       w    r(r-l)    c^ 

--=2n(2n-l)...(2n-r+l)   -)  «'-'{i  +  -_) i-_ 

^  ^     ^  ^\2  /  *        1  2n(2n-l)w« 


n(n~l)  r(r-l)(r-2)(r-3)    e\   ^    , 
"*■       1.2      2n(2n-l)...  (2n-.S)  w*  ^  ^^\-K^') 
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(19)     Let  uT  =  (o«  +  0?*)". 

Here  u  «  2^,  e  «  4a%  and  if  we  make  r  =  n,  we  find  by 
formula  (6), 

^   \n(n  -  1)}«  (n  -  2)  (n--3)  a*  ^  ^^ 


(20)     Let  u* 


1  .  2  2n...(2n  -  3)   «^ 

1 


a*  +  ar* ' 


The  r*^  differential  of  this  function  may  be  found  as  in  the 
last  example,  but  the  following  method  gives  it  under  a  form 
which  is  more  convenient  in  practice ; 

_L_._  _l_/_! L_l 

a*  +  X*         2a(-)i  \.v+ a(-)i      «  -  a  (-)ij  * 


Differentiating  r  times. 


f-V— - 

\rf«/      a*  + 


«* 


r(r  -  1)...8  . 1  f\^-a(.)iY-^  -  {„  +  ai-)^}'*'] 


Now  let  6  —  tan~'  — ,  so  that 

X 


,v  *:  (a*  +  .r*)*  cos  9,     o  »»  (a*  +  a^i  sin  9, 

and  therefore 

f+i 
{«-«(-)»}'+• -(a«  +  «»)~  {co8(r+  l)0-(-)*sin(r+l)0|. 


f+i 


{«  +  o(-)i}'+'-(a''  +  «»)  »    {cos(r  +  1)0+  (-)i8in  (r  +  l)e\. 
2 
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Hence  we  have 

/d_y        1  (-yr(r-  l)...2.  1   sin  (r+ 1)0 

\dw)   '  a*  4-  a^'^  a  ,  ,      _tv^ ' 

(a*  +  ary* 

LiouvOle,  Jour,  de  VEcole  Polytechniquei  Cab.  21,  p.  157. 
(21)     In  the  same  way  if  we  had  the  function 

X 


u 


we  should  find 

d  y     ,v  /    X     /  N  cos(r  +  1)0 


f  a  y      ,v 


r-H 

(a*  +  ai^)  * 


Liouville,  lb.  p.  156. 

These  results  are  useful  in  the  theory  of  definite  in- 
tegrals. 

In  the  following  examples  the  functions  are  reduced  to 
the  required  forms  by  difierentiation  in  the  same  way  as  in 
Ex.  11. 

,    .     -  a?  du  1 

(22)    Let  um 


Therefore 


(l-ar^)^     dx      (l-cv*)!' 
d"         w  d'-^  1 


d,v'  (\  -.i?*)i      da?^-»(l  -cT*)!' 

and  by  formula  (B), 

d'u      3.4...(r  +  l).!?*^"^  3(r-l)(r-2)     1 

d^"         (TT^jr+i  ^^"^2  374  ^ 

3.5(r-l)(r-2)(r  -3)(r-4)  1      ^ 
2.4  3.4.5.6  OP*  ' 


,     .  .      ,  ^  d^  1 

(23)      u  =  sin"'  -  ;        —  =  .  y-— rr  , 

a         diV      (a*  -  ic'p 
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d'u      dr- 


l.g...(r-  \)x''^  ,        1  (r-.l)(r-.2)a« 
(a»-af»y-i        ^^  "''2  1T2  cr» 

1.3  (r-  l)...(r-4)a*      «     >  .      ,„^ 
+  ^^ — ^^ -:  +  &c.}  by  (B). 

2.4  1.2.3.4        0?*  ^     ^        i 


(24)     Let  u  =  tan-^  -; 


X         du  a 


a '       dx      a*  -k-  X** 
dru         /  ^  X  '-1 
dx' 


?'^         \dx)       a^  -\'  ai^ 


«  (-y-i  (^  -  i)(r  -  2). ..2  . 1 by  Ex.  20, 

(a»  +  ^*)5 

where  0  =  tan"*  -  = tan**  - . 

tT      2  a 

The  method  employed  by  Lagrange  may  be  used  for 
the  determination  of  the  successive  differentials  of  other 
functions. 

(25)     Let  u  =  €*'*. 

If    X    become    ar+A,    w    becomes    ^^^^c^*)' «  e^^C  +  ^'^^^'J 

Now  6^-*  -  1  +  %cxh  +  ^^— -^'  h^  +  -^^^  A«  +  &c. 

1.2  1.2.3 

and  6**'  =  1  +  cA'  + A*  + h^  +  &c. 

1.2  1.2.3 

Multiplying  these  together,  taking  only  the  coefficient 
of  h^  and  multiplying  it  by  1  .2...r,  we  find 

-^  =  e*''*{c'^(2.t)'^  +  r{r  -  l)c'-»(2a?)'-* 


dxi 


2—2 
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(26)     From    this  we  can    determine   the  successive   dif- 
ferentials of  cos.v*  and  sin  a;'. 

Let  u  «  cos  a;*  +  (-)i  sin  *••  =  e**"^***. 

Then  differentiating  by  the  preceding  formula 

^  .,c->"j(-);(2,)'  +  (-)^'r(r  -  !)(«*)'-■ 

,(.)--?r<-_r')-^(!L-l' (,„.-.  ^..^. 

Now  generally  (-.)2  =  c^") /»», 

and  €^"^*''€^"^*'5  =  cos  Iw*  +  p  - )  +  (-)*  sin  f  .r*  +  P  -)  • 


Therefore  making  these  substitutions,  and  as 

d'u     i  dy         .     .    .^  I  dy  . 
dx' 


-=(-—|    coso?* +  (-)M-T-)    sin  a?*. 


equating  possible  and  impossible  parts,  we  have 

d' (cos  07*) 

~~d 


?^  =(2a7)^cos(a^+r-]  +r(r- 1)  (2  ^V  "''cos  {j7«+  (r- 1)-} 
+  !fcLLV_-!(^-i)  (2^)r-.  eos  {^  +  (r  -  2)  «l  +  &c. ; 


and 
(/'(sin/r*) 


J-^ -(2.r)'-8in  (a:»+r-] +r (r- 1  )(2*y-*  8in/«»  +  (r  -  l)-l 

(2.r)'-*  sin  {*»  +  (r  -  2)  -I  +  &c. 


do.'       ^^'"^^"'V 

I*'  tr 

r(r  -  l)...(r 

+      

]  .2 

-3) 

(27)      Let  w  e  - 

1 

6'+   1 

We  might  in  this  case  expand  the  function  and  differen- 
tiate  r    times    each    term    in    the    development,   but  as  this 
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cTw 
would  give  -^— ^  expressed  in  an  infinite  series,  the  following 

method,  due   to  Laplace*,  is  to  be  preferred.      It  is  easily 
seen  on  effecting  two  or  three  differentiations  that   the  form 

of  -7—   must  be 

Hence  multiplying  by  (c*  +  l)'"*"^  we  must  have 

a  J? 
Now  as  u  s  e"'  -  €**'  +  e"^'  -  &c. 

Ji  =  (-y  {r€-'  -  2'^6-«'  +  S'^  6-^'  -  4''6-*'  +  &c.}      (2). 

Also,  developing  (c*  +  l)'"*"*  we  have 

^  1  1.2 

1  .2.3  ^  ^ 

The  product  of  (2)  and  (3)  must  be  equal  to  the  second 
side  of  (l),  and  as  this  last  consists  of  a  finite  number  of 
terms  having  positive  indices,  the  terms  in  the  product  of 
(2)  and  (3)  which  contain  negative  indices  must  disappear 
of  themselves.  Hence  taking  the  terms  with  positive  indices 
only 

^  1  1.2^  -* 

and  therefore 

*  Memoiret  de  rAcaeUmie,  1777}  P- 108. 
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Sect.  2.      Functions  of  Two  or  more   Variables. 
It  u  he  a  function  of  two  variables  ^  and  y, 

Ex.   (1)      tt«a7"y";     r  =  1,     «  =  1, 
du  .   ,   .       du 


maT'^y*  ;     --  =  nti7*y"*' ; 


c2^  do?  doB  dy 

aP  +  y^ 
(2)      u=- -;     r  =  l,     «=1, 

=  -  Sxy 


dy  dw  (cP*  -  y^Y      dot  dy 

(3)     w^y*;      r=l,    «  =  1, 

d'w  ,  ^  ,        ^        dPu 

y'-»(l  +  a?  logy) 


dydx  ddsdy 

(4)  M  s=  sin  (w^  +  ny)  ; 

dl'u  ^    .     (  Tr\ 

doT  \  ^2/ 

d'u        ^  .    f  w\ 

—  «  n*  Bin    m.r  +  ny  +  «  —    , 
dy  V  ^         2/  ' 

as  m'^n'sin  <in<r  +  ny  +  (r  +  «)-}■!  — — -— 

dy'da;'  \  ^     ^         ^2j      d.r^dy* 

(5)  Mcsin-;      r  ■=  2,     ««1, 

y 

dfu         2    .    .r       »r        4?         d'w 
=  — ,  sm—  +  --  cos- 


dyda^      %t       V      tt       V      dai^dy' 
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.iff 

(6)  u  a  8in~*  -  ;     r  =  1,    «  =  1; 


cPu  V  cPi« 


dy  dw  (y*  —  d^')*     d^  dy  * 


(7)  u  =  tan"*-;    r  =  l,    «  =  1; 


cPtt        ^-y*        d*«* 


dy  d^      (y*  +  a^f     da  dy 


(8)  M  s^siny +  y8in  j;;    r  «  1,    «  ■=  1 ; 


«  cos  y  +  cos  07  s 


dy  d^r  dor  dy 


(9)  tt  «=  sin  0?  cos  y ;    r  =  2,    «  =  2  ; 

d*w  d*u  d* 


t« 


sm  w  cos  y 


dffdsf  ddfd^     dadydady 

Generally,    in   a  function    of  any    number   of  variables, 
the  order  of  differentiation  is  indifferent. 


(10)     u— ^^; 


du  _    2ary         ^**  _      ^  ^**  _     9,afy« 


do?      c?  ^  f?^    dy      c?  -^  9?^    d%      (o* -  «*)' ' 
^u  2<v  d't^ 


do7  dy      cf  ^t?      dydm  ' 


dxd%      (o*-»^*      dxdw^ 
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r 
r 


dru  2ai^x  d*u 


dydx      (a*  -  «*)*      d«dy^ 
dPu  4a«  d^u  d?u 


dwdydx      (a*  —  si^y  dydwdx  dxdydx 

d^u  d?u  d^u 

dxdwdy  dydzdx  dofdxdy 

^y 


Vlt;           !•    - 

Ci^'  +  !^)i ' 

d^u 

^x{2y^  -  cr*) 

(fw 

dcody 

(^'  +  y')^ 

dydw 

» 

d'u 
dwdx 

dxdoB  ' 

dPu 

6*^?*            dPu 

dydx 

(^  +  y*)*"  d«cfy' 

(12)     u- 

ory 

*            •     > 

dPu 

m 

26«or 

d'^u 

cPw 

di^dy 

{aw  +  6af)^ 

dydx^ 

dxdydx^ 

d^u 

26*y(6«  -  2a 

X)        d' 

u 

(Pu 

dxdx^  {ax  •\' hxY  dx^dx      dxdxdx 

The  general  total  differential  of  two  variables  is  given  in 
terms  of  the  general  partial  differentials  by  the  formula, 


-; — a  J?"  +n- r, 

aar"  dx^~  dy 


d^'u^  TZtda^  +**TT3rJ7  dx^'^dy 


n{n  -  1)      d'tt        .  ..2^  «      fi 

+ ^  ,  ,  .  ^  dx^'^dy^  +  &c., 

1.2       doT-^d^  ^ 

the  law  of  the  coefficients  being  that  of  Newton's  Binomial 
Theorem. 
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(IS)      w  =  a?*y"; 

*  n 

(m- 1)(ti»-.2)(w-3)  ^  ^ 

«(n-l)(n-«)(n-3) 
111(111- l)(wi -2)(m -3)      ^        ^^ 

(14)  t^«€«+y; 

cPu  =  (a'da?*  +  Sa^hdx^dy  +  SaVdxdy"  +  6'»rfy*)e"'+^. 

(15)  t«  =  sin  tuo^sin  ny; 

d*tt  «  (iii*d.r*  +  6wfn^da?d^  +  w*dy*)  sin  ma7  sin  ny 
—  4fnn(m*dtV^dy  +  n^dondtf)  cos  mar  cos  ny. 

(16)  w  «  log  (a.r  +  by)  ; 

cTtt  «  -  (o^d^  +  2abdwdy  +  6*dy*) ?^ . 

(oo?  +  6y)' 

(17)  u-(a;«+y»)i; 

1 


d*!*  =  (f^da^  —  Zwydwdy  +  ai^dy^) 


(18)     u  -  sin""  -; 

y 

d*w  -  {^da;«  -  2yda?dy  +  a -^-^  dy«}        ^         . 

There  is  a  very  important  theorem  (due  to  Euler)  regard- 
ing homogeneous  functions  of  any  number  of  variables,  which 
from  the  frequent  applications  made  of  it  ought  to  be  noticed 
in  this  place. 
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If  u  be  a  homogeneous  algebraic  function  of  n  dimeDiiom 
of  T  variables  ^,  y,  jv,  ... ;   then 

du        du        du 
dw        dy         dx 

From  this  may  be  derived  a  series  of  equations  of  the  form 

1.2. 8...fil.2  a   o      r^  " 

«  n(n  -  l)...(n  -  m+  l)u, 
where  0  +  /3  +  7+  ...  =m.  Euler,  Calc.  Diff.  p.  188. 

In  applying  this  theorem  to  transcendental  functions  of 
algebraical  functions,  it  is  to  be  observed  that  it  is  not  suffi- 
cient that  these  last  should  be  homogeneous,  it  is  also  necessary 
that  they  should  be  of  zero  dimensions,  as,  otherwise,  in  the 
development  of  the  transcendental  function  the  degree  of  each 
term  would  be  different,  and  the  function  when  expanded  not 
homogeneous. 

(19)     Let  u  -  ^^-i — .     Then  n  =  2  and 

y  -  0? 

du        du      2y^ -2y^j?  +  2y«'-2a?*       2  («*  +  «*) 


(20) 


dx        dy  (y  —  w)*  y  —  ^ 

jp^  +  yh 


u  = —  .     Then  n  «  -  A,  and 

«  +  y  * 


du        du  ,  (ya?i  +  a?yi  -^  w^  +  yt)  ,  (d?i  +  yi) 


(21) 


w  t=  sin"*  ( I    .     Then  n  —  0,  and 

\<v  +  y/ 

rf.r         dy      Ci?  +  y){2y(.v-.y)}i 
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(22)  u  =  (a;*  +  y«)i,      n  =  1, 

(23)  tt  ■=  a?  (2^y  +  y*)i,      n  =  2, 

.eft*  d^w  ,cPw 

dor  diVdy  dy* 

{Sat^  +  2y^)  ^  +  2a?y  (Sj7*y  +  Sd?y*  +  y')  -  iT'y* 
-  (2^y  +  y«)t 

=  2a?(2a?y +  y*)i. 

(24)  If  f«  be  a  homogeneous  and  symmetrical  function 
of  w  and  y  of  n  dimensions,  so  that 


"-/(!)-•/(;)  = 


and   if   it  be    expanded    in    terms  of  a?  so  as  to  be  of  the 
form 

2.(Q,a7V"% 
then  will      2  { (2»  -  n)  Q^}  «  0. 

As  u  is  homogeneous  of  n  dimensions^  we  have 

du        du 
dof         dy 

and  as  it  is  symmetrical  in  x  and  y,  we  have 

du       du     .  . 

a?  -r-  =  y-;—  when  ^  «  y,  so  that 
dw        dy 

du 

2/17 nu  =  0  when  amy, 

dof 

Substituting  the  expansion  of  u  in  this  equation,  we  get 

2|(2»-n)  Q^oT}  =0,  or 
2|(2i-n)Q,}  -0.* 

*  This  ektention  of  a  property  of  LfapUce^s  Functions  was  communicated  to 
me  by  Mr  Archibald  Smith. 


CHAPTER   III. 


CHANGE    OF    THE    INDEPENDENT    VARIABLE. 


Sect.  1.      Functions  of  One  Variable. 

^^  y  "/(*)  and  therefore  ^  =  /"'(y)»  ^^^  successive  dif- 
ferential coefficients  of  y  with  respect  to  a  are  transformed 
into  those  of  x  with  respect  to  y  by  means  of  the  formula?, 


dy 

dw 

1 

dw 
dy 

d*» 
d'y            dy» 
d,r»          /'da^\» ' 
\dy) 

d?y 

^  ^  UyV       dy  dy» 

da^  idx 


tdw\ 


and  similarly  for  higher  orders.  The  reader  will  find  the 
demonstration  of  a  general  formula  for  the  change  of  the 
n***  differential  coefficient  in  a  Memoir  by  Mr  Murphy,  in 
the  Philosophical  Transactions^  183^,  p.  210.  The  expres- 
sion is  of  necessity  extremely  complicated,  and  the  demon- 
stration would  not  be  intelligible  without  so  much  preliminary 
matter  that  I  cannot  insert  it  here,  and  I  must  therefore 
content  myself  with  referring  the  reader  to  the  original 
Memoir. 

If  u»f(y)  and  y  ^  (f)(^)  so  that  u  may  also  be  con- 
sidered as  a  function  of  a?,  the  successive  differential  coeffi- 
cients of  u  with  respect  to  y  may  be  transformed  into  those 
of  u  with  respect  to  w  by  the  formulae 
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du  d^u  dy      d'y  du 

du      dtV  d?u      dse^  dx      dso^  dx 


dy      dy"        dy" 
dx 


© 


dy  fd^u  dy      d?y  du\         d'^y  fd^u  dy      d^y  du\ 
dx  \dx^  dx      daP  dx)  da?  Wo?*  dx      dx^  dx) 


d^u      dx  \dx^  dx      daP  d 

df  Jdy 


\dx) 


The  general  formula  for  this  transformation  will  be  found 
in  the  Memoir  of  Mr  Murphy  before  referred  to,  but  the 
result  is  of  such  extreme  complexity^  that  it  happens  for- 
tunately that  we  have  seldom  to  employ  these  transformations 
for  high  orders  of  differentials ;  and  where  this  is  necessary, 
that  the  nature  of  the  case  usually  gives  us  the  means  of 
simplification. 

(1)  Change  the  formula 

into  one  where  y  is  the  independent  variable. 
The  result  is 

'Md-J -(''-«> d7-«- 

(2)  The  expression  for  the  radius  of  curvature  when 
#  is  the  independent  variable  is 


OH-o 


p 


{■  ^  (S)T 


d'y 


dx" 
When  y  is  made  the  independent  variable,  it  becomes 


{■  ^  ©T 
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(3)      Transform 


\dwj  \dxj 


into  an  equation  in  which  y  is  the  independent  variable. 

The  result  is 

dfx 


d^ 


+  0?  -  6^  =  0. 


(4)  Change  the  variable  in 

du  u 

?y  "^  (1  +  y')* "  " 

from  ^  to  07,  when  x  =  log  {y  +  (1  +  y*)^}* 

du  a 

The  result  is  -—  +  w  m  -  (e'  +  e"'). 

dx  2  ^  ^ 

(5)  Change  the  variable  in 

-  dfu        .    du      _ 

from  y  to  X  when  y  ^  ^.      The  result  is 

dfu      ^  ^       ^  du      ^ 

(6)  There  is  a  very  convenient  formula  by  which  we 
can  change  generally  the  independent  variable  in  y"  —  from 
y  to  J?  when  y  =  e'.     Taking  the  symbol  of  operation  alone, 


^{l)'-'-{'-7i) 


n 


€"' 


My 
d 


(e"'-7-|  le"  -—)   {€"  -rA to  n  factors. 

\       dxj   \       dxf   \       dxj 


This  may  be  put   under  the  form 


L("-i.'^  e-<»-'"l  je*-'"!  e-<"-«4 L'  ^  «-')  ^. 

\  ax  )    \  da  )  \     dx        I  dx 
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Now  by  the  theorem  given  in  Ex.  18,  of  Chap.  ii.  Sec.  1, 
we  have  generally 

I  d  \  a»       ^  -ax 

\da        J  da? 

Hence,  substituting  these  binomial  factors,  we  find 

*-|p-[{f--(-)}{£-<-)}-(^-.)a- 

(7)  Change  the  independent  variable  in 

.^  d^u         du 

from  y  to  Ty  having  given  y  s  cos  <r.     The  result  is 

dor 

(8)  Change  the  independent  variable  in 

.v«  d*t*  ,  ,^  dii        2a 

from  y  to  a?,  having  given  y  =  -^ .     The  result  is 

€'+1 

d^u 

(9)  Change  the  variable  in 

-  cf*?/  d^u      ,  du 

from  y  to  ofy  having  given  a?  =  log  (a  +  y)- 

Instead  of  availing  ourselves  of  the  formulae  for  expressing 

and  -r-r  in  terms  of  the  difierentials  of  u  and  y  with 

dj^  dy^ 

regard  to  o^,  we  may  effect  the  required  transformation  more 
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simply  by  differentiating  successively  and  simplifying  at  each 
step.      Thus,  observing  that 

dx 

we  have 

^  du      du 

differentiating  again  and  multiplying  by  a  +y,  we  have 

,  x«  ^^      r  ^  du      d^u 

differentiating  a  third  time  and  again  multiplying  by  a  +  y, 
we  see  that 

cPu  d^u  du      (Pu 

and  therefore 

(Pu      , 

(10)      Transform 

1  du      (Pu 
Of  dw      dor 

from  w  to  Oy  having  given  a^  =  40, 

dd 
Since  j?^  =  4<?,        /p  =  2  --  , 

dv 

we  have 

du      du  dO      X  du 

d^''  dO  dof"^  2  dO^ 

d^u      ^du      JO  d^u  dO 
dai"  ''^dd'^  2  Wd^ 

.  du      x^  dfu 
du      a^^ 

"^de'^^' 
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whence 

1  du      d^u  du      ^  d^u 

Fourier,   Traiti  de  la  Chaleur,  p.  SjG. 

«                 dsr 
(11)      Transform — --| 

{-  (S)T 

iDto  a  function  where  s  is  the  independent  variable,  having 
gtwen  that 

\daj  \div) 


the  result  is 


cPy  ds      d^w  dy 
d^  ds      ds^  ds  ' 


dy 

dcD 
(12)     Transform  p-- 


dx 


{■  *  m 


into  a  function  of  r  and  0,  having  given  ^  =  r  cos  Q^ 
y  m  r  sin  0.  In  this  case  we  consider  r  to  be  a  function 
of  0;  diflTercntiating  therefore  x  and  y  on  this  hypothesis, 

dm      dr       /*      •   .    /j      dy      dr 
_._cos0.rsinfl,     _  =  _  sm0 +  r  cos0; 

df 

—  sin  0  +  r  cos  0 

and  therefore     -^  =   ,  . 

dx      dr  .   ^ 

---r  cos  0  -  r  sin  0 
d0 

Substituting  this  expression  for  —  ,  we  find 

U  «2' 


34  CHANGE    OF    THE    INDEPENDENT    VARIABLE. 

{■  *  (g)T 

(18)     Transform   p  -  i \,  ^  ' 

^  dry 

into  a  function  where  Q  is  the  independent  variable,  having 
given 

a  ^  r  cos 9y     y  ^r  sin 0. 

Proceeding  as  in  the  previous  example  we  find 

fdrV\^ 


him 


dr\*       d*r 
r  — 


dy 
(14)     Express   t 


"T.-y 


dy 

in  r  and  0,  having  given 

^  B=  r  cos  0,     y  -  r  sin  fl ; 

de 

the  result  is     /  =  r  -r- . 

ar 

Sect.  2.     Functions  of  Two  or  more  Variables. 

Let  z«  be  a  function  of  two  variables,  w  and  y,  so  that 

^^fi^y  y); 

i_       X  dw       J  dw  .  -  .  _  _ 

then  to  express  ~-  and  -—  m  terms  of  two  new  variables 

do!  dy 
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r  and  0,   of  which   w  and   y  are   functions   given   by  the 
equations 

we  proceed  as  follows.     We  have 

du      du    dx      du    dy 
dr      dw' dr      dy ' dr^ 

du      du    dm      du    dy 
dd"^  dw'de^dy'dd^ 

Eliminating   —  we  find 


du  dy  du  dy 
du  dr  'dO^dO'dr 
d(v      dw    dy      dy    dw 

dr  '  dd  ^dr'dO 


Eliminating    -—  we  find 


diV 

du    dx      du    dw 


du  dr    dd      d9    dr 

dy  dw     dy       dy    dw  ' 

dr'  Id  ""  'dr'Je 

If  r  and  9  be  given  explicitly  in  terms  of  w  and  y^ 
we  have  at  once 

du      du    dr       du    dO 

dw      dr    dw      dd    dw 

du      du    dr      du    dO 
dy      dr  *  dy      dO  '  dy' 

For  the  successive  difierentials  we  proceed  in  the  same 
manner ;  and  if  there  be  more  than  two  independent  variables, 
the  only  difierence  is  that  the  expressions  become  more  com- 
plicated.    Such  cases  however  seldom  occur. 

If  the  independent  variables  enter  into  multiple  integrals, 
we  cannot  substitute  directly  the  values  of  the  original  diffe- 
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rentials  in  terms  of  the  new  variables,  because  one  is  supposed 
to  vary  while  the  others  are  constant.  To  introduce  this 
condition  we  proceed  as  follows.  Let  for  example  there  be 
a  double  integral  fjVdx  dy^  and  let 

0?  «  0  (r,  0),     y^y\f  (r,  fl), 

,  ,        d.t?   _        dx  ,^ 

so  that  dw  «  — —  or  +  -— r  o0, 

dr  dO 

dt/  =  —  dr  +  -^  d0. 
^     dr  dd 

Since  w  is  to  vary  when  y  is  constant  and  vice  versd^  we 
must  make  dy  ^0  when  we  wish  to  find  d<r,  and  dw  ^0  when 
we  wish  to  find  dy.  Taking  the  latter  condition,  we  have  the 
two  simultaneous  equations 

d,v  ,       dw  .^ 
O^  —  dr  +  -^d0y 
dr  dd 

dy^^dr-^P^dO. 
dr  dd 

Eliminating  dO  between  these  we  find 


dy^(^^^^^^)dr. 
^      \dd  dr       dr  dd) 


From  this  it  follows  that  when  dy  »  0,  dr^  0.     Hence 
we  have 

dx 

dw^  —  de. 

Substituting  these  values  in  the  double  integral  it  becomes 


^"G-^l-^g)-""'- 


If  we  had  three  variables  J7,  y,  z  to  be  transformed  into 
three  others  jp,  q,  r,  we  should  have  three  equations  of  the 
form 
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dv  ■=  Pdp  +  Qdq  +  Rdr, 
dy  -  P,dp  +  Qxdrj  +  R^dr, 
dz  =  Pidp  +  Q,dq  H 


-R,dr 


a 


[  and  we  should  determine  dx  by  supposing  dy  =  o,  and  dx  =  0, 
and  then  eliminating  two  of  the  three  quantities  dp,  dq,  dr. 
Supposing  we  eliminate  the  last  two  we  have  dm  =  Mdpt 
M  being  a  function  of  p,  7,  r.  From  this  it  follows  that 
when  dx  =  0,  dp  »  0.  Hence  supposing  y  to  vary  while  j? 
"i  z  are  constant  we  have 

rfy-  Qxdq  +  R^dr, 

0=  Q^dq  +  R^dr; 

and  eliminating  dr  between  these  we  have  dy^Ndq,  A'' being 
a  function  of  p,  q,  r.  It  follows  that  when  dy  =  0,  dq  ^  0, 
and  therefore  if  we  suppose  «  to  vary  while  x  and  y  are  con- 
stant, we  find  dx  —  R^dr,  so  that  Anally 

dadydx  ■»  MNR^dpdqdr. 

The  general  expression  for  M  is  complicated,  and  it  is  of 
little  use  to  give  it  here,  as  the  consideration  of  the  particular 
conditions  of  any  given  transformation  will  usually  give  us  its 
value  more  readily  than  a  substitution  in  the  general  formula.* 


dR         dR 
Transform  a  —~  -  y  — — , 
dij          dai 

having  given    ai  =  r  cos  0, 

tJ  =  T 

and  therefore   jr"  +  y"  =  r", 

tan  f 

dR      dR              dR 

dai      dr  "**         de 

sing 

dR      dR   .    „      dR 

-d^'dir""^-^  dl 

cos  9 

88  CHANGE    OF   THE    INDEPENDENT    VARIABLE. 

dR        dR      dB 

whence  w-- y— —  «=  -r;^. 

dy  dw       dd 

This  transformation  occurs  in  the  planetary  theory. 

dR        dR 

(2)     Transform    w  -—  +  y  —-, 

dx  dy 

the  variables  being  the  same  as  in  the  last  example.     The 

result  is 

dR 


dr 


(S)     Transform  — ?  +  — ^  -  0, 

dor       dy* 

having  given  a?*  +  y*  =  r*. 

d0      dd}  dr      d(b  w 
dx       dr* dx      dr  r^ 


d^(p      d^<p  dr  w      d(f>  1      (10  dr  w 
do;*       dr*  da  r      dr  r      dr  dx  r* 

cP0  «*      d0  /I      /»*\ 


dy 

Whence 

d«0      d«0      d^ 
do?*       dy"      d 


and  therefore  --^  + ^  =  0. 

dr*       r  dr 

This  equation  occurs  in  researches  on  the  motion  of  fluids. 
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when     «*  +  y*  +  «*  «  r*, 

^    ,  d^<b      2  dd) 

we  fcid  -T—-  +  -  -3^  =  0. 

df*      r  dr 

cPF     d^V 
(5)     Transfonn  --—r  +  ---  =  O  into  a  function  of  r  and 
^  ^  dor      df/* 

Of  having  given  ^  a  r  cos  0^  y  ^r  sin  0, 

dV       .    ^dV      cose  dV 
dy  dr         r      dd 

<PF       .  .^iPF     co8*0  cPF     cos*0  dF 
ay*  dr*        'r     dd*         r      dr 

g  sin  fl  cos  0  /     ^V    _  dF\ 

'*'  ^  V  dr  dd  "  dd) * 

d»r  dT 

The  expression  for  — -t  may  be  deduced  from  that  of  - — 

'^  dyr  da^ 

by  putting 0  for  d.     We  then  get 

jPF  .^d'F      8in»0  d»r     sin*^  dF 

-j-y  -  coB»  e -— -  +  — J— :75i  + :r" 

a»  dr*         r     d&^         r      dr 

2  sin  0  cos  e  /     <fF_      dFx 
r»  V  dTdd  ~  dd) ' 

Adding  these  together, 

JPV     d'V     d'r      1  dT     1  dV 
dai*'^dp''di^'^?d^'^rd^''°' 

(6)     Transfonn  _  +  --+  —  -o 

into  a  function  of  r,  0,  and  0,  having  given 

0^  a  r  cos  dy     y  «  r  sin  0  sin  0,     ^  «  r  sin  0  cos  <p. 

A  slight  artifice  will  enable  us  to  do  this  with  considerable 
facilitj.     Assume  p  «  r  sin  d,  so  that 

y  B  p  sin  0,     z  ^  p  cos  0, 
p  a  r  sin  d,      CD  ^  r  cos  0. 
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Taking  first  the  two  variables  y  and  »,   we  find  as  in 
the  preceding  example 

<JPV     d'V      cPF      1    cPF      1  dr 
dy*      dz^      dp^      p*  d(p*      p  dp 

In  exactly  the  same  way,  the  equations  of  condition  being 
similar,  we  find 

dFV     cPF      cf  F      1    cPF      1  dF 
Jp"^  d^'^  dr*  '^  r"  dO*'^  r  dr' 

Also,  as  in  the  first  part  of  the  last  example, 

IdV      1  dV     cote  dF 
p  dp      r  dr        t*     dQ 

Adding  these  three  expressions, 

d'V     d'V     d«F 

h h  

dy*      d«*      dw^ 

d'V      1    cPV      1    ^V      2dF     cote  dV 
"  dr^'^?  de^'^p^d^^^rdr'^    r"     d0 '^  ^\ 

By  substituting  for  p  its  value,  and  making  some  obvious 
reductions,   this  becomes 

^     dr"     "*"sin«0  d0«"*"  d.coser'*      d.cosej  "    * 

This  important  equation  is  the  basis  of  the  Mathematical 
Theories  of  Attraction  and  Electricity.  The  artifice  here 
used  is  given  by  Mr  A.  Smith  in  the  Cambridge  Mathe^ 
matical  Journal  Vol.  i.  p.   122. 

(7)     Transform  the  double  integral 

ffa*~^y*''^dydw 

into  one  where  u  and  v  are  the  independent  variables,  j?,  y,  t/, 
V  being  connected  by  the  equations 

at  -¥  y  ^  u^    y  —  uv. 
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Here  rf«  rfa?  -  ( :r"  IF^  -  3-  -7-  M*^  »^- 
'  \du  dv      av  duj 

dw  dy  dx 

Now   -r-  •  l>    —  =  w,  r—  =  0. 
du  dv  dv 

Therefore  dy  dx  »  ududvy 

and  //«•-'  »"->  dy  da?  -  ffuT-*""^  (1  -  «)— ' «-» du  dt?. 

This  transformation  is  given  by  Jacobi  in  Crelle's  Journal, 
Vol.  XI.  p.  007 :  it  is  of  great  use  in  the  investigation  of  the 
Talues  of  definite  integrals. 

(8)  Transform  the  double  integral 

ffe^-^y'dxdy 

into  one  where  r  and  9  are  the  independent  variables,  having 
given 

w  mr  COS  0,     y  B  r  sin  9, 

ffe^+y'dx  dy^-  ffe'-'r  dr  d9. 

(9)  Having  given 

m  »r  COS  0,     y  s  r  sin  0  sin  0,     sr  =  r  sin  0  cos  0, 
transform  the  triple  integral 

fffVdx  dy  dz 
into  a  function  of  r,  9,  and  0. 

Using  the  same  artifice  as  in  Ex.  6,  we  find 
fffVdx  dy  dz  «  fffVr^  dr  sin  0  d9  d<p. 

This  is  a  very  important  transformation,  being  that  from 

rectangular  to  polar  co-ordinates  in  space.     If   we  suppose 

F***!)  fffdxdydz  is  the  expression  for  the  volume  of  any 

solid  referred  to  rectangular  co-ordinates:    and    it  becomes 

Jfff*drmi9  d9  d<p  when  referred  to  polar  co-ordinates. 


42  CHANGE    OF    THE    INDEPENDENT    VARIABLE. 

(10)     Having  given  x  a  function  of  a  and  y  determined 
by  the  equation 

x^     y^     «* 

a*      0*      cr 
it  is  required  to  transform 

into  a  function  of  9  and  0  when 

w  =  a  sm9  cos  0,     y  ^b  sin9  sin  0, 
and  consequently     x  tn  c  cos  0. 
In  this  case 


dof               - 

— ^  =5  a  cos  9  cos  0, 

dw              •    /I   •    ^ 
——  »  -  a  sin  d  sm  0, 
dip 

-r^r  =  6  cos  0  sin  0, 

— =-  cs  6  sin  0  cos  0, 
a0                         ' 

dx 
-=.csine, 

dx 
dip-'' 

Hence 

Jo?     c^y       dw  dy 
d9  '  dip      d0  d9 

B  ab  sin9  cosd, 

dx    dy       dx  dy 
d9  '  d<p      d(p  d9 

=  -  fee  (sin  9y  cos  0, 

dx    dw       dx  dx 

^  /i/>  /^fiin  A^*  ftin  /^. 

d0    dip      dip  d9  y        ^         1- 

Substituting  these  values  in  the  general  expressions  for 

dx    dx 

-;-,---,  and  dwdy,  we  find 

dx     dy 

-//dfl  rf0  sin  0  {o»6«  (cos^)*  +  (c  sinfl)*  (o«  Bm»0  +  ft*  co8«0) }  i. 

Ivory,  Phil.  Trans.  I8O9. 


CHAPTER  IV. 

■LnONATION    OF    CONSTANTS   AND   FUNCTIONS  BY   MEANS   OF 

DIFFERENTIATION. 


Ex.  (1)  s»«aa?  +  6 (1). 

To  eliminate  6,  differentiate,  when  we  have 

*yS-° ('>• 

To  eliminate  a,  substitute  its  valine  given  by  (2)  in  (l) ; 

dy 
then  y*  «  2wy  —^  +  6, 

ax 

To  eliminate  both  a  and  6,  differentiate  (2)  again ;  then 

d^y       fdy' 


dx' 


(S)-°- 


(2)     Eliminate  a  from  the  equation 

y  «ct?»  -I-  ae""; 

dy 

-j my  =  (n-fiia?)  ^"'. 

(5)     Eliminate  a  from  the  equation 

m 
y  =  aa?  +  — ; 
a 

the  result  is  .r  ( -^ )  -  y  -Ji  +  m  e  o. 

(4)     Eliminate  a  and  6  from  the  equation 

y  —  aflj*  —  fca?  «  0; 

*i_  «    .    d*y      2  dy     2y 

the  result  is  _^----ii+-|  =  o. 

dti?       ^  dtV      or 
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(5)  Eliminate  the  constants  m  and  a  from 

y  ^  m  cos  {too  +  a). 

Differentiating  twice,     -—-  =  -  r^w  cos  {rx  +  a). 

aiXr 

m 

Multiplying  the  former  by  r*  and  adding, 

(6)  Eliminate  m  and  a  from  the  equation 
the  result  «  «j,_ +^  ^_j  _y  _  _  o. 


«-Jf 


(7)  Eliminate  c  from  the  equation     d?  —  y  »  ce 
Taking  the  logarithmic  differential  and  eliminating, 

dy 

(8)  Eliminate  a  and  j3  from  the  equation 

(»  -  a)»  +  (y  -  )3)«  -  r«. 

Differentiating,        (^  -  o)  +  (y  -  /3)  --  =  0. 

Differentiating  again,  1  +  f  ^  J  +  (y  -  /3)  ^  =  0, 


-  (S)"      -  m 


xi*w/  xww,    dy 

whence       y^R^ ,       ^  .  a  » r^ 7— . 

^     '^  d*y  d*y        dar 

d.i7^  d<r" 

Substituting  these  values  of  y  -  /3  and  a;  -  o,  wc  have 


f2«.\  S 


in  which  a  and  /3  no  longer  appear. 


♦*, 
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ThiB  18  the  expression  for  the  square  of  the  radius  of 
cunrature  of  any  curve. 

(9)  Eliminate  m  from  the  equation 

(a  +  m/3)  (^  -  my*)  «  fw 7*; 
the  result  is 

(10)  Eliminate  a,  6,  c  from  the  equation 

y  being  a  function  of  a. 

Differentiating  two  and  three  times  with  respect  to  /r, 

Eliminating  6,  we  have 

dPsf  d^y      d*x  (Py 


dofi  da^      doF  da? 


0. 


This  is  the  condition  that  a  curve  in  three  dimensions 
should  be  a  plane  curve. 

(11)     Eliminate  the  exponentials  from 

Multiply  numerator  and  denominator  by  e",  then 

€*•+  1 

whence   c*'  -« ,     and  2a?  =  log , 

and  differentiating,  — ?  =  1  -  y*. 

ax 
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(12)     Eliminate  the  power  from  the  equation 

m 

y  =  (a^+  cv«)». 
Taking  the  logarithmic  differential  we  ^ave 


dy         tn      wy 


do}         n  a*  +  w* 

(13)  Eliminate  the  functions  from 

y  «  sin  (log  .v)  ; 

'  cP  V         d  y 
the  result  is  cf  -—  +  *p  -~  +  y  =  0. 

dor         dw 

(14)  Eliminate   the   exponential  and   circular  functions 
from 

y  =  ae"'  sin  nx. 

Taking  the  logarithmic  differential 

1  dy 

— --  B  m  +  n  cot  nx> 
y  dw 

Differentiating  again  and  eliminating  cot  n^  by  the  last 
equation,  we  have 

d^y  dy      ,  . 

{15)     Eliminate  the  arbitrary  function  from  the  equation 

z  »  ^y0  (y). 

Differentiating  with  respect  to  <r  only, 

dz  dz 

T-  ■■  y  0  (y)  ;       and  therefore   w  -, z  *^0, 

dw        ^  dw 

(16)     Eliminate  the  function  0  from  the  equation 

y  —  nz  =  0  (a?  —  mz). 

Differentiating  with  respect  to  w  only, 

^n  -—^^d)  (a?  -  mz)  ( 1  -•»--) . 
dw      ^  \  dw) 
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Differentiating  with  respect  to  y  only, 

1  —  »  T-  »  -  mq>  (a?  -  ma?)  -—-, 
dy  ^  '  dy 

d%         d  % 
whence  wi  ^—  +  »  3—  =  1. 

dcB         dy 

This  is  the  differential  equation  to  cylindrical  surfaces. 

(17)  If  ^^.^^_J, 

bjr  the  dimination  of  the  function  wc  find 

dx  dss 

This  is  the  differential  equation  to  conical  surfaces. 

(18)  Eliminate  0  and  y\r  from  the  equation 

Differentiating  with  respect  to  x^ 

<»  j-:-»--*(9-»--*'(i)-^^'g) 

Differentiating  with  respect  to  y^ 

<')  !5-'-*'a)"»-'H^s*'(!)- 

Multiply   (1)  by  w,  (2)  by  y  and  add, 

dx         dz 

then  ^  ^-  +  y  7—  =  w^' 

oa?         ay 

This  is  the  differential  equation  to  all  homogeneous  func- 
tions of  n  dimensions.  It  is  to  be  observed  that  the  two 
arbitrary  functions  are  really  equivalent  to  one  only,  for  the 
original  equation  may  be  put  under  the  form 


48  ELIMINATION    OF    CONSTANTS    AND   FUNCTTIONS. 

This  is  the  reason  why  both  functions  disappear  after  one 
differentiation.  Jf,t  we  proceeded  to  a  second  differentiation  we 
should  find 

.d^z  (Pz         ^d^z 

for  the  third  differentiation 
,cP«  ,      (Pz  -    €Pz  .iPz        , 

and  so  on  to  any  order.     See  p.  26. 

(19)     Eliminate  the  functions  from  the  equation 
«  —  0  (47  +  a/)  +  >^  («  -  at), 
a  and  t  being  variable, 

e?z 


da? 
d?z 


0*0"  {oD  +  at)  +  a^^"  (w  -  at). 


Therefore  -— ^  -  a'  — --  =  0. 

dt*  da? 

This  is  the  equation  of  motion  for  vibrating  chords. 

(20)  Let     «f  «  0  \~] ' 

dz         ^  dz 

the  result  is       %xy  1—  +  (^  +  y*)  3—  «  0. 

u^  dy 

(21)  Eliminate  0  and  y\t  from  the  equation 

z  m,x^  {z)  +  y\//  («), 
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Similarly, 

—  {1 -*^»  -  yf '(*)}=  >^(sr). 

Dividing  the  one  by  the  other, 

dx 

dy 

Differentiating  with  respect  to  /r, 

d*z  d%      dz     d^z  ,        dz  (dzy 

da^  dy      dw  dw  dy  dx  \dy) 

Differentiating  with  respect  to  y, 

d?z     dz      dz  d'Z      ^,  ^  fdzY 


dwdy  dy      dec  dy*     "^  ^  ^  \dyl 

Multiplying  by  --,    —-,   and  subtracting, 

dy      dx 


fd^*  d^z        dz  dz^     d'z         fdz\^   „  „  _ 
\dy}    dai^        da  dy  dx  dy       \dx) 


d^z 

dy 

This  is  the  general  equation  to  surfaces  generated  by  the 
motion  of  a  line  which  constantly  rests  on  two  given  lines 
while  it  remains  parallel  to  a  fixed  plane. 

(22)     Eliminate  the  arbitrary  functions  from 
af  ■  0  (ay  +  bx)  ,  yff  {ay  —  bx). 

Taking  the  logarithm  we  have 

log z  =  log  <p(ay  -{-  bx)  +  log \^  {ay  —  6*1?), 

and  as  the  functions  are  arbitrary  their  logarithms  are  also 
arbitrary  functions,  and  we  may  replace  them  by  the  general 
characteristics  F  and/.  Therefore,  differentiating  with  respect 
to  Of  and  y  successively, 

»  d^  "  6^'(«y  +  baO  -  bf{ay  -  bx), 

-  T-  =  aF'{ay  +  bx)  +  af'{ay  -  bx). 

z  dy 
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Differentiating  again, 

Multiplying  by  a%  b*  and  subtracting,  we  obtain  as  the 
result  of  the  elimination  of  the  functions 

(M)     Eliminate  the  arbitrary  functions  from 

(1)  af(a)  +  y  0  (a)  +  «r>/.  (a)  =  1, 

where  a  is  a  function  of  x,  y^  and  x  given  by  the  equation 

(2)  .vf{a)  +  y  <t>'(a)  +  ^  >/.'(a)  -  0 ; 

/'>  0'>  '^'  being  the  differential  coefficients  of/,  0,  \^. 
Differentiating  (l)  with  respect  to  <r, 

{*/'(«)  +  y  0'(«)  +  «^'(«)}  1^  +/(«)  +  ^Z'  («)  5^  =  0; 

which  by  the  condition   (2)  is  reduced  to 

/(a)  +  x/.  (a)  £  -  0. 

In  the  same  way,    differentiating  with   respect  to  y,  we 
have 

0(a)  +  >/.(a)— =0. 
Since  from  these  two   equations  it  appears  that  —  and 


dy 


are  both   functions  of   a,   the   one  may  be   supposed  to 


be  a  function  of  the  other,  and  we  may  write 

dot  \dyl 

Eliminating    the    function    F  from    this   equation   there 
results 

/^\    /^\  _  /  d^z  \» 

\dwV   \df}       \d^)  "  ^* 

This  is  the  differential  equation  to  developable  surfaces. 
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(84)      Eliminate  the  arbitrary  function  from  the  equation 

Since   ^f  ("f       9    -J  ^^A  homogeneous  function  of  m 

dimcnuoDS,   we  know  that 

dtf        dM        du 
aw        ay         az 

(«5)      If  u  «/(*,  ff)  -  F(r,  «),     and 
r^^ip  (aw  +  cj»)  =  \^  {aw  -  6y), 

1  clf«      1  c/f«      I  du 

then  -^-  +  7:r"  +  "^-  =  ^- 

a  ao?      o  a^^      c  dz 

du      du    dr      du    dz 
dw      dr  '  dw      dz  '  dw^ 

du      du    dr      du    dz 


f  a  +  c  —  j  ^'{aw  +  cz)  =  a  ^'{aw  -  6y), 


dy      dr     dy      dz  '  dy^ 

dr       f  _  ^  _  dz\ 

dw 

dr  dr 

—-  t»  cd}(aw  +  cz)j        --  =  -  6  yl/(aw  -  by) ; 

a;y        '^  dy  ^ 

,       ^  1  dr      1  dr 

therefore,  -  -—-  +  -  -—  =  o, 

a  dw      h  dy 


I  du      1  div      du  fl  dz      1  dz\ 
a  dw      b  dy      dz  \a  dw      b  dy) 

dz^ 


Also    la  +  c —]  <l}(aw  +  cz)  =  ayl/(aw-by), 

c  —  ^'{aw  +  cz)  ss  ^  b  yf/(aw  -  6y), 

_  1   diir      1  dsr  1 

whence    — ; — !----—=  — ; 
a  dw      b  ay  c 

-    _       ^         1  du      I  du      1  du      ^ 

and  therefore    — r-  +  T  -;-  +  ""  t"  =  ^• 

a  dw      b  ay      c  az 


CHAPTER   V. 


APPLICATION    OF    THE    DIFFERENTIAL    CALCULUS    TO    THE 

DEVELOPMENT    OF    FUNCTIONS. 


Sect.  1.      Taylor's   Theorem. 

T^IS  theorem,  the  most  important  in  the  Differential  Cal- 
culus, and  the  foundation  of  the  other  theorems  for  the 
development  of  Functions,  was  first  given  by  Brook  Taylor 
in  his  Methodus  Incrementorum^  p.  23.  He  introduces  it 
merely  as  a  corollary  to  the  corresponding  theorem  in  Finite 
Differences,  and  makes  no  application  of  it,  or  remark  on 
its  importance.  The  following  is  the  statement  of  the 
theorem : 

If  u^fifc)  and  w  receive  an  increment  A,  then 

du  ^      d?u    h'        d^u       h^ 
•^  ^  ^  dx         daP   \.^      d,ir»  1 . 2 . 3 

If  we  avail  ourselves  of  the  method  of  the  separation 
of  the  symbols  of  operation  from  those  of  quantity,  this 
theorem  may  be  expressed  in  a  very  convenient  form,  which 
is  useful  in  various  parts  of  the  Integral  Calculus:  viz. 

^.        ..       c        .    d         h:"      d!"      '     h^        d""  ,   ^,  , 

•^  ^  ^       ^  dx       l.Qd.tf'       1.2.3  da^  >^v/ 

It  is  frequently  convenient  to  use  Lagrange^s  notation, 
and  to  represent  the  successive  differential  coefficients  of 
f{x)  by  accents  affixed  to  the  characteristic  of  the  function. 
In  this  way  Taylor's  Theorem  is  written 

/(.r  +  A)  =/(,r)  +  /'(,r)  A  +  /"(,r)  —  +/"'(.r)  -^  +  &c. 


DEVELOPMENT    OF    FUNCTIONS.  53 

If  we  stop  at  any  term,  as  the  n}\  which  is  /^""^^(cp) 

,  the  error  committed  by  neglecting  the  re- 


1.2  ...  (n  -  1) 

maining  terms  lies  between  the  greatest  and  least  values  which 

A* 

f^^  (»  +  Oh) can  receive;    where  0  is  less  than   1. 

•^      ^  '^  1  .2  ...  n 

This  is  ljagrange'*s  Theorem  of  the  limits  of  Taylor's  Theorem. 

See  Lagrange,  Calcul  dea  Fonctions^  p.  88.     Also  De  Mor- 

gan''8  Differential  Calculus^  p.  70. 

Ex.  (1)     Let  /(a?)  =  (a  +  a)".      Then 

d" 
(2)      Let  f(/v)  =  a'.     Then  as  — -  a'  =  (log  a)"  a% 

Cbvu 

«-+*-  «•  {1  +  (logo)  h  +  (log«)«  /-'-  +  (log  af  -^  + ... }. 

If  we  stop  at  the  w*'*  term   the  error  lies  between   the 
greatest  and   least  values  of  a^'+^''^  (loga)"  - .     The 

X      m    /*t      ...     It 

least  value  is  found  by  making  d  =  0,   and  the  greatest  by 
making  0  a  i,  and  therefore  the  error  lies  between 

a'"*"*  (loff  aY ,     and  a^  (\ofr  aY . 

(S)     Let  fipc)  sslogtV.     Then  since  by  Chap.  ii.  Sec.  1, 
Ex.  11, 

-  (log^)  =  (-y  


r-l 


h      1  7*2      1  /*=      , 
log  (j;  +  A)  =  log.r  +---  ^iJ+o^."  ^ic, 

and   the  error  of  stopping  at  the  n^^  term  lies  between 

/t"         ,              A" 
± and   ±  — , -- 
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1  +  ^ 

(4)     Let  f{pB)  = .     Then  since  by  Chap.  ii.  Sec.  l. 


Ex.  12, 


d"    1+ar         r(r-l)...S.2 
=  2     ^ 


dor  1- Of  (1  -  0?)'+^ 

1+x  +  h      l+w         I      h  A*  A'  .1 

l«ar-A      1-ar  Kl-a?)«^(l-^y      (1-^)*  J 

(5)     Let    f{iD)  =  e"'  COS  na^.      Then    as    by    Chap.    ii. 
Sec.  1,  Ex.  10, 

- —  (e"'  COS  na)  =s  (a*  +  w')»  6*"  cos  {nw  +  r0), 
dof 


(where  0  =  tan~*  -j. 


^«c»+«cosn  (47  +  A)  =  e*' {cos  war  +  (a'+n^icos(n47  +  0).  A 

A*  A' 

+  («?+»*)  cos  (nar+20) —  +(ci^+n*)*co8(na7+S0) +  &c.} 

1.2  1.2.3 

If  a  s  cos  0,     n  «  sin  0, 

€«»+*» «**cos{(^+ A)  sinOj  =  6'«»"^{cos(arsin0)+Acos(arsin0+0) 

A*  A' 

+ cos  (jff  sin  0  +  20)  + cos  (tV  sind  +  sO)  +  &c.  J 

1.2        ^  ^      1.2.3        ^  ^  * 

(6)     If  /(ij?)  =  tan"*^,  and  we  put 

sin  y,     or  tan  *  a?  =  —  -  y. 


1+a^  "'  2 

we  have,  by  Chap.  11.  Sec.  1,  Ex.  24, 

l—\   tan-'ar  =  (-)''-^  (r -  1)  (r -  2)  ... 2. 1  sin ry.  (siny)'', 

therefore 

tan"*  (ar  +  A)  =  tan"'  j?  +  sin  y  sin  y sin  2y  (sin  y)*  — 

A'  .  A* 

+  sin  Sy  (sin  y)' sin  4y  (sin  y)*  —  +  &c. 

3  4 


DBVELOPMBNT    OF    FUNCTIONS.  55 

From  this   developfnent   Euler*  has  deduced  many   re- 
markable theorems,  some  of  which  are  subjoined. 

In  the  preceding  example  let  A  =  —  x^  then 

tan"^  (a?  +  A)  =  tan"*  0  =  0; 

therefore   tan"* x ^  ^\ny ,  sm y ,  x  •{•  (sin yY sin  2y  — 
+  (sin  j^)' sin  Sy  —  +  (sin  yy  sin  4y  — -  +  &c. 

S  4 

».T  1  'T  1  cosy 

Now     tan"*  x  m:  ^  ^  y^     and  .r  =  cot  y  =    .  -  -  ; 

2  sm  V 

therefore 

—  B  jf  4-  sin y  cos y  +  ^ sin  2y  (cos  yy  +  ^sin  3y  (cos y)'  +  &c, 

Asain,  let   A  =  -  ( t  +-  )  =  — ; ;  then 

\       ci?/  sm  y  cos  y 

tan***  (jr  +  A)  «  tan"'  ( )  =  "  ^^^'^  -  =  -  -  +  tan"* x ; 

\      Xj  X  2 

therefore 

ir      siny      .    sin2y        .    sinSy        ,    sin  4y 

—  Bs +  A +  A ^^—  +  + +  &c. 

2      cosy      *  (cosy)'      ^  (cosy)'      '*  (cosy)* 

Again,  let   A  =  -  (l  +  x^)^  = r-z— ;  then 

"^  sin*y 

therefore,  as  tan~*  a?  «= y, 

2 

—  =  -  +  sin  y  +  ^  sin  2y  +  ^  sin  3y  +  &c. 

If  we  diflTerentiate  this  series  we  find 

0  e  -J  +  cos y  +  cos  2y  +  cos  3y  +  &c. 

In  these  formulae  y  lies  between  0  and  ^tt. 

•  Calc,  Diff.  p.  380. 
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(7)     Let  w  =  cot"'«,   then  cot"*  ^  +  A)   is  easily  found 
from  the  expression  for  tan"*  (07  + A).     For  since 

,         TT  .        du  1 

cot"*  47  =s tan"*  0?, 


2  '      dx  1+07*' 

and  we  have  merely  to  substitute  cot"*  a?  for  tan"*  a?  and 
to  change  the  signs  of  the  terms  beginning  with  the  second : 
and  as  in  this  case  y  ^u^  we  find 

cot"*  (07  +  A)  «  w  —  sin  w  sin  w  -  +  (sin  «)*  sin  2w &c. 

Sect.  2.     MaclaurirCa  or  SHrling'a  Theorem, 

This  Theorem,  which  is  usually  called  MaclaurinX  but 
which  ought  to  bear  the  name  of  Stirling,  was  first  given 
by  James  Stirling  in  his  LineiB  Tertii  Ordinia  Neivtoniance, 
p.  32.  Maclaurin  introduced  it  into  his  Treatise  of  Fltiadons^ 
p.  610,  and  his  name  has  generally  been  given  to  the  theorem 
from  an  erroneous  idea  that  his  work  was  the  first  in  which  it 
appeared. 

The  following  is  the  enunciation  of  the  Theorem  : 

If  /(07)  be  a  function  of  0^,  and  if  we  represent  the  values 
which  it  and  its  successive  difierential  coefficients  acquire  when 
ct^  =  0,  by  /(O),  /'(O);  /"(O),  /'"(O),  &c.;  then 

/Or)  -/(o)  +/'(o)  ^  +r  (0)  ^ +r'(o)  ^-^  +  &c. 

This  Theorem  is  evidently  a  particular  case  of  that  of 
Taylor. 

Ex.  (1)     Let   u  =/(o?)  «  (1  +  w)i ;    /(O)  =  1, 

du  _       1         1  ,  1 

dof"      2  (1  +w)h'         ^  ^^^^V 

<^u  11  1 

dai"  2^*  (l+^)J'        -^    ^^  2^*' 
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JPu  3  1  w  3 

&c.  &c. 


Thiereforey 

.  1  I    a?       3      af^  S.5        a?* 

^  ^  2         2*  1.2      2^1. 2. 3        2*    1.2.3.4 

(«)     Let  tt-(l +2a?  +  3af*)-i. 

Then  by  the  formula  (B),  Chap.  ii.  Sec.  1, 

-— «  (-)M  .2...r(l  +  3a?y  (1  +  2^  +  3ar*)-''+l  x 

ir(r-l)       2  l.3r(r-l)...(r-3)         ^  ^^ . 

*        i     1.2      (1+3J?)'       2^  1.2.3.4        *(l+3a)*  '^ 

Whence  we  find 

/(0)-l,     /'(0)  =  -l,     /"(O)  =  1.2(1  -1)  =  0, 
y^'^(0)--  1 ,2, 3(1  -3)  =  1.2.3.2, 

7  3 

f^iP)^  -  1.2.3.4.-,  /"(O)*  1,2.3.4.5.-. 

^  2 

Therefore, 

7  3 

(1  +  2d7+  3j7*)"J  =  1  -0?  +  2c»^ A*  +  -cV*-  &c. 


(3)     Let  tf  B  cos  .r. 


then  as  3— ^  =  cos  |  j?  +  r 


(--^-i)' 


U  a  cos  cT  sa  1  —   + — - — 7  —  &C. 

1.2       1.2.3.4 


(4)     Let  u  a  8in~*  i». 


68  DEVELOPMENT    OF    FUNCTIONS. 

Then  by  Chap.   ii.   Sec.  1,  Ex.  23, 

dTu     1  .2,.,(r-  1)^*^"'  1  (r  -  1)  (r  -  2)  1 

1.3(r-l)(r-2)(r-8)(r-4)  1    ^  ^ 

+  • ;   +  &C.  \ 

2.4  1.2.3.4  W^  ^ 

Therefore, 

/(0)-0,  /'(0)  =  1, 

r(o)=o,    r'(o)=i.i.2, 

/"'(0)  =  0,  /''(0)  =  i^.l.2.3.4, 

f  (0)  =  0,        /''"  (0)  =  ^^^  .1.2.3.4.5.6. 

Whence 

.     ,  1  ^p^      1  . 3  ctr*      1.3.5  ai' 

sin"  w  =  Of  + + + —  +  &c. 

2  3        2.4  5        2.4.6  7 

It  was  by  means  of  this  series  that  Newton  calculated  the 
value  of  TT.      Commercium  Epistolicum,  p.  85,  2nd  Edit. 

(5)  Let  u  =  tan"*  {x). 

By  means  of  Chap.  ii.  Sec.  1,  Ex.  24,  we  find 

,*              a^     a^      aP 
tan~Vt?  =  tr 1 +  &c. 

3       5        7 

This  is  Gregorie's  scries.     See  Commercium  Epistolicum, 
p.  98,  2nd  Edit. 

(6)  Let  u  =  sec  a: ; 

then/(0)  =  l,         /'(0)  =  0,  /"(0)  =  1, 

/"(0)  =  0,         /"'(0)  =  5,         /''(0)  =  0,         r'(0)=6l. 

Therefore, 

ic^             5  J?*                     61  a^ 
sec  0*  B  1  + + + +  &c. 

1.2       1.2.3.4       1.2.3.4.5.6 

James  Gregorie,  lb.  p.  99- 
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(7)  I<et  u  s  tan  x ; 

then  /  (0)  -  0,     /'  (0)  -  1,      /"  (0)  -  0,      /'"  (0)  -  2, 
/"'(o)-o,    r(o)-i6,    /'"(o)  =  o,      /-"(o)=  — . 

Therefore,  tan  «  a  ^7  + + + +  &c. 

1.3      3.5      3.5.7.9 

James  Gregorie,  lb, 

(8)  Let  fiBe^'cosn^.     Then 

Of  a^ 

^' eosna  «  l  +  (a*  +  w*)i  cos 0  -  +  (a'  +  n*)  cos  20 

+  (a*  +  n*)!  cos 30 +  (a*  +  w^)'  cos  40 +  &c. 

1.2.3  1.2.3.4 

If  a»cosd,     fiBsind,     0  =  0»     a^  +  n^=l, 
g*«**coB(drsin0)Bl  +  ^cosd+ cos20+ cosS0  +  &c. 

1.2  1.2.3 

If  a  »  n  »  1,     o^  +  w'  «  2,     0  =  -  , 

«•  1  TT  TT  1  ,   TT 

cos  —■■—;,    COS  2  —  B5  0,     cos  3  —  «= T ,    cos  4  —  «  —  1, 

4        2*  4  4  2^  4 

«•!  -TT  ttI  ^« 

008  5  —  ■■  — -|  9    cos  o  —  "  0,   COS  7  —  =  -1 ,    COS  8  —  e  1,  &c. ; 

4         'W.  4  4       2»  4 

therefore, 

tt  aP  2*/r*  2^^?* 

iTcos^  =  1  +-  -2. 


1  1.2.3       1.2.3.4       1.2.3.4.5 

^x^  2V 


4-  &C. 


1.2.3.4.5.6.7       1.2 7.8 

If  a«^,    **""^>    a»  +  n*=l,    0  =  J; 

f  W3^  ,    .17        -      .T*  /T*  ,  ^ 

^  COS —  =  1  +i--i * : 

2  ^1*1.2       1.2.3      *  1.2.3.4 


1  1        ^ 

l.X«..d  l.%*»*0  l.Xacaf 
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(9)  Let      W  =  (1  +  €')", 

/(0)  =  2%    /'(0)  =  n2-S    /"(0)-n2-«(«  +  l), 
f'ip)  =  n'2-3  («  +  3),   /'*'  (0)  =  «2'-*  (w^  +  6n»  +  3»  -  2)  ; 
therefore, 

^         21  2*  1.2  2*  1.2.3 

n  (n?  +  6n*  +  3n  -  2)         x^ 

+  — ^^ Ti +&C.L 

2*  1.2.3.4  ^ 

If  n  =  ^,    then 

(1  +  €')J  =  2M1  +  -  -  +  -,  — -  +  -  

^  ^  *         2*  1        2M  .  2       2*  1  . 2 . 3 

2»   1.2.3,4  ^ 

Maclaurin^s  Theorem  may  also  be  applied  to  the  de- 
velopment of  implicit  functions,  the  differentiations  being 
effected  by  the  methods  required  in  such  cases. 

(10)  Let    w*- war- 1  =  0, 
Expand  u  in  terms  of  a. 

When  d?  =  0,    w'  =  1  ;    therefore  /(o)  =  ±  l. 
Differentiating  the  implicit  function  we  have 

du         du 

2w-- a w  =  0; 

d*v         dtV 

when  0?  =  0,    u  ^  ^  l,   therefore  /'  (O)  «  ^. 

Differentiating  again, 

.    du       .du       .  .   d^u      du 

when  a?  =  0,    —  =  j^,    u^^^l;    therefore  /"  (0)  =  ±  ^. 

Differentiating  again, 

.   du     *      d'w      ^  ^  rTw 

3(2---l)-— +  (2w-.r)  T-T=0; 
dv       ^  dor  do?* 
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when  «-0,    2- 1=0,    therefore  /'"  (O)  =  0. 

In   the  same  way  we  should  find, 

/"(f)--!-^,  r(«)-o,  r(«)-il!:i;:f,  &c.; 

therefore, 

-    i  -   7   — :lr +  &C. 

1       8M.2         2*     1.2.3.4  2°        1.2.3.4.5 

Since  the  given  function  is  a  quadratic  in  u  it  involves 
really  two  different  functions  of  /r,  which  in  the  develop- 
ment are  given  by  means  of  the  double  sign. 

(11)  Let         ti»-6Mti? -8  =  0. 

When  /p  =  0,  w'  =  8,  w  =  (8)^. 

The  possible  root  of  this  is  2,  and  if  we  take  it,  wc 
find  by  the  same  method  as  in  the  last  example  the  series 

w  =3  2  +  ^ + V  &c. 

2   1.2.3        1.2.3.4 

The  other  series  for  %i,  would  be  found  by  taking  the 
impossible  values  of  the  cube  root  of  8. 

(12)  Let  tt'  —  d^u  +  axu  -  ot'  =  0. 

When   « «=  0,    z^^-a'w  =  0,  which  gives 

w  =  0,    w  =  ±  a. 

Taking  the  first  of  these  values,  we  find  the  series 

0^      w^      ,v^ 

M=:-~--^;---&C. 

a-      or      or 
Taking  the  positive  value  of  cr, 

u  =  a +  — —— ,  &c. 

2      8a       iGa" 

Taking  the  negative  value  of  «, 

usi  -  a  +  -  -¥  —  +  -—z  »  &c. 
2       8  a      Sa'* 
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(13)  If    sin  y  s  ^  sin  (a  +  y), 

expand  y  in  terras  of  w. 

When  ^  =  0,  sinysO;    therefore  y^rwy  r  being  0,  or 
any  positive  integer. 

.    .  dy  dy 

Differentiating,  cos  y  -—  =  sin  (a  +  y)  +  a?  cos  (o  +  y)  t~  5 

putting  a?  =  0,  ysxTTTi  we  have 

sin(o  +  r7r) 
/  (0)  ss ^ =  sin  a. 

costtt 

Differentiating  again^ 


cos 


/dy\*  ,  cPy 

-c»8in(a+y)  J^— j  +^cos(a  +  y)— . 

w/^  V  .       COS  (a  +  rw) 

f  (0)  a  2  sm  a B  2  sm  a  cos  a  =  sm  2a. 

cosrTT 

In  a  similar  manner  we  should  find 

/'"(O)  =  2  sin  a  {S  -  4  (sin  a)*}, 

and  so  on ;  therefore,  substituting  in  Maclaurin's  Theorem, 

fi  =  r7r+  sina  -  +  sin2a h2sinaiS-4(sina)n +&c. 

^  1  1.2  L  \         J  5  J  2  3 

(14)     If  u'^logu  t=  ajf,  expand  u  in  terms  of  of. 

When  a?  =  0,  one  value  of  u  is  1,  as  log  1=0;   therefore 
taking  /(O)  =  1,  we  find 

/'(0)  =  «,     r(0)  =  -(2n-l)a«,     /'"(0)  =  (S7i-l)«a', 

f'\0)^  -(4n-l)^aS  &c. 

Hence  we  have 


o     o  ^     q  4      4 


ti  =  l+aa?-(2n-l) +(3w-l)^ (4n-l)3 +  &c. 

^  1.2      ^        .       1.2.3     ^  ^  1.2.3.4 
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(15)     XjCt  jf »  1  +  a^  expand  y  in  terms  of  x. 

Here/(0)  =  1,     f(0)^e,     /"(())  =  2e«, 

r\0)  o  9€%     /"  (0)  =  6U\ 
Therefore, 

jrBl  +  e.«  +  2€' +  96^ +  646*  — +  &c. 

As  the  calculation  of  the  high  differential  coefficients  of 
implicit  functions  is  necessarily  very  tedious,  this  application 
of  Maclaurin^fl  Theorem  is  not  of  much  use ;  and  a  better 
means  of  expanding  implicit  functions,  is  to  be  found  in  the 
Theorems  of  Lagrange  and  Laplace,  to  which  we  now  proceed. 

Sect.  3.     Thearems  of  Lagrange  and  Laplace, 
If  y  be  given  in  an  equation  of  the  form 

y  =  z  +  a^(j)(!/)y 

and  if  u  =»/(y)j  /  and  (j)  being  any  functions  whatever,  then 
u  may  be  expanded  in  ascending  powers  of  ,v  by  the  theorem 

This  is  Lagrange^s  Theorem.    See  Equations  NiimvriqtieSy 
Note  XI ;  Mcmoires  de  Berlin^  176*8,  p.  251. 

The  Theorem  of  Laplace  is  an  extension  of  the  preceding, 
made  by  assuming  the  given  equation  in  y  to  be 

Then  if  u==f(jy)f   and   if  we  put  fF(z)  =^fi(z)f   and 
:^/^(^)=//W,  and  0F(^)  =  0.(^), 

Memoires  de  FAcadimie  dea  Sciences^  1777,  p.  99. 
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In  these  theorems,  if  we  make  f{y)  »  y^  we  find 

Ex.  (1)     Let  y^- ay +  6  =  0,  or  y=  -  ^--y*; 

a      a 

Expand  y  in  ascending  powers  of  -  . 

Here    f(y)^y,         0(y)«!^>         z^-. 

a 

Therefore  ^{<t>(^)V-e{^)\    ^{<P(^)V-9.S.  [l)\  S.c. 

wu  b  ^        V"         b'  b'  b^       o     ^ 

Whence  y=  -(l  +--  + 3  - +  12— +55  — +  &c.) 

a  or        or         or  a** 

(2)  Let  a  -  y  +  6y"  =  0,     or  y  =  a  +  fcy'. 
Expand  y  in  terms  of  6. 

Here  f{y)^yj     0(y)  =  y",     »  =  «.     Then 

fc*  ft' 

fi  =a  jl  +a*-*ft  +  2w.a*""* —  +  3w(3n-l)a*"-3 +  &c.?. 

^         ^  1.2  ^  1.2.3  * 

(3)  Let  ft  -  y  +  cay  =  0,     or  y  =  ft  +  ca^. 
Expand  y  in  terms  of  c. 

Here  /(y)  =  y,       0  (y)  -  a^,       «r  =  ft.     Then 

y  =  ft  +  a^-  +  2  logaa**  —  +  S^QLogafa^^  +  &c. 

1  1.2  1.Z.3 


If  ft  =  1,       or  y  «=  1  +cay, 

/?  o^  c^  fl'  f> 

1/  =  1  +  a  -  +  2logo—  +  3'Oogo)*  j-^  +  &C. 

See  Ex.  15  of  the  preceding  Section. 
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(4)  Let  y  ^  a  +  X  log  y. 
Expand  y  in  terms  of  x. 

Here  /(«)  =  «,  /'  {x)  =  i,  «  =  a,  0(»)  =  log  ar.     There- 
fore 

X      2  loff  a    a?"       S  loff  a  ,       ,        v      «^ 
y-a  +  log«.-+-^--+-^(2-log«)j-^ 

4  lofiT  O  A^^ 

+  --^{6-9Gog<  +  2(loga)«}y-^--^  +  &c. 

(5)  Let  o  -  y  +  6(y"  +  cy*)  =  0, 

or     y  =  a  +  6  (y"  +  cy')  : 
expand  y  in  terms  of  6. 

Here    0  (»)  =  «*  +  c^*",        «  =  a ;     therefore 

b  V 

1  1.2 

+  &c. 

In  the  preceding  examples  it  will  be  seen  that  the  expan- 
sion of  y  in  terms  of  b  is  the  solution  of  an  equation  either 
algebraic  or  transcendental,  and  Lagrange  has  shewn  that  the 
series  always  gives  the  least  root  of  the  equation. 

(6)  Let  y*  -  ay  +  6  =  0  : 

expand  y**  in  terms  of  -  . 

'^  a 

Here   f{x)  =  i?",       0(»)  =  «^>        iir  =»  -  . 

Whence 
•  =  -(  Vl      n(n  +  5)6^  1      n(n -t- 7)(n  +  8)  6^  1 

n(n  +  9)(«  +  10)(n  +  11)    6M       .     , 
19.3.4  a^  a^  * 
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(7)  Let   1  -y  +  fiy""  =  0: 

expand  y'  in   terms  of  a. 

n        n(n  +  2r-l)    .      n(n  +  Sr  -  \)(n -^  3r  -  9)a^ 

y  =  1  +  -  a  + a'  +  — ^- 

^  1  1.2  1  .2.S 

»(n  +  4r  -  1)(»  +  4r  -  2)(n  4-  4r  -  3)    ^ 

+ ± 1 a*  +  &c. 

1  .2.3.4 

(8)  Let   1  -  y  +  a  e^  =  0  : 
expand  y"  in  terms  of  a. 

y"  =  1  +  W6.0  +  — ^^ ^eV+ ^  €^a'  +  &c. 

1.2  1.2.3 

Lagrange  has  shown*  that  if  by  his  theorem  we  develop 
the  n^  negative  power  of  the  root  of  the  equation 

and  if  we  only  retain  the  terms  involving  negative  powers  of  z^ 
the  result  gives  us  the  sum  of  the  n}^  negative  powers  of  the 
roots;  while,  as  has  just  been  stated,  the  whole  series  gives  the 
'n}^  negative  power  of  the  least  root. 

(9)  If  the  equation   be 

cf  -  by  ^  a  ^  0, 
of  which  the  two  roots  are  a,  /8,  then 

1        1       /^\*  f        ^^   «      n{n  -  S)  c^    /ay 


1.2.3 


the  series  only  continuing  so  long  as  there  are  positive  powers 

6      ,       .  .  a 

of  - ,  that  is,  negative  powers  of  y  or  z. 


a  '  ~  h 

*  Efjuations  Xumcruines^  p.  22o. 
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(10)      Let  a  -  by  +  cy*^  =  0. 

Then  if  we  represent  the  sum  of  the  inverse  n}^  powers  of 
the  roots  by  2 (a""),  we  have 

.(,-,.©-!-»(|)'-|."Jl^^(9"-^ 

n(n-Sr  +  1)(«  -  3r+  2)  /aN^'-'c* 


1.8.3 


u)    6-5-^^"^' 


the  series  being  continued  only  so  long  as  it  involves  positive 
powers  of  - . 


a 


If  in  these  equations  we  substitute  -    for    v,   and    then 

y 

find  the  sum  of  the  inverse  n}^  powers  o£  the  roots  of  the 
transformed  equation,  we  obtain  a  series  for  the  direct  n}^ 
powers  of  the  roots  of  the  original  equation. 

(11)  If  we   thus   transform    the  equation   in  Ex.   10,  it 
becomes 

c  —  by  +  ay^  =  0; 

and  if  a,  j3  be  the  same  quantities  as  before, 

^       /6\-f  c  a      n{n  ^S)d'   a"     „     | 

a-+/3-=(-){l-«--  +  -L_J-.^-,  +  &c.|, 

continued  so  long  as  there  are  positive  powers  of  -  . 

(12)  Let  u  =  m  +  6  sin  t/. 

Expand  u  and  sin  u  in  terms  of  e. 
The  expression  for  u  is 

u  -  wi  +  sin  f/* .  -  4-  sin  2m  —  -»-  -  (3  sin  Sm  -  sin  m) 


1                     1.24"  '  1  .  2  .  ,3 

+  (8  sin  4f?4  -  4  sin  2m)  — -»-  &c. 

"       o 
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The  expression  for  sin  u  is 

sin^m  e     S  sin  Siw  -  sinm    e* 
sint«  =  sinm  + -  + 


1  4  1.2 

4-  (2  sin  4m  -  sin  2fii) h  &c. 

^  ^ 1 .2.3 

(13)  We  might  employ  Lagrange^s  Theorem  to  express 
h  in  terms  of  u  from  the  equation 

du ,      d^u   A'       (Pu      A' 

w  +  -r-A  +  -p-^ +-r^ +  &c.  =  0; 

dw         dor  1  .2      dor  1.2.3 

but  the  following  method  is  more  convenient,  as  it  gives  at 
once  the  law  of  the  series.  It  is  easily  seen  that  the  series 
is  the  development  of  some  function  of  /p  +  &»  which  when 
A  B  0  becomes  u. 

Let  u  ^f(pf)y  then  f(x  +  A)  =  0.  But  since  u  ^/{w)^ 
a?«/"'(a),  and  if  we  call  k  the  increment  of  u  due  to 
the  increment  A  of  w, 

a?  +  A  =f'^(u  +  /f), 

or,  expanding  by  Taylor's  Theorem, 

do?,      cfa?   ^       cfcT      A' 
du         du*  1  . 2      du^  1.2.3 

But  from  the  given  equation  we  have 

u  +  A  a  0,     or  A  s=  -  w,  and  therefore 
dx         d^x   u*       d^x      u^ 

A   =    -  — -  a  +  — -■ -r-;:  +  &C. 

du         du*  1.2      dw'  1  .  2  .  3 


If 

we 

put 

dx 
du 

-  -  t?, 

then 

d^x 
du* 

dv 
dx^ 

d^x 
dv? 

d  1 
\x\ 

'    dv\ 
.    dx) 

"J 

so  on. 


d         u*        f     d\*  u^ 

Hence,     h  ^^^vu  +v---v  . +  ( v  —-     v  ,  — = -h  &c. 

dx       1.2       \    dxj         1.2.3 

This  is   the    form    of    the    expression    which    is   given    by 
Paoli,  Elementi  d^Afgehray  Vol.  ii.  p.  40. 
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(14)     As  an  example  of  Laplace's  Theorem,  let  us  take 

y  =  log  (»  +  a?  sin  y), 
and  expand  e^  in  terms  of  w. 

Here   f{y)^^,     F{z)^\ogz,    fF{z)^l{z)^z, 
(p  (y)  =  sin  y,     (pF  (»)  =  0,  {z)  =  sin  (log  »). 

Therrfore  //  (»)  =  l,  3-  {0/(«f)}*  ="  2  sin  Gog»)  co8  G^g*)  •  - 

dx  » 


=  sin  (2  log  «)  .  -  =  sin  (log  «*).-. 

{0,(*)  }'-  ^""^°g*)[2-3|sin(log«r)  |  »-8in(log»)co8(log«)] 

S  sin  Ooff »)  r  .    ,,       V         .V,       «  .    ^,       -  * 
H^  {®  "  ^  ^^*^  (^^g  ^)  "  ^  ®^"  O^g  *  )  +  ^  ^^"  (i^g  ^)  i  • 

imru  ti  •    /I        .  a?      sin  (log  i!f*)    d^ 

Whence        e^  =  »  +  sin  (log  «)  -  +  — ^— ^ — ■  + 

^   ^    '  \  X  1.2 

^^  -      {8  -  9sin(log«)  -  2sin(log»0  +  3sin(logy^)}  ^  ^  ^ 

+  &c. 

(15)     Again,  let  y  =  6'+'^°'^: 

expand  y  in  terms  of  a?. 

Here     F  (z)  =  €%     0,  (z)  =  cos  6%     i^'  (»)  =  €*.     Therefore 
y  a  e<  +  e'  cos  (e*)  -  +  €*  cos  (e*)  {cos  (e*)  -  2  sin  e*.  (e*)}  


+  e*  cos  (e*)  { (cos  e*)*  -  Qe*  cos  (c*)  sin  (e^) 


+  96*'  (sin  e*)*  -  S^'] +  &c. 

^         ^  *  1 .2.3 

Sect.  4.    Eioparmon  of  Functions  by  particular  methods. 

The  preceding  Theorems  sometimes  fail  from  the  function 
which  is  to  be  expanded  becoming  infinite  or  indeterminate 
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for  particular  values  of  the  variable,  and,  more  frequently, 
they  become  inapplicable  from  the  complication  of  the  pro- 
cesses necessary  for  determining  the  successive  differential 
coefficients.  Recourse  must  then  be  had  to  particular  ar- 
tifices depending  on  the  nature  of  the  function  which  is 
given.  One  of  the  most  useful  methods  is  to  assume  a 
series  with  indeterminate  coefficients,  and  then  to  compare 
the  /iiffprential  of  the  function  with  that  of  the  assumed 
series;  so  that  by  equating  the  coefficients  of  like  powers 
of  the  variables  conditions  are  found  for  determining  the 
assumed  coefficients.  This  method  has  the  advantage  of 
furnishing  the  law  of  dependence  of  any  coefficient  on  those 
which  precede  it. 

Ex.   (1)      Let    u^€^,  (1) 

Assume 

Differentiating  (l)  we  have 

du  , 

-J-  =  6'.  €*  .  (8) 

Differentiating  (2)  we  have 

du 

-— -  t=  ai  +  Sag^  +  &c.  +  na^a?"'*  +  (n  +  1)  o„+i'^"  +  &c.     (4) 

Now      e'  «  I  +  <r  +  -^ —  +  &c.  + +  &c., 

1.2  1  .  2  ...  n 

and    substituting   in   (3)    for   e*'   the   assumed   series,    it   be- 
comes 

du 

—  =  {oo  +  aiOf  +  Gzor^-^-  &c.  +  a^a?"  +  &c.|  (5) 

X  { 1  4-  <3?  + +  &c.    +  '- -f  &c. }  . 

^  1.2  1  .2  ...  n  * 

Comparing  now  the  coefficients  of  .r'*  in  (4)  and  (5)  we  find 
n  +  1  I  1.2       1.2.3  1  .2  ...  wj 
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whence  any  coefficient  is  determined  by  means  of  those  which 
precede  it,  except  the  first  or  a^y  the  value  of  which  is 
easily  found  by  putting  <r  =r  0  in  the  original  equation,  in 
which  case  Oq  =  6*°  «  e.  Therefore,  forming  the  successive 
coefficients  from  this  first  one, 

^  1.2       1.2.3       1.2.3.4       1.2.3.4.5  * 

(2)  Let  w  =  €**"'. 

Then   by    the   same  process   as   before   we   find   the    co- 
efficient of  the  general  term  to  be  given  by  the  equation 

»+l'  1.2        1.2.3.4       1.2.3.4.5.6  ' 

There  remains  to  be  determined  a^,  which  is  easily  seen 
to  be  equal  to  1.     Hence  we  find 

.  ,  af^  So)^  8ar^  Sx^ 

€■*■'«  1  +  ^  + +  &c. 

1.2       1.2.3.4       1.2.3.4.5        1.2.3.4.5.6 

(3)  Let         u  =  €'^""'  "^ . 

Then    —  =  psm-'j^. 

^      d,r       (1  -.r«)i^ 

1.3  1.3.5 

and      (1  -  a?')"*  =  1  +  i  a*  +  — ^  a?*  +  -^ — '—  af'  +  &c. 

^  *  2.4  2.4.6 

Therefore,   assuming  a  series  as  in  the  preceding  examples, 
we  find  for  determining  the  coefficient  of  the  general  term, 

1       .  ,  1.3  , 

n  +  1  ^  ^  2.4  ^ 

Also,  it  is  easily  seen,  that  ao=l,  therefore 

.in-i^      ,  ''^  20^*  5  a;*  20  or" 

1.2       1.2.3       1.2.3.4       1.2.3.4.5 

(4)  Let    w  =  (a^  4-  a^a;  +  Oj.i?*  +  &c.  +  a,^  +  &c.)'". 
Assume  this  to  be  equal  to 

-^y  +  -^lA*  +  ^j.T*  +  &C.  +  A^il!^  H-  &C. 
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and   take    the   logarithmic  differentials  of  both    expressions : 
equating  these  we  have 

m  \ai  +  2a^af  +  Sa^a^  +  &c.  +  (n  +  1)  a,+  i  a?*  +  &c.} 
Oq  h-  o,a7  +  a,<r^  +  &c.  +  a^a^  +  &c. 

Ai  +  S-^gcT  +  SJ^ai^  +  &c.  +  (n  +  l)  A^+x^  +  &c. 

Whence,  multiplying  up  the  denominators  and  equating 
the  coefficients  of  like  powers  of  «r,  we  have 

(«  +  1)  a^An+i  -  (m  -  »)  a^An  +  \^m  -  (n  -  l)}  a, J,_, 
H-  {Sm  -  (n  -  2)}  OsJ,.,  +  {4«»  r  (^  "■  ^)}  «4-4«-8  +  8cc- 

Also  since  u  is  reduced  to  a^"*  when  ^  =  0,   we  have  A^  =  Oo"*- 
Therefore 

t* «  ao"  +  maia^'^w  +  m  f  — —  Oi*  +  ajOoj  a^''^a^ 

{(m  - 1)  (m  -  2)     ,      ,  ^  J         ,  ,     „ 
^-^ ai'  +  (m  -1)080,00+ a3ao*>ao'"'^ar*+  &c. 

Euler,  Calc.  Diff,  p.  519- 

(5)  Let  tt«e«o  +  ai  «  +  «««•  + 

As  before,  assume 

u^  Aq  +  AiW  +  A^a^  +  &c.  +  A^a^  +  &c. 

By  taking  the  logarithmic  differentials  we  find 

(»  +  1)  J,+,  -  a,  J,  +  2a,-4,_i  +  &c.  +  (n  +  1)  0,+^ ^o- 

Also  since  u  «  €^  when  a^ «  0,  u<o  =  €**<»,  so  that  we  have 

,  o,*  +  2o,  Oj' +  6aiO,  +  608 

*  1.2  1.2.3  * 

Euler,  /A.  p.  535. 

In  some  cases  the  law  of  the  coefficients  is  best  found  by 
proceeding  to  two  differentiations. 

m 

(6)  Let  it  be  required  to  expand   cosn^  in  ascending 
powers  of  cos  of. 
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Assume 

cosn««ao+»i  COS  a?+&c...+«p(co9  «?)'*+... +Op+2(co8j?)P+^+&c. 

Differentiating, 

fisinft««  {ai  +  202^08  07  +  ...  +  pOp  (cos xy~^  ■\'  ... 

+  (p  +  2)  ap+8  (cosd7)^+*  +  &c. }  sin  ,t. 

Differentiating  again, 
fi*oosfs«a>a,  co8;v+  ...  4-pap(cos^y+  ...  +(p+2)ap^.2(cosa7y+'' 

+  &C. 

-  {«aj  +  ...  +p(p  -  1)  Op  (cos a?)''"*  +  ... 

+  (P  +  0  (P  +  2)  ap+8  (cos  ^)P  +  . . . }  (sin  .r)*. 

Putting  1  -  (cos  wy  for  (sin  a?)*,  and  taking  the  coefficient 
of  (cos^)''  we  find  it  to  be 

pap  +  p  (p  -  1)  Op  -  (p  +  1)  (p  +  2)  ttp+g ; 

and  this  must  be  equal  to  the  coefficient  of  (cos  cr)''  in  the 
original  series  multiplied  by  ri^:  equating  these  we  have  the 
coigdition 

(n'  -  pQ 

(p  +  l)(p+2) 


^f+2  ="   ~  ~r~        TTT        ~TT    «p5 


by  means  of  which  any  coefficient  is  given  in  terms  of  that 
two  places  below  it.  There  remain  to  be  determined  by  other 
means  the  first  two  coefficients  a^  and  a,.     For  this  purpose 

make  ^  a  (2r  -f  l)  -  in    the  original  equation,  r  being  any 

integer.  Every  term  on  the  second  side  vanishes  except  the 
first,  and  there  remains 

00  =  cosn(2r  +  i)  -. 

2 

To  find  Ot,  make  /r<a(2r+l)—  in  the  second  equation, 
when  we  obtain 
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sin  w  (2r  +  l)  — 

2  TT 

a,  =  w  I      =  n  cos  (w  -  1)  (2r  -f  l)  -  . 

sin  (2  r  +  I )  - 
^  2 

Starting  from  these  values  and  giving  p  successively  all 
integer  values  from  0  upwards,   we  find 

co8i»^=cosn(2r+l)- {l (cos,rV4- (cos^)*-&c.} 

^  ^2*        1.2^  1.2.3.4 

+  cos  (n  -  1)  (2r  +  1)  —  J w cos  0? ^ (cos  xY  +  &c. } . 

When  n  is  an  even  integer  the  second  line,  being  mul- 

tiplied  by  the  cosine  of  an  odd  multiple  of  —,  vanishes,  and  the 

first  line  alone  remains :  when  n  is  an  odd  integer  the  first  line 
vanishes  and  the  second  line  alone  remains.  When  n  is  a 
fraction  both  lines  must  be  retained,  except  for  some  particular 
values  of  n  which  cause  the  factor  of  one  or  other  series  to 
vanish. 

(7)  To  expand  sin  w^  in  ascending  jx)wers  of  sin  .r-. 

Proceeding  in  the  same  manner  as  in  the  last  example,  wc 
find 

sin  nx  =  sin  nrir  \  1 (sin  xY  +  (sin  xY  -  &c.  \ 

^  1.2  ^  1  .2.3.4.    ^  ^  * 

n  (n*  —  V) 
+  cos  {w  -  1)  r  TT  J  w  sin  ,1? (sin  xY  +  &c.  \ 

When  n  is  an  integer  the  first  series  always  vanishes,  and 
the  second  is  positive  or  negative  according  as  (n—  l)  r  is  even 
or  odd.  When  n  is  odd  the  second  series  terminates ;  when  n 
is  even  it  continues  to  infinity.  When  n  is  fractional  both 
series  coexist,  except  for  particular  values  of  r. 

(8)  To  expand  cosw.r  in  ascending  powers  of  sintV,  and 
m\nx  in  ascending  powers  of  cos.r. 
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Proceeding  as  in  the  last  two  examples,  we  find 

coftfitf  «  cosftfTT  {l —       (sinipV4-      "-  (sina)'- &c.} 

*         1.2  ^         1.2.3.4   ^         ^  * 

—  sin  («  -  1)  rir  \n  sin  ^ (sin  xf  +  &c.} 

1        .     A>     •     «J 

When  «  is  an  integer  the  second  line  always  disappears, 
and  the  first  series  terminates  when  n  is  even,  and  does  not 
terminate  when  n  is  odd.  When  n  is  fractional  botii  series 
are  tetained,  except  for  particular  values  of  r. 

8]n9»apa8inn(2r+1)— U (cos.t?)^+ (cos.r)*-  &c. ^ 

^^2  ^         1.2  1.2.3.4  '  ^ 

IT  71  in'^  —  1*^ 

+  sin  (n  -  1)  (2r  +  1)  —  {n  costi? (cos.t?V4-  &c.} 

2^  1.2.3  ^ 

When  w  is  an  odd  integer  the  first  line,  when  n  is  even 
the  second,  alone  remains ;  but  when  n  is  fractional  both  series 
are  retained  except  for  particular  values  of  r.  In  no  case  do 
the  series  ever  terminate. 

For  an  exposition  of  the  difliculties  concerning  these  ex- 
pansions, and  the  discussions  to  which  they  have  given  rise, 
the  reader  is  referred  to  Poinsot's  Memmr  on  Aiigular  Sec- 
tianSj  where  the  complete  form  of  these  expansions  was  first 
given. 

(9)      To  expand  in  ascending  powers  of  .r. 

If  we  were  to  endeavour  to  effect  this  by  means  of  Mac- 
laurin's    Theorem,    we    should    find    that   all    the    differential 

coefficients  take  the  form  - .     An  artifice  of  I^aplace*  however 

0  ' 

enables  us  to  avoid  this  difficulty.     Since 

t  1  O  O 

e -1       6+1 
•  Mvmoires  de  PActnUmie,  1777i  p.  ^^^'*' 
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the  coefficient  of  .1?*  in  -~ is  the  same  as  that  of  .v" 

€     —  1 

m   -~ —  .     Now  It  18  easy  to  shew  that       —  can  contain  no 

€    +  1 
odd  powers  of  of  above  the  first ;    for  if  we  assume 

Of 


€*-  1 


Oq  +  a^of  +  a^a^  +  (h^  +  &«•> 


we  have  ■  «©  ""  ^i^  "*"  ^^  ""  «3'^^'+  Sc^*  ? 

€"*—  1 

and  subtracting  the  latter  from  the  former, 

— =  -a?  a2  {aix  +  a8ar+  &c.{, 

6^—  1  ' 

and  comparing  the  coefficients  of  like  powers  of  .r, 

«i  =  ""  ^ »  03  =  0,  Oft  =  0,  &c. 

Also  it  is  easy  to  see  that  a^ «  1 ;  we  may  therefore  assume 


a?  w       _     sf        _         m 


A 


=  1  -  -  +  5, B^ +  &c. 


€*-l  2  1.2  1.2.3.4 

^1,  £3,  &c.  being  coefficients  to  be  determined. 

The  coefficient  of  a^"  in  the  expansion  of is  there- 

fore  (-)"■*"* ^ — r,  and  consequently  the  corresponding 

coefficient  in 


J  2»"    l.2.S...(2») 

€    —  1 

If  therefore  Cj.  be  the  coefficient  of  w^"*  in  -f^ — ,  we  have 
the  equation 
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^    ^       V2-        )  1.2.3...  (2n)      ^'*"* 

But   Ct.-T=  7 :  (^-|     *   f-^ 1,  when  .r  =  0, 

■■     a**  1.2...(2»-1)  Vda?/         Vc'+l/  ' 

and  if  in  Ex.  (27)  of  Chap.  ii.  Sect,  l,  we  make  r  =  2n  —  1, 

'(lr(7^) -<-)--?  [•---!--"■--! 

I  «.  1     2«    ^  ,     2n(2n  -  1)    .,    .> 

*  1  1.2  ^  -^ 

Substituting  these  values,  we  find 

„  (-)"+*  2»    ^  ^   ,       ,  ^     ,      2w 


«■-  »  02M  /'o«« 


2«»  (2* 


[!«"-»-  {2*"-' l^''\ 

f  9.  I      2**    ».   I      2n(2»-l)    ...       ^     _ 

+  {3*"-* 2*"-*  + ^^ 1*"-^ }  -  &C.1. 

^  1  1.2  *  -^ 

These  coefficients  B,,  B3...  Bun-u  are  of  great  use  in  the 
expansion  of  series,  and  bear  the  name  of  Bernoulli's  numbers, 
having  been  first  noticed  by  James  Bernoulli  in  his  posthu- 
mous work  the  Ars  Conjectandi,  p.  97  ;  but  the  complete 
investigation  of  the  law  of  their  formation  is  due  to  Euler, 
Cole.  Diff.  Part  II,  Cap.  v. 

(10)  To  expand  tan  Q  by  means  of  the  numbers  of 
Bernoulli 

1      6H*2e  -  1         1      I    ^       J 1 

^^"^ -  («)i  j^miTi  "  (r)M*  "  iTc^^^ej • 

The  coefficient  of  0'""'  in  the  expansion  of  this  function 


X 


will  be  the  same  as  that  of  tV^"  in  the  development  of 

'  6*+  1 

multiplied   by    2**(-)*.  '  By  what  has  preceded  it  appears, 
therefore,  to  be  equal  to 

2=-  (2'-  -  1) 

1 .2...(2n) 
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Hence,  giving  n   successive  values,  we  find 

^      *-3„^        16.1.5      „  ^,  64.63  _   ,, 

tan  0  = fi,0  + B^e^  + B,e'  +  &c. 

1.2  1.2^3.4  1.2. 3. 4.. 5. 6      ' 

(11)     To  expand  cotd  by  means  of  Bernoulli's  numbers. 


Now  the  coefficient  of  0*""*  in  this  expression  is  the  same 

Of 

as  that  of  .r'-"  in  the  expansion multiplied  by  (— )''2*'': 

€     —    1 

it   is  therefore  equal  to 

(-)"2«''g„_, 
1  .2.3  ...  (2w)  ' 

Hence  we  have 

1         2*  2* 

e       1.2  1.2.3.4      ■' 


CHAPTER   VI. 

EVALUATION    OF    FUNCTIONS    WHICH    FOR    CERTAIN    VALUES    OF 
THE    VARIABLE    BECOME    INDETERMINATE. 


P 

If    u  he   di   function   of   .r   of  the    form  —  ,    and  if  for 

the  value  x  »  a^  P  and  Q  both  vanish ;  w,  taking  the  form 

" ,  is  indeterminate  and  its  true  value  will  be  found  bv 
O  ^ 

differentiating  the  numerator  and  denominator  separately  and 

taking  the  quotient  of  these  differentials :  that  is,   using  La- 

grange^s  notation,  the  real   value  of  u  will  be 

f^  =  —  ,   when   .%•  =  a. 

But  if  the  same  value  (r  =  a)  which  makes  P  and  Q  vanish 
also  make  P'  =  0,  and  Q'  =  0,  we  must  differentiate  again, 
and  so  on  in  succession,  as  long  as  the  numerator  and  the 
denominator  l>oth  vanish  when  .v  is  put  equal  to  a.  There- 
fore we  may  say  generally  that  the  true  value  of  fi  when 
a?  <=  A  is 

P^"^  and  Q^*^  being  the  first  differential  coefficients  of  P  and 
Q  which  do  not  vanish  simultaneously  when  .%•  is  put  equal 
to  a. 

This  theory  of  the  evaluation  of  indeterminate  functions 
was  first  given  by  John  Bernoulli,  Jcta  Ernditorum,  1704, 
p.  375. 

The   expression   — r- ,  that   is,   any  one  of  the   series  of 

fractions  which  present  themselves  in  the  operation  above 
described,   may   be  replaced    by   any    equivalent    fraction    re- 
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suiting  from  the  multiplication  or  division  of  both  its 
numerator  and  denominator  by  any  function  of  w :  the 
result  of  the  evaluation  of  this  new  fraction  coinciding  ^ith 

P 

the  required  value  of  —  for   the  assigned  value  of  «r.     We 

may  likewise  substitute  for  any  finite  factor  of  all  the  terms 
of  the  numerator  or  denominator  of  any  of  the  series  of 
fractions,  the  value  which  it  has  when  w  is  put  equal  to  a. 
These  considerations  frequently  lead  to  simplifications  of  the 
process  of  evaluation. 

Ex.  (l)  u  = when  a;-  =  1. 

1-0? 

Here     P=l-a?";  Q  =  l-a?; 

P'=-»d?"-';         Q'=-l; 
and  therefore  when  d? «  1,  u  «  n. 

1  —  «r" 
The  function  is  the  sum  of  the  series 

1   -0? 

1  +  a?  +  a?*  +  &c.  +  a^'\ 
which  when  a?  =  1  is  equal  to  n,  as  we  have  just  found. 

.  .  a  (aJ7)i  —  Of*       . 

(2)  u  = — -T- ,  when  .v  =  a. 

a  -  (aofp 

The  real  value  is  u  =  3a. 

(3)  u  = ;; ,    when  .r  =  1. 

ar»  +  2^*  -  07-2 

The  real  value  is  w  =  ^. 

^  ^  (2a'a?  -  «r*)i  -  a  (a*.t?)* 

(4)  u  = — —T ,  when  x  =  «. 

a  —  (a.ir)* 

The  real  value  is  u  =  —  a, 

9 

This  was  one  of    the  first  functions  the  value  of  which 
was  determined  in   this  manner. 
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(5)  Find  the  real  value  of 

Differentiating  twice,  -we  find  u  &=  -  s  ~ . 

(6)  Let         tf 


«            S                    ' 

when 

w^  a^     f«  B  0. 

O/P  —  /P* 

(7)  Let         ^''"a^-grt^^  +  gaa?*-^' 

when    w^a^     u  as  oo  . 

(8)  u  m ,  when  j?  e  0. 

After  two  differentiations  we  find  u  «  — - . 

2b 

When    ^  =  0,     t«  B  ai. 

One  of  the  most  important  applications  of  this  process 
is  to  find  the  sums  of  series  for  particular  values  of  the 
variable.  The  first  example  was  an  instance  of  this,  and  we 
shall  here  add  others  taken  like  that  from  Euler^s  Calc.  Diff. 
p.  746. 

(10)     The  sum  of  the  series 

^  +  2a;*+8fl7^+ H-nj;", 

a?  -  (n  +  1)  af+' +  n.t?*+* 
18     t*  «  j-^ — ; 

(1  -  wy 

Old  we  are  required  to  find  its  value  when  ^  «  1,  or  when  the 
eries  becomes  that  of  the  first  order  of  figurate  numbers, 
^y  two  differentiations  we  find 

0      n  (n  +  I) 

u  B  -  a . 

0  2 
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(11)      The  sum  of  the  series 

x  +  4a?*  +  9*'»*+ +n*a?", 

-,;+  -,?*-(n+  l)*cr»+»+(2w»+  2n-  1)  .r-+«- n*A"+' 


IS      u 


(1  -  «y 


and  we  are  required  to  find  the  real  value  of  u  when  tv  =  1 , 
which  in  this  case  is  the  sum  of  the  squares  of  the  natural 
numbers.     Differentiating  three  times  we  have 

0      n(n+l)(2n  +  l) 

w  «  —  ™ ^       . 

0  6 

(,2)      Let  „.___; 

find  its  value  when  ^  s  i.  Since  u  may  be  put  under  the 
form 

07*         1-0?" 

«*" :. » 

1  +af^  1  -o?P 

of  which  the  latter  factor  alone  becomes  indeterminate,  we 
need  only  differentiate  that  factor  so  as  to  find  its  real  value 
when  07  B  I9  and  then  multiply  it  by  the  value  of  the  first 
factor  when  0?  s  1.     The  real  value  of  the  fraction  is 

n 
w  a  — . 

2/1 
(13)     Let  u  = 


log  a  -  log  ,v  ' 
When     .r  =  a,      u^n  a". 


(14)     Let  w=       ^ 


(1  -o^)r 

When     07  =  1,     «  =  0. 
(15)      Find   the  true   value  of 

u  = ,  when  .r  =  «, 

.r  —  a 

w  s  me"". 
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(16)     Let  u  ^ 


e'-6 


log  (1  +  a?)  * 
When     ^  =  0,     w  =  2, 


(17)  w  = ; ,  when  a?=l. 

1  --w  +  loga 

After  two  differentiations  we  find  u  a  -  2. 


•    XT  /sinm^X*         ,    . 

(18)  Let     t*=  I     .    ^   j  ,  m  being  an  integer. 

When     0  «  0,     tt  «  m". 

Airy's  Tracts^  p.  328. 

r    V  1  -  cos  a?  . 

(19)  u  =  — ; — r ,  when  a; «  0. 

^vlog(l  -ha) 

After  two  differentiations  we  find  u^^. 


,    .      _                       cos^d  — cos«0 
(20)     Let  « „».^         ♦ 

find  its  value  when  or «  n. 

Here     P'-  -  0  sin a?0,     Q'=  -  2a?, 

and     we  —  sin  nO,  when  a?  «  n. 
2n 


/«,  V     T   A                   I  —  sin  a?  +  coso? 
(21)     Let  u  «  — 

sin  or  +  cos  a?  —  1 


IT 

When    07  e  — ,     u  «  1. 

2 


(22)     Let  u  «  ^^-5 

or  cos  47 


6—2 
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The  value  of  this  fraction,  when  w  •••0,  is  the  same  as 
that  of 

;?    ' 

or  as  the  square  of  that  of  y^ 

■:  =  2: 

X  1 

hence,   when  m  ^0,  u  ^  4. 

(23)     To  find  the  value  of 

(or  -  o  )  sm  — 

or  cos  — 
2a 

when  ^  a  a. 

The  value  of  u  will  in  this  case  coincide  with  that  of 

a*  cos  — 
2a 

or,  differentiating  numerator  and  denominator,  of 


2 

\af 

= 

4 

ira 
2 

sin 

2a 

TT 

A      X        rwi  1  cos''  (l  -  ^)  . 

(24)      lo  evaluate  u  = —r-    ,   when  a?  =  0. 

Here     P  «  cos"*  (l  -  ^)  ;  Q  =»  (2^^  -  ^)* ; 

1  Q'  ^-'^ 


(2a?-.T^i'  (2.r-a?')r 

Hence  m  =  -—  = =  1. 

Q'       1  -  .r 
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(25)     To  evaluate 

(a?  -  a)  (<r  -  6)i  +  (a?  -  a)i 


u 


(2a)i  -  (a?  +  a)i  +  (or  -  o)i  ' 


when  .r  «=  a. 

Here  P  =  (cV  -  a)  (a?  -  6)i  +  (a?  -  a)*, 

Q  «  (2a)i  -  (/r  +  a)i  +  (a?  -  a)i : 
P'«  (^  -  6)i+  ^(a?  -  a)(iv  -  6)-i  +  ^(^-a)-*, 
Q'  =  -  ^  (^  +  a)-i  +  ^  (or  -  a)"i. 

Hence  t.  =  -  =  (^-&)U^Cr --a)(.;- 6)-J4-i(^-a)-t 
Q'  -i(a?  +  a)-U^(a?-a)-i 

or,  multiplying  numerator  and  denominator  by  2  (<r  -  a)i^ 
2  (cT  -  o)i  (a?  -  6)i+  (a?  -  a)^(w  -  6)"i  +  1 


-  (tV  -  a)i  (a?  +  a)"i+  1 


1. 


The  following  process   may  frequently  be   applied  with 
advantage  to  the  evaluation  of  indeterminate  fractions :    ^^  If 

Of  b:  a  cause  the  fraction  to  assume  the  form    - ,    substitute 

0 

a  +  A  for  .p  in  both  numerator  and  denominator,  and  develop 

both  according  to  powers  of  h ;  reduce  the  new  fraction  to  its 

simplest  form,  and  then  make  A  »  0 ;   the  result  will  be  the 

true  value  of  the  fraction.*"^     It  is  easily  seen  that  this  includes 

the  ordinary  method  of  differentiation. 

(26)  u  =  -p -V- ,  when  w  =  a. 

(tT  —  o)* 

Let  J?  =  a  +  A,  then 

/o    L      i:»xi      (2a)tAl(l  +  — I 
(2  a  A  +  A')i  _  ^     ^        V        2aJ 

**"      At      ": aI ' 
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and  expanding  the  binomial, 

(2a)UI(l+|—  +&C.) 
hi 

tf-(2a)t(i  +-  — +  &c.) 

B  (2a)i,    when  A  «  0; 
and  this  is  the  true  value  of  the  fraction. 

(a*  —  aiF)i  +  a  —  07       0 
(27)  u  a ^x     r  • iTi  =  -  9    when  a?  =  o. 

Since  in  this  case  u  would  be  impossible  if  w  were  greater 
than  a,  assume  ^  «  a  -  A  ;  the  result  is 

(2a)i 

u  « T—  •    when  A  =  0, 

1  +  sfa 

which  is  the  real  value  of  the  fraction. 


^     .  tan  ir^  —  trof         , 

(28)  u  ■» ,    when  a?  =  0. 

2a?*  tan  TTOf 

Let  <r  B  0  +  A,  or  A ;  then,  expanding  the  circular  function 
by  the  formula 

affi 

tan  0  H=  0  + +  &c. 

1.2.3 


we  have  u 


2A{wA  +  -^^ — L^  &C.I 

2  7r'A«      „ 

— ,  when  A  =  0. 


^  I     ^      2(7rA)'       ^     ,        6 
SAIttA  +— ^ — ~  +  &c.| 


EVALUATION  OF  INDETERMINATE  FUNCTIONS.       87 

This  is  the  sum  of  the  series 

^         ^         I        c 

7i  +  i«  +  5"^  +  &c.   to   CO. 

There  are  other  forms  of  functions  which  become  inde- 
terminate for  a  particular  value  of  the  variable,  but  these  may 

generally  be  reduced  to  the  form  - .      Thus,  if  w  =  P .  Q,  and 

if  for  .r  =  n,   P  =  0,  Q  =  oo,   wc   have  u  »  0  x  oo,    which  is 

indeterminate.     But  if  wc  assume  Q  a  --- ,  we  have 

Qi 

w  »  — -  =  - ,     when  a?  «  a. 

Therefore,  applying  the  rule  for  vanishing  fractions, 

jy  jy 

w  «=—,=  -  Q»  -; ,     when  ^  «  o. 

But  if  Q  a  00  when  x  ^  a^  all  its  differential  coefficients  will 

also  be  infinite,  and  u,  taking  the  form  — ,  is  still  indetermi- 

natc  unless  the  factor  which  becomes  infinite  should  happen 
to  divide  out. 

P 

To    determine   the    value   of  a   function    w  =  — ,    which 

becomes  ■—   for  a  =  o,  we  assume  P  =  —  ,   Q  =  --  ,  so    that 
^  Pi  Wi 

w  ==  -=r  =  -  ,  when  «r  «  0. 
P,      0 

Treating  this  as  a  vanishing  fraction, 

P     P' 

Whence   w  =  ~  =  —7  ,     when  w  =  a. 

Q      Q" 

But  if  P  =  00,  and  Q  s  00,  for  «r  «  a,  all  their  differential 
coefficients   will  also  become  infinite,   and  -—,   will  still  have 
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the  form-—.      This  reduction,  then,  will  not  give  us  the  true 

value  of  the  fraction  unless  some  factor  divide  out,  or  we  can 
find  some  relation,  depending  on  the  nature  of  the  functions, 
between  the  new  numerator  and  denominator  which  will  enable 
us  to  trace  the  real  value. 

A  function  t*  =  P  —  Q,  which  becomes  oo  -  oo  when  ic  =  a, 
can  frequently  be  reduced  to  the  form  -;  for  if  P  =  -—  ,  and 

and  its  value  is  to  be  found  by  the  usual  method. 

De  Morgan^s  Differential  Calcultis^  p.  172. 

TT 

(29)  f*  =  (1  -  a?)  tan  -  j?  =  0 .  oo,  when  a?  «a  i. 

2 
The  real  value  is  ««&=—,    when  <r  »  1 . 

TT 

(so)  u  =  ^  sin  07,    when  w  =  0  ; 

w  =0.  00  =  00. 

(31)  u  «=  €'i  (l  -  log  a?),     when  a?  =  0.    ^ 

Here    P'»-i,     Q' =  -  l)  , 

1 
and     u  Si  €  ' .  a?  =  0,      when  j?  =  0. 

^         00 

(32)  u  =  —  =  ~  ,     when  a?  «  oo. 

g*         00 

Differentiating  the  numerator  and  denominator   n   times 
in  succession, 

n(n  -  l)...2. 1 
w=  ; =  0,     when  .i7«oo, 
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(33)  u  ■=  ,   when  <»  =  oo, 
^    ^                             of* 

w  «  —;  = =  0,     when  a?  =  oo. 

Q       no?" 

(34)  u  ^  jflogof  when  a?  «  0,  n  being  positive. 

Put  a?  =  - .     Then  ti  = —  ,  and  when  a?  «  0,  y  «  oo; 

y  y" 

and  therefore  by  the  last  example 

w  s=  0?*  log  a?  e  0,    when  ^  =  0. 

If  n  be  negative,   w  —  -  oo . 

(35)  u  = r  =  00-00,   when  .r  =  1, 

u  = r-  «-«-!,    when  ^  «  1. 

1  -  a7»         0  ^ 

J?  1 

(36)  w  « «  00  -  00,  when  a;  «  1 : 

47-1         log  J? 

J?  loff  J?  -  a?  +  1       0      -         , 

w  =   -^ — n =  -  =»  4r>   when  tv  =  l. 

(a? -1)  log  a?        0      * 

(37)  The  sum  of  the  series 
11  1  c 

+  i  +  i  +  &C.    to    00, 


1+07*      4  +  a?*      9+^ 

IS     «  =B  r—  + 


2ai^         a?(e«''-l)' 
find  its  value  when  of  ^  0. 

(nof  -  !)(€*"  -  1)  +  ^TTW      0 
2^«(e«"  -  1)  "o 

Differentiating  three  times,  we  find  the  real  value  to  be 


Here    u  = ^  ^    ^^^ — -^^ =  - ,  when  a?  =  0. 


«=6-' 
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which  is  the  sum  of  the  reciprocals  of  the  squares  of  the  natural 
numbers. 

(38)      The  sum  of  the  series 
1  1  1 


IS    tt  = =  00  -  00  ,    when  .r  «  0  ; 

40?       2.1?  (e*^*  +1) 

TT     .  €*'  -  1  0 

**  = TiTZ ;  *=  • »    when  x  =  0. 

4  a?(6'^'  +1)       0 

Differentiating  once,  we  find 

it" 

which  is  therefore  the  sum  of  the  squares  of  the  reciprocals  of 
the  odd  numbers. 

The  reader  will  find  other  examples  of  a  similar  kind 
relating  to  the  summation  of  series  in  Euler's  Cak.  Dif. 
p.  760,  seq. 

Sometimes  the  value  of  an  indeterminate  function  may  be 
most  readily  found  by  throwing  it  into  a  form  in  which  its 
real  nature  is  more  easily  seen. 

(39)      If  u  =  2'  sin  — ; 

2' 

find  its  value  when  .r  =  00  . 

.      n 

8111   — 

2* 
This    function    may    be    put    under    the    form    a  — ^ , 

a 

2' 

a      ^     ,  sin  0 

—  =  ^,    becomes    a  — — 

r  0 


which,   if  —  =  0,    becomes    a  — -—  .      When   ,1?  =  05  ,    0  =  0, 


and  =  1 ,    and  therefore  u  =  a. 


(40)     Let    u  =  {a-  -  .1?')*  cot  |-  ( J   >  =  0 .cc  ,   when 


^v  s=  a. 
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This  may  be  put  under  the  foim 

TT  /a  -  a\^ 

U  =  r— rr  =  j.  x  -  («  +  ^)  ; 


{TT  fa—w\ a]  IT  (a  —  w\ 

2  \a  +  a?/  J  2  \o  +  W 


—  «\  i 


TT  fa  —  af\ 
2  \a  -^-w) 


and  as  ^^ j  =»  1,   when  x  ^  a^ 


tan 


IT  fa  -  x\ 
2  va  +  iT/ 


4a 
we  have     «  =  —  ,    when  «r  =  o. 

loff  (tan  2  a;) 

(41)     Find  the  value  of  w  =  .      ^ — ,  when  a?  =  0. 

log  (tan  .tf) 

(2  tan  a?  \ 
—  I  =  log  (2  tana?)  -  log  (1  -  tan' a?)  ; 
I  ■"  lan  a?/ 

therefore  «  =  log  (tan  .)  ^  log  2  -  log  Q  -  tan»^)  ^ 

log  (tan  a?) 

log 2  -  loe  (I  -  tan' a?) 

u  «  1  +  -^ r-^-^^ =  Ij    when  ar  =  0. 

log  tan  X 

Functions  which  for  a  particular  value  of  the  variable 
take  the  form  (fi  oo<>  1***,  may  be  reduced  to  a  shape  in  which 
the  preceding  methods  are  applicable.  Let  «  and  y  6e  func- 
tions of  X  and  u  =  z^^  then  if  for  x  ^  a 

«  =  0,    y  o  0  we  have  w  =  0°, 
iir  s  Qo,  y  «  0  we  have  u  =  oo°, 
ijfsBl,    y  ts  :ii  00   we  have  tt=»  1*®*. 

Now  since  z  =  c'^',  u  =  e^****^* ;  and  these  three  cases  are 
reduced  to  the  determination  of  y  log^,  which  takes  the  form 
0  X  ±  00  . 

De  Morgan's  Diff.  Calc.  p.  17.^. 
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(42)  Find  the  value  of  .v^  when  a;  s  0,  a  being  positive. 
This  is  equivalent  to  c^****^',  and  we  have  to  find  the  value  of 
w°  log  Of  when  a?  =  0. 

Now  by  Ex.  (S4)  j?"  log  a?  =  0  when  <r  «  0.      Therefore 

oj^  as  €®  =  1   when  a?  =  0. 
If  a  be  negative  ^  =  0  when  a?  =  0. 

(43)      Find  the  value  of 

:  00^  when  ^  =  0. 

As  before,  w*  log  w  =  0  when  d7  «=  0 ; 

therefore     t«  =  e^  =  1    when  a;  =  0. 

(44)  tt  =  a?"*°'  when  a?  =  0. 

We    may   arrive  at   the   value-  of  this  function   by   the 

sin  tV 
consideration  that,  when  w  is  indefinitely  diminished, =  1, 

or    sin  or  a  cT  :    therefore  when  a?  =  0,  a?*"*'  =3^=1,    by   Ex. 
(42). 

In  the  same  way  it  would  appear  that 

(sino?)*"*'  «=  1   when  a?  =  0. 

Also,    since  ^r"^' =  6*^'"'"=  1  when  a?  =  0, 
it  appears  that  sin  <r  .  log  a?  a  0  when  x  =^  0; 

and  similarly  that    sin  w .  log  (sin  a?)  s  0  when  .v  =:  0. 

(45)  u  =  (cot  .r)'*"'  =  co"  when  .r  =  0. 
By  similar  considerations  it  appears  that 

(cot  .r)^*"'  =  1   when  a?  =  0. 

1 
(4f))      t^  =  (I  +  ntT?)"^    when  a'  =  0. 
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lOg(l  +  nx) 

Here   u  ^  e      '       ,    and  we   have  to   find   the   value  of 

— when   J7  =  0.       Differentiating   we   find    this   to 

w 

n 

be   c=  n  when  j?  =»  0.      Therefore 

1  +  nop 

1 
tt  =  (1  +  riivy  =  €"  when  a?  =  0. 

This  result  may  be  verified  by  expanding  u  by  the 
binomial  theorem:   that  gives 

a        ^     x\x        J  1.2       af\af       )  \,v       J  1.2.3 

=  1  +  n  + (1  -  ar)  + (l  -  3a?  +  2x^  +  &c. 

1.2  ^  ^      1.2.3  ^ 

s  1  ^  n  + h +  &c.  =  e    when  ti?  =  0. 

1.2       1.2.3 

(47)     u  =  (cos  a^)^*^^***^^'^  when  a?  =  0. 

The  real  value  is  u  •=  c'^. 

Functions  which  for  a  particular  value  of  the  variable 
take  the  form  0\  have  been  used  by  Libri  to  introduce 
discontinuity  into  ordinary  functions. 

Thus,  if  it  be  desired  to  express  a  function  /{ai)  which 
shall  be  equal  to  0  {po)  from  ^  s  -  oo  to  ^  s  n,  and  to  y\f  («r) 
from  cV  «  n  to  j? »  oo,  he  writes 

f{w)  =  (1  -O^)0Or)  +0^-  >/.(^). 

See  his  Mhnoires  de  MathSmaHque  et  de  Physiqtse^  Vol.  i. 
p.  44,  and  Crelle^s  Journal^  Vol.  x.  p.  303.  In  the  same 
Joumalf  Vol.  xii.  p.  134  and  p.  292,  the  reader  will  find 
some  discussion  on  the  real  value  of  this  indeterminate  ex- 
pression. 


CHAPTER  VII. 


MAXIMA    AND    MINIMA. 


Sect.  1.     Ewplicit  Functions  of  One  Variable. 

Suppose  that  u  is  any  explicit  function  of  w :  the  follow- 
ing rule  will  enable  us  to  determine  those  values  of  w  which 

du 
render  u  a  maximum  or  minimum.     <*  Equate  •—  to  zero  or 

dw 

infinity  :  let  a  be  a  possible  value  of  w  obtained  from  either 

du 
of  these  equations ;  then,  if  —  changes  sign  from  +  to  —  or 

from   -  to  +  when,  h  being  an  indefinitely  small  quantity, 

a  —  A   and  a  +  A,    are   substituted  successively  for  w^  w  ^  a 

will  correspond  respectively  to  a  maximum  or  minimum  value 

of  u  :  if  no  such  change  of  sign  takes  place  the  value  a  ot  x 

must  be  rejected.     By  applying  this  process  to  each  of  the 

du  du 

roots  of  the  equations  t— =  0  and  -—  sa   oo,    we   shall   have 

dw  dx 

determined  all  the  desired  values  of  x.'''' 

du 
Suppose  that  —  ■  >^  C^)  '0  (j^)y  where  >^  (x)  is  a  function 

ax 

of  X  essentially  positive  for  all  possible  values  of  x:  then, 
instead  of  -—  we  may  evidently  take  v  «a  0(^),  and  treat  v 

just  as  we  should  have  treated  —— . 

dx 

The  following  principle  is  also  frequently  useful  for  the 
determination  of  maxima  and  minima.     ^^  Suppose  that,  for 
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■ 


.    ,       ,      ,     fit*  1  ,     "^M    t^'"   (fu 

any  particular  value  of  *,  -—  =0,  and  that  -7-  ,  -— - ,  -— - ,... 
■'  '^  div  d.v     djj'     dtir 

of  them  infinite :  then,  if  the  first  of  the§e  dif- 
ferential coefficients  which  does  not  vanish,  for  the  particular 
value  of  .t,  bo  of  an  even  order,  «  will  be  a  maximum 
a   minimum   accordingly   as   this   diSerential  coefficient  is 

negative  or  positive."  If  —=>>//(■»')-<',  '^(-s)  being  an  es- 
sentially positive  function  of  w,  the  following  modification  of 
this  principle  in  many  cases  affords  considerable  simplification. 
"  Suppose  that,  for  any  particular  value  of  x,  v  =  0,  and  that 

dx '  dj^'  dflT*'"' 

of  these  differential  coefficients  which  does  not  vanish,  for  the 
particular  value  of  x,  be  of  an  odd  order,  u  will  be  a  maxi- 
mum or  a  minimum  accordingly  as  this  derived  function  is 
negative  or  positive." 


of  them  infinite:  then,  if  the  first 


In  testing  by  the  aign  of   ~ — ,    the   first   differential   co- 

I  efficient  of  u  which  does  not  vanish  for  a  particular  value 
la  ot  w,  whether  the  value  of  u  be  a  maximum  or  a  minimum, 
I  the  following  consideration  will  sometimes  shorten  the  process. 

If, ...  w,,  and    A    be  a 

Rvalue  of  X,  which  causes  one  of  the  factors  as  ir,  and  its 
Kfirst  n  -  3  differential  coefficients  to  vanish,  the  only  term  of 

which   is  to  be  considered  is  that  involving ' .    as 


be  of  the   form   1 


The  investigation  of  the  maximum  and  mininium  values 
r«  is  sometimes  facilitated  by  ihe  following  considerations. 

If  M  be  a  maximum  or  minimum,  and  a  be  a  positive  con- 
■tiini,  au  is  also  a  maximum  or  minimum. 
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When  tf  is  a  maximum  or  minimum,  au^**^  is  so  also; 
but  — T-T7  is  inversely  a  minimum  or  maximum. 

If  tf  be  a  positive  maximum  or  minimum,  au**  is  also 
a  maximum  or  minimum.  If  u  be  a  negative  maximum  or 
minimum,  au^*  will  be  a  minimum  or  maximum.  The  same 
remarks  apply  to  fractional  powers  of  the  function  t^,  except 
that  when  the  denominator  of  the  fraction  is  even,  and  the 
value  of  u  negative,  the  power  of  u  is  impossible. 

When  u  is  a  positive  maximum  or  minimum,  logu  is  a 
maximum  or  minimum.  This  preparation  of  the  function  is 
frequently  made  when  the  function  u  consists  of  products  or 
quotients  of  roots  and  powers,  as  the  differentiation  is  thus 
facilitated. 

Other  transformations  of  u  are  sometimes  useful,  but  as 
these  depend  on  particular  forms  which  but  rarely  occur,  they 
may  be  left  to  the  ingenuity  of  the  student  who  desires  to 
simplify  the  solution  of  the  proposed  problem. 

Ex.  (1)  u  ^  w  -  a^. 

du 


^  da; 
d^u 


da/" 


=  1  -  2 J?  as  0,  whence  ^  ^\\ 

=  -  2,  and  <]?  -  -j^  makes  u  =  ^,  a  maximum. 


(2)  tt  =  /r*  -  8«»*  +  22a?*  -  24a?  +  12. 

du  ^  ^ 

«  4ar-  24«ir+  44a?  -  24  «=  0, 

dw 

or     or*- 6a?*+ llo?  -  6  =  0. 

The  roots  of  this  equation  are  1,  2,  3,  and 
for  0?  =  1,     f^  is  a  minimum; 
for  «r  s  2,     t«  is  a  maximum ; 
for  0?  Bs  3,     u  is  a  minimum. 


MAXIMA    AND    MINIMA.  -   97 

(.3)  tt  =  tT*  -  5a?*  +  5tl?^  +  1. 

dor 
or     x^-^x^-k-  Sa^-Oy 
the  roots  of  which  are  0,  0,  1,  3* 

The  roots  0  make  u  neither  a  maximum  nor  a  minimum ; 
the  root  1  makes  u  a  maximum ; 
the  root  S  makes  ti  a  minimum* 

(4)  W  e  ( J7  —  a)*. 

-  =  «(*-a)'>; 

0?  s  a  makes  u  s  0,  which   is   a  minimum  when  n  is   even, 

because  -—  changes  sign  from   —  to  +  when  a  —  A,  a  +  A, 

are  substituted  successively  for  x\   and  neither  a  maximum 

.  •  du 

nor  a  minimum  when  n  is  odd.  because  -r—  is  then  insusceptible 

din 

of  a  change  of  sign. 

(5)  tt  =  J?"  (a  -  ar)\ 

—  s  Of""'  (a  -  a?)*"'  {ma  -  (m  +  n)  or}  ■  0 ; 

* 

ma 


the  roots  of  which  are  ie  ^0^  or »  a,  and  x  = 


m  +  n 


07  as  0  makes  u  «  o,  a  minimum  if  m  be  even,  and  neither 
a  maximum  nor  a  mmimum  if  m  be  odd. 

w^a  makes  t^  «  0,  a  minimum  if  n  be  even,  and  neither 
a  maximum  nor  a  minimum  if  n  be  odd. 

dfxA      d 

-r--«-— ia?*"'(a-.r)"~'}  {ma-(iw  +  w).r|  -(m+n)ci?'""'(a-ar)»~', 

dir    due 

7 
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which  for  w  « becomes 


•1—1   /     afkg*     \ll— 1 


,  /  ma  \""V  na  \"-» 

and  therefore  w  ■> makes  u  a  maximum. 

m-f  n 

This  is  the  solution  of  the  problem.  To  divide  the 
number  a  into  two  parts,  such  that  the  product  of  the 
m^  power  of  the  one  by  the  n^  power  of  the  other  shall 
be  a  maximum. 

Since  (l  +  «*)'  is  essentially  positive  we  have,  taking 
V  instead  of  -r-^ , 

t^ «  1  -  «» I.  0, 
whence    «—  +  l   or  a?-  —  1. 

If  ^  «  +  1,     3-  «  -  2^  -i  -  2,     «i  ■>  I9  a  maximum ; 

dw 

dv 
a?«-l,      — -e-2a?e:2,         us-^,  a  minimum. 


(7)  ri 


of  -^  w  -\' 


du       %w(w^9) 

da?      (o;*  +  cr  -  1)«       ' 

t>  -  ^  (^  -  2)  «  0, 

dt> 
a?  =  0,     -— -i^-2«-2,     ««a-l,  a  maximum ; 
dtV 

iv»2,     -— b^b2,  f«a^,  a  minimum* 

dof 
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(8)  «  =  ("-+^>\ 

du     ,T  (a)  +  S)* 
dx        0^  +  2)' 

dtt 
Now  if  the  expresuon  for  — -  be  multiplied  by  {w  +  S)* 

and  divided  by   (x  +  3)%  which  are  both  essentially  positive 
quantities,  the  result  will  be  equal  to 

«  ■  a?  (a?  +  2). 


dv  27 

lfa?«0;       tj  =  0,    3- «a7+2«2,  t«-  — ,  aminimum; 

ax  4 

a«-2;   v-O,   -— «a^e:-.2,   t««  00,  a  maximum. 


(9)  tt      ^         ^ 


»• 


(a?+l) 


2 
jp«5  gives  «« — 9  a  maximum; 

27 


ar  K  1  gives  u  «  0,  a  minimum. 


o  4  , 

whence  ^=3-y,    and  «  = j,  a  maximum, 

24'  27a* 

This  is  the  solution  of  the  problem.  To  find  the  height 
at  which  a  light  should  be  placed  so  that  a  small  plane 
surface  at  a  given  horizontal  distance  shall  receive  the 
greatest  illumination  from  it. 

1-* 
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(11)  «- 


(a  +  0?)  (6  +  a?)  * 
1 


X  «  (a&)i,     w  =  ^-T — TTTx,  a  maximum. 
^     '  (ai  +  6i)* 

This  18  a  solution  of  the  problem,  To  find  the  mag- 
nitude of  the  body  which  must  be  interposed  between  two 
others  so  that  the  velocity  communicated  from  the  one  to  the 
other  shall  be  a  maximum. 

(12)  u  B  m  sin  («r  -  a)  cos^. 

«  ■  -  +  —    gives  u  ■»  —  (1  —  sm  a),  a  maximum  ; 

a  MX gives  w  ■■ (1  +  sm  a),  a  minimum. 

This  is  a  solution  of  the  problem.  To  find  in  what 
direction  a  body  must  be  projected  with  a  given  velocity 
that  its  range  on  a  given  plane  may  be  the  greatest  possible. 

(sinmor)^ 
(IS)  u  «  ^Y~^ — rj- ,  m  being  an  integer. 

^sin  xy 

The  values  of  x  derived  from  m  tancV  =  tan  fii<r,  make 
u  a  maximum. 

The  values  of  x  derived  from  sin  mx  =  0,  make  u  a 
minimum. 

The  values  of  x  derived  from  sin  a?  s  o,  make  u  a 
maximum  and  equal  to  m?. 

Airy's  Tracts^  p.  328. 

(14)  W=     ^ 


x^ 


1 


j7  =  €     gives  w  =  —  ,   a  maximum. 


(15)     u  ^  X*  ;     .r=se  gives  w  =  €*,    a  maximum. 
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(16)  w  =  (a*  +  c*  -  2c/r)i  +  x. 

w  ^  —  rives  u  = ,    a  maximum. 

,    ,  {c?x  —  a?'*)^ 

(17)  «*-       a-i T-- 

a      .  I 

.r  =  -  gives   w  ■=  -r- ,    a  maximum. 
2    ^  st 

(18)  Let   «  =  6  +  c  (.r  -  a)i 

Here   -— ^  5.c(ar- a)"*, 

hence,  multiplying  by  f  (^  -  a)'  which  is  essentially  positive, 
we  have 

t?  =3  c  (a?  —  a)  «  0  ; 

if  07  a  a.     -—  «  c. 

Therefore  if  c  be  positive  or »  a  makes  u  a  minimum ; 
and  if  c  be  negative,  a  maximum. 

(19)  Let     «  =  6  +  c  (or  -  a)*. 

Since    —^\c{x  —  d)\    a  quantity   insusceptible   of  a 

change  of  sign,  it  appears  that  j?  «=  a  which  makes  —  «  0, 

gives  neither  a  maximum  nor  a  minimum. 

(20)  u  =  (1  +  a?5)  (7  -  0?)*. 

07  a  7  gives  u  a  minimum ; 
07 »  1  gives  u  a  maximum ; 
«  »  0  gives  u  a  minimum. 

(21)  To  divide  a  number  a  into  a  number  of  equal  parts 
such  that  their  continued  product  shall  be  a  maximum. 

Let  w  be  the  number  of  parts,  then  -  is  one  of  the  parts^ 

a 

and  f  ~j  is  the  continued  product,  which  is  to  be  a  maximum. 
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Taking  the  logarithmic  differential,  we  have 

log  a  —  log  ar  —  1  ■»  0, 

a 
Whence  log  of  a  log  a  —  1  a  log  a  —  log  e  «  log  -  ; 

€ 

therefore  «  «  - ,    and   ( -  )  =  e' . 

(22)  From  two  points  A^  B  (fig.  1),  to  draw  two 
straight  lines  to  a  point  P  in  a  given  line  ON  such  that 
AP  +  BP  shall  be  a  minimum. 

Take  the  given  line  as  the  axis  of  w,  O  the  origin. 

Let  OP  —  w^  and  let  the  co-ordinates  of  A  and  B  be  a,  &> 
Oi,  &|.     Then 

w  =  JP+iBP={6«  +  (ar-a)«}*+  {6i«+(ai-ar)»}i  =  minimum. 


Whence 


J?  —  O  fll  —  tT 


j6«+(4;-a)«}i      {6i«  +  (a,  -  ^)»}r 
or  the  angles  APMy  BPN  are  equal. 

(2S)  To  find  the  point  in  the  straight  line  AD  (fig.  2)» 
at  which  BC  subtends  the  greatest  angle;  ABC  being  per- 
pendicular to  AD. 

If  the  angle  be  a  maximum  its  tangent  is  also  a  maximum. 

Let  P be  the  point,  AP  =  /r,  AO^a,  AB  ^b; 

tan  BPC  « tan  {APC  -  APB)  =  ^^  f  ^^^ ; 

therefore    — ; r  is  to  be  a  maximum. 

ab  -{-or 

Whence  afc  —  ^*  =  0  and  w  «  (a6)i. 

(24)  Through  a  point  M  (fig.  3)  within  the  angle  BAC 
draw  the  line  PQ  so  that  the  triangle  PAQ  shall  be  a  mini- 
mum. 

Draw  MN  parallel  to  -4Q,  and  let  AN^a^  MN^b, 
AP^w.  Then  w^Za  makes  PAQ  a  minimum,  and  PQ  is 
bisected  in  M. 
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(25)  Given  the  length  of  the  arc  of  a  circle,  find  the 
angle  which  it  must  subtend  at  the  centre  in  order  that  the 
corresponding  segment  may  be  a  maximum. 

Let  a  be  the  half-length  of  the  arc,  a  the  radius  of  the 
circle ;   then  -   is  the  half-angle  of  the  segment. 

If  u  be  the  segment, 

_,  .    a         a  . 
u  "  aw  —  ar  sm  ~  cob  -  «  a  maximum. 

Whence     coa  -  I  o  coa »  sin  -  )  =  0. 


If  cos  -  -  0,  • 
a  maximum. 


,  the  segment  is  a  semicircle  and 


This  last  equation  might  be  equally  satisfied  analytically 
by  a  value  of  -  between  ir  and  — ,  but  such  an  angle  is 
excluded  by  the  geometry  of  the  problem. 

A  geometrical  solution  of  this  problem  is  given  in  the 
Mathematical  Collections  of  Pappus,  Book  V.  Theor.  I6. 

(26)  AC  (fig.  4)  and  BD  being  parallel,  it  is  required 
to  draw  from  C  a  line  CXV,  such  that  the  sum  of  the  triangles 
ACX  and  BXV  shall  be  a  r  " 


If  JC  *:  a,  AB  =  b,  AX  =  Xt  it  is  easily  seen  that  the 
area  of  the  triangle  ACX  is  proportional  to  ax,  and  that  of 
nvv  .„  °  <^  "  ■")'     .„  .1,..  .„.  k...„ 


,  a  minimum. 


re  find  «■  —  A*  = 
Vincent  Viviani,  Geometrica  DivinattOt  p.  153. 


Whence  we  find  «■  -  A*  -  0,  or  <r  «  6*,  which  determines 
the  line  CXV. 
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(27)      OM,  OP  (fig.  5)  are  two  arcs  of  great  circles  on  a 
spliere,  and  the  arc  PM  is  drawn  perpendicular  to  OM;  find 
when  the  difference  between  OP  and  OM  is  the  greatest. 
Let  POM  =  a,   0P  =  (p,   OM  =  0 ;   then  we  have 
tp  —  0^a   iiiaximiini; 
while,    by   Napier's    rules   for    the   solution    of   right-angled 
spherical  triangles, 

tan  6  =  cos  a  tan  <p. 
Differentiating    with   respect   to  9,    wc  have 


dd 


1^. 


1  +  tan*9  =  cos  a  (1  +  tan'^)  - 
therefore      I  +  tan'5  =  cos  a  (l  +  tan'^), 

or     1  +  cos'a  tan*^  =  cos  a  (I  +  tan'^). 
Wlience     tan  ^  =  (sec  a)K     tan  Q  «  (cos  a)^. 

(28)  To  determine  the  dimensions  of  a  cylinder  open  at 
the  top,  which,  under  the  least  surface,  shall  contain  a  given 
volume. 

Let  ■jFft'  bL'  the  given  volume,  x  the  radius  of  the  cylinder, 
y  its  base.  Then  ,v  =  y  =  a  determines  the  cylinder  of  least 
surface. 

(29)  The  content  of  a  cone  being  given,  find  its  form 
when  the  surface  is  a  maximum. 

Let  —  be  the  given  content,  it  the  radius  of  the  base, 

y  the  height  of  the  cone.     Then  .r=-j,  y-2a  determine 
the  cone  of  greatest  surface. 

(30)  To  inscribe  the  greatest  cone  in  a  given  sphere. 
Let  the  radius  of  the  sphere  be  r,  and  the  distance  of  the 

base  of  the  cone  from  the  centre  be  x.     Then  «>  =  ^r  gives 
the  maximum  cone. 
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(31)      To  find  the  point  in  the  line  joi 


;  the  ceotres 
of  two  spheres,  from  which  the  greatest  portion  of  spherical 
surface  is  visible. 

If  r,  r    be  the  radii  of  the  spheres,  a  the  distance  of  i 
the  centres,  and  -v  the  distance  of  the  required  point  from 
the  centre  of  the  sphere  whose  radius  is  r. 


Then 


rU 


r»' 


(32)      A  regular  hexagonal  prism  is  regularly  terminated 
by   a  trihedral  solid   angle   formed   by   planes  each    passing   , 
through    two   angles   of  the  prism  ;    find   the   inclination   of 
these  planes  to  the  axis  of  the  prism   in   order   that   for  a 
giren  content  the  total  surface  may  be  the  least  possible. 

Let  ABC  a  be  (fig.  G)  be  the  base  of  the  prism,  PQRS 
one  of  the  faces  of  the  terminating  solid  angle  passing  through 
the  angles  P,  R.  Let  S  be  the  vertex  of  the  pyramid. 
Draw  SO  perpendicular  to  the  upper  surface  of  the  priaiii. 
Join  OM,  HP,  SQ  intersecting  each  other  in  A'.  Then  it 
is  easy  to  see  that  MN  =  NO  and  consetjueutly  SO  =  QN, 
and  as  the  triangles  POR,  PMR  are  equal,  the  pyramids 
PSRO  and  PMRQ  are  equal,  so  that,  whatever  be  the  in- 
clination of  SQ  to  OMt  the  part  cut  off  from  the  prism  is 
equal  to  the  part  included  in  the  pyramid  SPR,  and  the  con- 
tent of  the  whole  therefore  remains  constant.  We  have  then 
to  determine  the  angle  ONS  or  OSN  so  that  the  total  surface 
shiiU  be  a  minimum.  Let  JB,  the  side  of  the  hexagon,  =  a, 
JP,  the  height  of  the  prism,  =6,  OSN '=  6.  Tlien 
ON=NM  =  ^a,    and  .S'JV=  ^acosecS,    aud  QAf  ~  la 

The  surface  of  JBPQ  =  ^a  (2b  -  ^a  cot0). 

The  surface  of  PQRS  =  PR.SNm, cosec 0. 


!  of  the  solid  is 


Whence  the  total  surface 

3a<a/.  -  -  cote)  H 
hich  is  to  be  a  minimum.     Differentiating  we  have 


1 


sin'fl 


I  0 ;     and   therefore  cos  9  i 


Hence  tan  SItN=  ^,     and   tanSRQ  =  ^i. 

This  is  the  celebrated  problem  of  tbe  form  of  the  ci 
of  bees.  Maraldi*  was  the  first  who  measured  the  angles  of 
the  facea  of  the  terminating  solid  angle,  and  he  found  them 
to  be  109".  28'  and  70°.  32"  respectively.  It  occurred  to 
Beaumur  that  thia  might  be  the  form,  which,  for  the  same 
solid  content,  gives  the  minimum  of  surface,  and  he  requested 
Koenig  to  examine  the  question  mathematically.  That  geome- 
ter confirmed  the  conjecture;— the  result  of  hia  calculations 
agreeing  with  Maraldi'a  measurements  within  a'.  Maclaurinf 
and  L'HuillierJ,  by  different  methods,  verified  the  preceding 
result,  excepting  that  they  shewed  that  the  difference  of  2' 
was  due  to  an  error  in  the  calculations  of  Kcenig — not  to  a 
mistake  on  the  part  of  the  bees. 

(33)     To  determine  the  greatest  parabola  which  can  be 
cut  from  a  given  cone. 

Let  JBC  (fig.  7)  be  the  cone  BC  -  a,  AC  =  b>  BN  =  x. 

Then'  DN=  -  .r,  and  EN  =  (ax  -  a^)h 
a 

4 
The  area  of  the  parabola  is  -  EN .  DN,  or 


x{ax  —  .x')^,  which  is  to  be  a  maximum. 


Whence 


ahS^ 


01  =  — ,  and  the  area  of  the  parabola  = 


(S4)  To  determine  the  greatest  ^ipse  -which  can  be  cut 
from  a  given  cone. 

Let  AC  {fig.  s)  =  a,  CD  =  b,  CN=x,  BP  being  the 
major  axis  of  the  elUpse.  Then  the  condition  that  the  area 
of  the  ellipse  shall  be  a  maximum  gives 

26  (a" -fc')  A  6  (a'-  Ua'b*+  ft')* 
"■  3  to* +6') 

"  Mimaires  de  rjradrmur  den  Sciencei,  1713,  p.  SIB. 
t  Phibtopkital  Trmiactioni,  1743,  y.  S%i. 
i  B0rlmMmoirt,i7Bl,p.277. 
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In  order  that  this  may  be  possible  we  must  have 
H*  -  14o'i''  +  ft*>0,  or  a>6  Js  +31} ; 
that  is,  the  angle  of  the  cone  must  be  lees  than  lH". 

When  this  is  not  the  case,  the  ellipse  increases  continually 
till  it  coincides  with  the  base. 

It  may  happen  that  the  maximum  value  of  the  section 
is  less  than  the  base  of  the  cone;  and  this  will  be  the  case 
unless  the  vertical  angle  of  the  cone  be  less  than  11".  5/. 

Sect.  2.     Implicit  Functions  of  Two   Variables. 

If  u  he  an  implicit  function  of  two  variables  x  and  y, 

—  =  0   will    determine    the   values  of  m  for  which   y  la  a 

maximum  or  minimum,     y  will  be  a  maximum  for  a  given 

d'u 

value   of    x   when    that    value    substituted    in    -—  gives  a 

positive  result,   and    a  minimum   when   it  gives   a   negative 
result. 


Ex.   (I) 


It  =  y^  —  ai'y  +  .r  —  j;*  ="  0. 
--  =  I  -  2»y  -  Sw*  =  0 ; 

,    and   substituting   this   value,  <p   is  dc- 


whence  y  = 

teimined  from  the  equation 

2iD*  +  9*'  +  2«*  -  6.r'  +  J  =  0  : 
one  root  of   this   equation    isof"-!,    which   gives   y=l; 

—  6ic~Su 

■ ■ ^  =  +  4,  y  =  I   is  a  maxmium. 

ay  -  .i;» 


(2)  y'  +  Syai*  +  ir  -  3  ■  0. 

'  ■■  —  i  gives  y  ■=  2,  a  maximum ; 
»  «  I  gives  y  "  -  I,  nather  a  maximum  nor  a  miDimum. 
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(3)  y»  +  ^»  -  sa'»v  =  0. 

^  e  +  a  gives  y  =  2ia,  a  maximum  ; 
/p  «  —  a  gives  y  =  —  gia,  a  minimum. 

(4)  u^^  +  a^  ^  Saxy  =  o. 

/r  B  2ia  gives  y  ^  4ia,  a  maximum  ; 
^  a  0  gives  y  B  0,  a  minimum. 

The  nature  of  this  last  value  cannot  be  determined  by 

the   usual   method,   since   -—  »  - ,    and   also    -~  «  - ,      To 

ax     0  dor     0 

determine  it,    differentiate   u  a   second   time  considering   y 

and  X  both  to  vary,  y  being  a  function  of  <r ;  we  then  get,  on 

dy  a 

making  «  =  0,  y  =  0,  -7-  «  0,  or  «  -  .  Differentiating  a  third 

time   on   the    same    supposition,    and   making   /r « 0,   y « 0, 

--=-■■0,  we  find  -r-i=  — »  which  beine:  positive  shews  that 
dx  dx*     3a  ^  ^ 

ytaO  is  a  minimum. 

(5)  w  «  jf*  +  cT*  -  4txy  +2=0. 

— —  —  -; ,  whence  y  ^a^  % 

dx     y^  -  X 

and  x^^  -  3x*  +  2  =  0; 

whence  or  =  +  1  or   -  1,  and  y  =  -f  1  or   -  1. 

dy      0 
Therefore  —  =  - ;   and   proceeding  as   in    the  last    ex- 
ample we  find  that  y  a  +  1  and  y  ts  ~  1  are  neither  maxima 
nor  minima. 

(6)  w  =  y*  -  2mxy  +  a?*  -  a*  =  0. 

ma  a 

d^v 
and  as  these  values  of  x  and  y  when  substituted  in    -^  give 

dor 

a  negative  result,  the  value  of  y  is  a  maximum. 

The  preceding  examples  are  taken   from   Euler's   Calc. 

Viff.  Part.  II.  Cap.  xi. 
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Sect.  3.     Funcfionn  of  Two  or  more   Variables. 

Let   w  be  a  function  of  two   variables  x  and  y;     t 
the  conditiuns  for  m  being  a  maximum  or  minimum,  ar 
d  u  du 


dy 


In  addition  to  these  Lagrange  has  shewn*   that  the  con- 
hold,  or  that  the  values 


I  dition  -T^-r^  >\  :i—r      '""®*  "•' 
■  d.-r  ay'       \dxdyl 

I  of  j^  given  by  the  equation 


d'u 


d'u 


■  y"-  =  o 


d.vdy    "        dy'' 

tnust    be    impossible :     from   this   condition    it    appears    that 

id  the  function 

f  that  sign  be  negative,  and  a  minimum 


d!'u        ,  d'u  ,  , 

and  — -    must  have   the    same  sign ; 


will  be 

if  it  be  positive. 


If  the  values  of  .v  and  y  which  make  - 


I 


=  0,   -—  =  0,  also 

make  the  second  dlHerentials  vanish,  there  will  be  no  maxi- 
mum or  minimum   unless  the  third  difTcrentials  also  vanish, 
while  the  values  of  y  deduced  from  the  biquadratic 
d'  w  d'u        ,       ,    d*  u        «  (/'  M        ,,      d'u     , 

da'        djrdy  d-v'dy'  dxdy'  dy' 

must  be  all  impossible f. 

We  may  proceed  in  the  same  way  to  the  consideration  nf 
cases  in  which  the  first  total  differential  coefficient  of  u  which 
does  not  vanish  is  of  a  higher  order  than  the  fouith. 

If  M  be  a  function  of  three  variables  .c  y  z,  the  con- 
ditions for  a  maximum  or  minimum  are 


du 


du 
dy' 


'  0, 


du 


=  (>i 


and  Lagrange'8  condition  becomes  in  this  case 

{<^£u      /  iPu  N-1  ftPutfjt       I  d'u  \'l 

[d^d^'  [dxdi/l  j\d^-d?'  [dxdj  J^ 

f  tPu     (Tm        d^H     d'u  Y 

\rfydr'(/.r*      dxdydtcdzj 

In  like  manner  if  tliere  be  a  function  of  71  variables  9,  y, 
X,  t,.,  we  shall  have,  for  determining  their  values  when  the 
function  is  a  maximum  or  minimum,  the  n  equations; 


da 


du 

»  0,     —  -  0, 

dy 


=  0, 


dt 


=  0,  &c. 


In  this  case  Lagrange's  condition  becomes  too  complicated 
to  be  easily  expressed,  and  as  such  functions  rarely  if  ever 
r  in  practice,  it  is  unnecessary  to  give  it  here. 
Fran^ais  has  shewn'  that  in  a  function  of  two  variables, 
1  the  equations 

du  du 

—  =  0,      —  =  0, 

d.v  dy 

are  satisfied  simultaneously  by  the  vanishing  of  one  factor, 
they  are  really  equivalent  lo  only  one  condition,  by  which 
we  cannot  determine  x  and  y,  but  can  only  find  a  relation 
between  them.  This  corresponds  geometrically  to  a  locUB  of 
and  minima,  such  as  would  be  produced  by  the 
extremity  of  the  major  axis  of  an  ellipse  which  revolves 
round  an  axis  parallel  to  the  major  axis.  In  these  ca.ses 
we  have 

(P«   ePu      I  <Pu  \ ' 

d^'dy^'  \dxdy]  "  **' 
an  equation  which  is  usually  excluded  from  Lagrange's  con- 
dition. It  is  to  be  observed,  however,  that  this  view  supposes 
a  mawimum  to  be  a  value  not  less  than  any  other  immediately 
contiguous,  whereas  it  is  generally  considered  to  be  a  value 
grenter  than  any  other,  and  conversely  for  a  minimum.  This 
remark  of  Fran^ais  is  of  more  importance  geometrically  than 
analytically;    and    I   may  add,   that  in  geometry  the  failure 

"  Aanaln  dr  Gergonni,  Vol.  in.  p.  138. 
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of  Lagrange's  condition   indicates  that  there  is  a  maximum 
for  some  sections,  and  a  minimum  for  others. 

When  a  function  of  two  or  more  variables  is  to  be  made 
a  maximum  or  minimum,  it  frequently  happens  that  there  are 
given  certain  equations  of  condition  between  the  variables,  so 
that  the  real  number  of  independent  variables  is  less  than 
the  number  of  variables  in  the  function.  When  this  is  the 
case,  instead  of  getting  rid  of  the  superfluous  variables  by 
direct  elimination,  it  is  usually  more  convenient  to  employ 
Lagrange's  method  of  indeterminate  multipliers-f.  The  fol- 
lowing is  the  theory  of  the  method. 

Let  It   be  a  function  of  »  variables  Wt,  x,,.,.ar,,  these 
being  subject  to  the  r  equations  of  condition, 
/.,  =  0,     i,  =.  0, £,  =  0. 

When  «  ia  i 


I  maximum  or  minimum. 


dx. 


(1). 


which  is  to  be  combined  with   the  r  equations 

dZ.,  =  0,    d/,,  =  o, ...  dL,  =.  0     (2), 

the  general  form  of  each  of  which  is 

dL  _,         dL  _,  dL  ^ 

— —  axx  +  — -  dWt  +  ...  +  -r—  ojr,  -»  0. 

Of,  d.V^  OiT, 

These  equations  are  all  linear  in  daii,  dx„...dx, 
tiply  therefore  the  equations  (S)  by  indeterminate  multiplle 
A],  \(,...\„  and  add  them  to  (l).     We  then  get 
du  ^XidL,  +  \adL,  +  „,  +  X,dL,-0; 
tn  equation   which  is  of  the  form 

M,dx,  ■+  MtdX:  +  ...  +  M,dx^  =  0, 
in  which  each  quantity  M  is  of  the  form 


dL, 


.  +\, 


rfL, 
dai 


If  we  determine  the  r  quantities  A  from  the  conditions 
that  they  make  the  terms  involving  d.v,,  d.Vf,...dx,  vanish, 
that  is  to  say,  if  we  determine   them  by  the  conditions 
Jl/,  =  0,     J/i  =  0, ...  jlA«  ti, 
t  Mi«anigtit  j1  lutlgtigf'r.  Va\,  i.  p.  74. 
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the    variations 
remains 


dim  Ilia  led,    and    iticrel 


Jtfi+.do'.j 


h  M.da\ 


and  as  the  «  —  r  quantities  rf.r,+,,..da?,  are  inclcpetidcnt,  thar  t 
coefficients  are  separately  equal  to   zero.     Hence  it  we  dcter-t  J 

mine  \,,  X \,  by  the  equations 

j1/,  =  0,     M^  =  o...  M,^o, 
we  shall  also  have 

and  the  n  quantities  x  and  the  r  quantities  \  satisfy  the  n  4-  r  ] 
equations, 

M,  =  o,     M^'-o  ...  M^  =  o,     Li  =  0  ...  L, 
As  it  is  indifferent  which  of  the  variables  we  eliminate  in  J 
nrder  to  determine  \i  ...Art  the  most  general  way  of  statiDg. 
the  result  is,  that  we  have  the  n  +  r  equations, 
/,,  =  0,     Li  =  0  .../,,  =  0, 


du      ,   dL,     ^    dL, 
dwi  dxi  a  at  J 


.  +  X, 


rf.j7, 


d£,  rfZ,,  df,, 

dx,  dx,  d,%\ 


(3). 


to  determine  the  n  +  r  quantities  it,,  ■%,..,*„,  X,, 
If  ?i  be  homogeneous  in  x,,  .v,, ...  .r.,  and  if  L„ 
consist  of  homogeneous  terms  and  constants,  there  exists  a  \ 
simple  relation  between  the  quantities  A,  which  is  very  useful  I 
in  many  problems. 

Let  u  be  homogeneous  of  m  dimensions,  and  let  Li  =  0, 
Lj  "0,   &c,  be  put  under   the  form 

^f^  +  A  =  o,  N,  +  B  =  u, 
where  J/„  is  homogeneous  of  a  dimensions,  JV^  homogeneous 
of  6  dimensions,  6ic.,  and  where  A^  B,  &c.  are  constants. 
Then  multiplying  equations  (.1)  by  jti,  .Tj,  ...j;,  and  adding, 
we  have,  by  a  property  of  homogeneous  functions, 
mu  +  (iX,Jtf„  +  fiX.iV^  +  &c.  =  ( 
or     mu  =  flXi^  +  b\^It  +  8ic, 


ms,  '     ^^1 
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Ex.    (l)  u  =  .v^  +  f/^  -  Sa,ry. 

du  du 

—  =  .S(.t^  -  ay)  =  0,      -  =  3(y*  -  ax)  «  0, 

ax  ay 

whence     x^  —  a'.r  ■  0. 

Therefore  «r  =  0,  or  a*  =  a,  and  y  =  0,  y  =  a. 

Lagrange's  condition  becomes     SSxy  --  9a*>0. 

Therefore  a^  «=  0,  y  -  0  gives  neither  a  maximum  nor  a 
minimum,  and  .r  »  a,  y  «  a  gives  u  »  -  a%  a  minimum  when 
a  is  positive,  and  a  maximum  when  a  is  negative. 

(2)  M  =  ^*  +  y*  -  g*!?*  +  4d?y  -  Sy*, 
rfw        -  du       . 
aJ7                                    ay 

Eliminating  y  between  these  equations,  we  find 

whence     j?  »  0,    .r  =  :k  2^,    y  »  0,    y  «  if:  si  : 
j>  as  0,   y  B  0  give    {«  «  0,   a  maximum  ; 
.V  B  :ii  2^,   y  sa  .f:  gl   givc   w  «  -  8,    a  miuimum. 

(3)  w  -  d?V  (o  -  d?  -  y), 

o  a      .  a* 

J?  —  - ,   v  ■  -   *rive  w  — a  maximum, 

2^3*^  432 

JT  ■  0,  y  ^  Of  give  €4  at  0  neither  a  maximum  nor  a  minimum. 

.^v         ^  ^ ^y« 

"  (a  +  a?)  («  +  y)  (y  +  «)  («  +  6)  ' 

Taking    the    logarithmic    differential,     since    logu    is   a 
maximum  when  u  is  so.     Then 

1   du      1 

u  da      X 

1    du      1 
u  dy      y 

\   du      \ 

0, 


1 

1 

a  -^  X 

x-k-y 

1 

1 

cr  +  y 

y  +  « 

1 

1 

8 


u  d«      X     y  +  «      iv  +  6 
or    ay-**  — 0,    .ry-y*  — 0,    fty-flf*«0; 


=  0; 
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,  a      X      y      X 

whence     -  =  -  =  -  =  -, 
X      y      %      h 

or    a,  <r,  y^  x,  b  are  in  geometric  progression. 

Let  each  of  these  ratios  be  equal   to  - .     Then,  multi- 

^  n 

a       1  /6\^ 

plying  them  together,     7  =  "T>     orn=l-J. 

Let  log  u  ss  V,  then  proceeding  to  the  second  differentials 
we  get,  on  substituting  for  x,  y,  x  the  values  na,  n'^a,  n'a, 

tPv  2  d^v  2 

tPv  2  cPv  I 

d«?  "  ""  al'fi!'  (1  +  ny '     dady'^  a'^n*  (l +ny' 

(Pf)  1         iPv 

dy  dx      a*n*  (l  +  n)* '  dx  dx 

so  that  Lagrange^s  condition  becomes 

12  4 

and  the  correspondinc:  value  m  =  --i — Trrr  i 

(5)      Let    -  =  r^  +  2^y  +  ify*; 
X  and  y  being  connected  by  the  equation 

1  =  (1+  p«)  ^  +  2p^  ^y  +  (1  +  gf«)  y«. 

Differentiating  these  two  equations, 
0  =  {rx  +  sy)  dx  +  (scV  +  ty)  dy, 
0  =  {(1  +  p»)  a?  +  p^y}  da?  +  {p^a?  +  (1  +  g^)  y\  dy. 

Multiply  the  second  of  these  equations  by  an  indetermi- 
nate quantity  X,  add  it  to  the  first  and  equate  to  zero  the 
coefficients  of  the  difffcrentials :    this  gives 

\  {(1  +  p*)  X  +  pqy\  +  rx  +«y  =  0, 
\  {pqx  +  (I  +  ^)  y}  +  sx  +  /y  =  0. 


IS  a  maximum. 
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Multiply   these  equations   by  a*,   y  respectively   and  add, 

k 
then,   by   the  original  equations  \  +  -  =  o. 

P 
Substituting  this  value  of  X  in  the  preceding  equations, 
and    grouping   together    the    ternis    multiplied    by    the    same 
variable, 

|-  (1  +  P")  -  r\  .V  ^  -  (-  pq  -  sj  y, 

j-  (1  +  9')  -  4  y  =  -  (-  P9  -  «)  •^• 

Multiplying  these  together   so  as  to   eliminate  <r  and  y^ 
we  find 
k^'  k 

P  P 

a  quadratic  equation  in  -,  whence  a  maximum  and  a  mini- 

P 
mum  value  may  be  found. 

This  is  the  equation  for  determining  the  radii  of  maximum 
and  minimum  curvature  in  a  curved  surface. 

(6)  Let    M  =  oy  (c  -  »)  =  feijf  (a  -  .r)  =  ex  (ft  -  y). 
Then   w  ^  ^a,    yc^ft,    «ss^e,  give 

u  ^  ^ahcj    a  maximum. 

(7)  Let    ti  Si  a  cos*  j?  +  ft  cos^y ; 

.r  and  y  being  subject  to  the  condition  y  -  a*  -  ^  ir. 
Differentiating,  we  have 

0  a  a  cos  07  sin  <v  +  ft  cos  y  sin  y, 
or   0  «  a  sin  2  J?  +  ft  sin  2y. 
From  the  equation   of  condition 

sin2y  «>  sin  |-  +  2«v|  »  cos2«r. 


Therefore   tan  2#r  = ;     whence 

a 

(a^  +  ft«)i±a  ^        (a«  +  ft«)i±ft 

cos'^.r  s=  — 7---    .  ^  .    ,    cos*y  « j—z — -rirr  > 

2(a*  +  ft*)i    '  ^         2(0/'  + ft*)* 

and    w  =  i  |<i  +  ft  A(«'^  +  ft'')*|. 


8—2 
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The    upper   sign    giving  a   maximum    and    the   lower    a 
minimum. 

(8)      Let   u  s  cos  X  cos  y  cos  x^ 

with  the  condition  <r  +  y  +  «  =  ^. 

By    taking    the    logarithmic    differential,    and    using    an 
indeterminate  multiplier,  we  easily  find 

^a^Bs^s-^Tr,     and   u^^^    a  maximum. 

(9)      Find  the  maximum  value  of 

u  ^  al  ^  bm  +  cn^ 
/,  m,  n  being  variable  and  subject  to  the  condition 

/*  +  m'  +  »*  =  1. 

We  easily  find  by  the  use  of  an  indeterminate  multiplier  that 

7  —  —  =  — ,  and  therefore 
I      m      n 

a  b  r. 


(o«  +  6«  +  c*)i '  (a«  +  6"  +  c«)i  '  (a«  +  b*  +  c»)i ' 

and  therefore  w  «  (a*  +  fe*  +  c*)i. 

This  is  the  solution  of  the  problem,  "  To  find  the  po- 
sition of  the  plane  on  which  the  sum  of  the  projections  of 
any  number  of  planes  is  a  maximum  f^  /,  m^  n  are  here  the 
cosines  of  the  angles  which  the  plane  of  projection  makes 
with   the  co-ordinate  planes. 

(10)      Find  the  maximum   value  of 

w  =  C^  +  1)  (y  +  0  (^  +  1), 
.r,  y,  z  being  subject  to  the  condition, 

a'^b^c'  =  A. 

Taking  the  logarithmic  differential  of  both  equations  we  have 

dof  dy  d% 

+  — ^  +  =  0, 


a?  +  l       y+1       «r-f-l 
dx  log  a  +  dy  log  b  -^  dx  log  c  ^  0. 

Whence,  by  using  an  indeterminate   multiplier  X, 
=  log  a,      =  log  A,      =  log  c. 


.If  +  1  y  +  \         ^  z  -k-l 
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From  these   we  find 

los(  A  abc)  \os(Aahc)  los  (Jabc) 

8  log  a  Slog  6  3logc 

and  «=-    0°g(-^°^--)}"     . 

log  a^.  log  6'.  log  c* 

This  is  the  solution  of  the  problem :  ^^  If  a,  b,c  be  the 
prime  factors  of  a  number  A^  to  find  how  many  times  each 
factor  must  enter  into  it,  that  it  may  have  the  greatest 
number  of  divisors/'     Waring,  MediL  Algeb,  p.  344. 

(11)  To  find  the  rectangular  parallelopiped  which  shall 
contain  a  given   volume  under  the  least  surface. 

If  «v,  pf  z  be  the  edges  of  the  parallelopiped,  and  if  a^ 
be  the  volume  of  a  cube  to  which  it  is  equal,  then  by  the 
condition  of  the  minimum  we  easily  find 

jr  s  y  «  AT  S3  a, 

so  that  the  surface  equals  60*^  a  minimum. 

(12)  To  inscribe  the  greatest  rectangular  parallelopiped 
in  a  given  ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

.r"      y^      z" 

-  +  -  +  -  =  1  ; 

a'      b^      c" 

and    let  tr,    y^   z   be    the  half  edges   of   the  parallelopiped, 
then 

u  ~  8afyz  is  to  be  a  maximum, 

ofj  y,  «  being  subject  to  the  condition 

ji*     y'      x" 

By  the  method  of  indeterminate  multipliers,  we  easily 
find 

a  h  c  Habc 

3*        ^       3i  34  3t 
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(IS)  To  find  the  triangle  of  least  perimeter  which  can 
be  inscribed  in  a  given   triangle. 

Let  ABC  (fig.  9)  be  the  given  triangle,  o,  6,  c  the  sides, 
A^  B^  C  the  angles,  and  DEF^  being  the  inscribed  triangle,' 
let  CD  =  Wj  AE  =  y,  BF  =  z^     Then  if  u  be  the  perimeter, 

u  ^  {if  -^  {c  -  %y  -  ^y  (c  -  z)  cos  A  \  i 
4.  J,x,«  +  (6  -  yf  -  2a>  (6  -  y)  cos  C{  * 

+  {«'*'  +  (a  -  •2?)*'  -  2ji:  (a  -  a?)  cos  B\^ 

is  to  be  a  minimum.      Whence  we  find 

•^  —  (^  —  y)  cos  C 


{ar'-i-  (6-y)"-2cr(6-y)cosC}^ 

(a  —  a?)  —  «  cos  fi 


Jar''  +  (o  -  icy  —^x  (a  -  j?)  cos  -B{  ^ 
y  —  (c  —  «f)  cos  -4 


{y*  +  (c  -  zy  -  2y  (c  -  «r)  cos  -4  J  ^ 

(6  —  y)  —  *v  cos  C 


{a?«  +  (6  -  y)* -  2^  (6  -  y)  cos  C}^' 
z  -  (a  —  w)  cos  fi 


^«*  +  (a  —  ^r)*  -  2>jr  (a  —  a?)  cos  B\^ 

{c  —  z)  —  y  cos  ^ 


}y'+  (c  —  ;2f)^-  2y  (c  —  ^r)  cos-4}^ 

From   these  equations  it  appears  that 

FEA  =  DECy   EDC  =  BDF  and   SFD  «  ^F^B. 

It  is  shewn  by  Geometry  that  if  lines  be  drawn  joining 
the  points  where  the  perpendiculars  from  the  angles  meet  the 
sides,  each  intersecting  pair  makes  equal  angles  with  the  side 
in  which  they  meet ;  consequently  the  triangle  formed  by  these 
lines  is  the  triangle  of  least  perimeter  which  can  be  inscribed 
in  the  given  triangle.  See  Cambridge  Mathematical  Journal^ 
Vol.  I.  p.  157. 

(14)  To  find  the  least  distance  between  two  straight 
lines  in   space. 
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Let  the  equations  to  the  lines  be 

.f  —  o      y-ft      »  --  c 

I  m  n 

^*     J'        '     I'        '      ' 
.r— a       y  "0       «—  c 


= »-,  (0 


t.  (2) 


t  m  n' 

Then  if  a?,  y,  jjr,  j?',  y\  «'  be  the  co-ordinates  of  the  ex- 
tremities of  the  least  distance  (5), 

is  to  be  a  minimum,   the  variables  being  subject  to  the  con- 
ditions (1)  and  (2).     Differentiating, 

0  0 (.r  —  ct') {da; ''dx)-k-{y  "  y) (dy  -  dy)  +  (-??-  «r') (d» -dx'). 

But  from   (l)  and   (2)   we  have 

dw  =  /dr,       dy  =  mdr,        d«  =  «dr, 

da?'=  /'d/,      dy  =  m'd/,      d»'=  n'dr'. 

Therefore,  substituting  these  values,  and,  as  r  and  / 
are  independent,  equating  to  zero  the  coefficients  of  the 
differentials,  we  have  the  two  conditions 

/  (cF  -  0?')  +  m  (y  -  y')  +  n  (jjf  -  «')  =  0,  (3) 

/'(^  -  ct')  +  m(y  -  y  )  +  n  («  -  «)  -  0.  (4) 

Between  which,  eliminating  successively  each  of  the  quan- 
tities (.r  —  Of')  &c.,  we  find 

A*  —  cf'  y  "  y  «  --  x' 


mn-tnn      nt—n'l      Im-tm^ 
each  of  these  ratios  being  equal  to 


(5) 


(6) 


\{mn'-  fn'«)»+  (n(  -  n'0»+  (Itn'  -  I'mY]^  ' 

Now  multiply  each  term  of  (3)  and  (4)  by  the  corre- 
sponding members  of  (1)  and  (2),  subtract  the  one  result 
from  the  other  and  transpose;    then  observing  that 

5'-'  =  (a  -  «')  (x  -  .v)  +  (A  -  h')  (y  -  y)  +  (c  -  c)  («  -  -»'). 
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Dividing  the  first  member  of  this  by  (6),  and  each  term 
of  the  second   member  by  each   member  of  (5),  we  find 

(tf  -  a)  {tn  n  -  m'n)  +  (6  -  V)  (n  /'  -  nl)  '¥{c'-c)  {Im  -  (m) 


{(mn  -  m'«)«+  (w r  -  n /)» +  (/iw' -  l'fny\i 

Equations  (5)  are  the  equations  to  the  line  of  least  dis- 
tance, and  it  appears  that  it  is  perpendicular  to  both  the 
lines  (l)  and  (2),  since  we  have 

l(mn  -  m'n)  +  m  (w/'-  nl)  +  n  {Im'  -  tm)  =  0, 
and  t{mn  -  mn)  +  m^nt-  nl)  +  n  {Im  -  tm)  =  0, 

which  are  the  conditions  of  perpendicularity. . 

(15)  To  find  the  maximum  and  minimum  radii  of  a 
section  of  the  surface,  the  equation  to  which  is 

made  by   the  plane     Iw  +  my  +  w*  =  0. 
We  have  here  to  find 

7^  s  a^  +  y-  +  «f-,  a  maximum, 

'^'9  Vi  ^9  being  connected  by  the  equations 

r*  =  a*a?^  +  b^y^  +  c*«f*, 
0  =  la;  +  my  +  war. 
Differentiating,  we  have 

a;dii'  +  ydy  +  xdz  =  0,  (l) 

a^xda:  +  h^ydy  +  c*«rrf;if  =  0,  (2) 

Idjs  +  mdy  +  nd«  =  0.  (s) 

(1)  +  X  (3)  -  /n  (2)  =  0  gives,  on  equating  to  zero  the  co- 
efficients of  each  differential, 

.r  +  X/  =  /Lia^<j7,     y  -j-Xm  =  fib-y^     «  -^Xn  =  /jlc^z. 

Multiply  by  07,  y,  ar,  and  add,  then  by  the  original  con- 
ditions 

r-c=  ,xr',      or  /*  =  -  . 
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Substituting  this  value,  and  transposing, 

X/r*  Xmr*  Xnr* 

Whence    ^?=    „  — «,     y  =  :5 — 7i5     *  •= -; — :;• 

Multiply  by  /,  »w,  n,  and  add.  Then  by  the  original 
conditions  and  dividing  by  Xr^> 

a  quadratic  equation  for  determining  r^,  and  consequently  r. 

This  is  the  equation  in  the  Wave  Theory  of  Light  by  which 
the  velocities  of  a  wave  propagated  in  a  crystalline  medium  are 
determined.  The  surface  r*  =  a^x^  +  6*y*  +  c*«*  is  called  the 
surface  of  elasticity.  See  Fresnel^  Memaires  de  Vlnstitut^ 
Vol.  VII.  p.  130,  and  Herschers  Lights  Sect.  1012. 

(16)  To  find  the  area  of  a  section  of  the  ellipsoid, 

.!?■      y*      sf* 

made  by  the  plane    Iw  -k-  my  -\-nss  ^  0. 

By  the  same  method  as  in  the  last  example  we  obtain  as 
the  equation   for  determining  the  principal  axes, 

aH^  6«m»  c*»" 

The  last  term  of  this  when  arranged  according  to  powers 
of  r*  is 

_  _a W 

and  this  being  equal  to  the  product  of   the  roots,  the  area 
of  the  section  is 

nahc 

(17)  To  find  the  volume  of  the  ellipsoid  whose  equa- 
tion is 

acT*  +  ay-  +  a'x'  +  2byz  +  Ub\vx  +  26".vy  «  c. 
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As  in  the  preceding  examples  we  have  first  to  find  the 
value  of  the  principal  axes,  or  rather  of  their  product ;  and 
if  this   be   afiy,   then    the   volume   of  the   ellipsoid   will  be 

3       '^  ' 

Now  the  principal  axes  are  maxima  or  minima  values  of 
the  radius;    we  therefore  have 

r^  ^ai^  +  y^  +«*  a  maximum  ; 

07,  y^  %  being  subject  to  the  equation  of  condition 

aai'  +  ay  +  a'V  +  2hy%  +  ^h'xx  +  Zh"cey  =  c. 

Difi^erentiating, 

wdw  +  ydy  +  xdz  =  0,  (1) 

(aa?+6'«f+6"y)^^+(®V+^^+^"^)  dy-^{a'z-\-hy-^h'ix)dz^Oy  (2) 

X  (l)+(2)  =  0  gives,  on  equating  to  zero  the  coefficients  of  each 
differential, 

\oo  +  ax  +  b'x  +  h"y  =  0 

Xy  +  ay  +  bz  -¥  6"a?  =  0  r  .  (3) 

\z  +a^z-¥  by  +  b'x  =  0 

Multiply  these  equations  by  a?,  y,  z  respectively  and  add, 
then  by  the  equation  of  condition, 

(J 
Xr  +  c  =  0,      and   \  = -. 

On  substituting  this  value  of  \  in  the  equations  (3) 
they  become 


(3  -  aj  X  -  b"y  -  b'z  =  0, 


b'\v  -  {—-  a]  y  -if  bz  ^  0^ 


b\v  ■¥  by  —  I  —  —  a"  J  ^  =  0. 

To   eliminate    a*,    y,   z^    multiply  the   first    of    these    by 
{—-«'](—,-  a"  j  —  />^ ;    the  second  by  -  M//  +  b"  ("".""  ^'|  [  ^ 
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I  the  third  by   -hb"+b'  I-  -a'ji  and  add,    thea   y  and 
r  disappear,  and   w  dividing  out,  there  remainti 

(^«)(^-«')(^"1-''(p-»)--(p-"1 


la  cubic   equation   in    ^'      If    it   be   arranged   according    to 

I  powers  of  r*.  the  last  term  with  its  sign  changed  will  be 
f  equal  to  the  product  of  the  roots,  that  is,  to  the  product  of 
I  the  squares  of  the  principal  axes;  and  its  square  root  is  the 

I  quantity   which   we   seek.      Multiplying  it  therefore  by  —  , 
!  find  tlial  the  volume  of  the  ellipsoid  is  equal   to 

49r    c*  

T  (aaa'-ab'  -  a'b''  -  a"b"'  +  ibb'b')i 

(18)      To  find   the   least    ellipse    which    will    i-i reunion bi- 
t  s  given  triangle. 

Let  JBC  (fig.  10)  be  the  triangle.      Take  C  as  the  origin, 
[  Crf,  CIt  as  the  axe*  of  *  and  y.      AC  =  «,  BC  =  A,  JCB  =  0. 

■  The  general  equation    to  an  ellipse  is 

Aa;'  +  B.V1/  +  Cy'  +  Dx  +  Ey  +  1  ■=  0, 
which  involvea  five  arbitrary  constants;    three  of  these  may  be 
determined  by  the  conditions  that  the  ellipse  shall  pass  through 
the  three  points  A,  B,  C.      Instead  however  of  directly  express- 
ing the  undetermined  coetlicients  in  terms  of  those  which  art- 
deterniined,  it  will  conduce  to  the  symmetry  of  nur  analysis  to 
aasume  two  indeterminate  quantities  of  which  the  coefficients 
[  of  the  equation  are  functions  which  can  be  determined  by  the 
I  cooditioos  of  the  ellipse  passing  through  the  three  given  points ; 
I  and  then  the  actual  values  of  the  indeterminate  quantities  may 
I  be  found  by  ihu  condition  of  the  minimum.     The  two  quan- 
[  lilies  which  we  shall  asnume  are  the  co.«rdinatcB  of  the  centre 
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of  the  curve.      Let  them  be  a,  j3 ;   then  the  equation  to  the 
ellipse  may  be  put  under  the  form 

^  (a?  -  a)*  +  2  fi  (^  -  a)  (y  -  /3)  +  C  (y  -  /3)^  +  1  =  0, 
where  Aj  B^  C  are  to  be  determined. 

Now  the  condition    that    the    ellipse   shall  pass   through 
the  origin  gives 

u4a«  +  25a/3  +  Ci3*+  1=0.  (1) 

The   condition    that    the    curve   shall    pass    through    the 
point  <v  s  a,   y  —  Oy  gives 

^  (a  -  aY  -  2fi  (a  -  a)  i3  +  C/3»  +  1  -  0.  (2) 

Subtracting  (l)  from   (2)   we  have 

J  (2a  -  a)  +  2i?/3  =  0.  (3) 

The    condition    that   the    curve    shall   pass   through    the 
point  0?  =  0,   y  =  6,   gives 

C(6-i3)*"2fia(6-i3)  +  u4a*H-  1=0.  (4) 

Subtracting  (l)  from   (4)   we  have 

C(2/3-6)  +2fia  =  0.  (5) 

Also   a  (3)  +  /3  (5)  -2(1)  =  0,    gives 

^aa  +  C6i3  + 2  =  0.  (6) 

Combining  (3),   (5)   and   (6),  we  find 

^^_        -(2/3-6)  ^^         .(2a-a) 


a  (a6  +  fia-ab)  fi  (a6  +  /3a  -  o6)  ' 

^  ^    (2a-a)(2j3-6) 
2a/3(a6-H/3a-a6)* 

It  remains  now  to  express  the  area  of  the  ellipse  in 
terms  of  these  coefficients.  The  method  to  be  adopted  is 
the  same  as  tliat   used  in   the  preceding  example. 

If  r  be  any  radius  measured  from  the  centre,  so  that 

r*  =  (cr  -  a)-^  +  (y  -  ^3)'  -  2  (^  -  a)  (y  -  /3)  cosO, 

the  axes  of  the  ellipse  are  determined  by  the  equation 

{AC  -  B')  r*  -  (^/  +  C  -  2B  cosO)  r"  +  sin^fl  =  0. 


'I'ho 


t  of  the  fllipBO   will  thciutore  1>.- 


{AC-  B')l 
which   is  to  l>c  a  minimum,  involving  the  condition  that 
AC  —  ff'  shall  he  a  maximum. 
Suhetituting  in   this  the  values  of  A,   B,    C  previously 
determined,  and  difforenliating  with  respect  to  a  and  /3,  we 
obtain  equations  for  determining  these  quantities.     The  result 
involves  several   factorR,   hut  those  which  correspond   to  the 
problem  are 
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t^a- 

ftfi  =  0. 

2«)3  +  fca 

:•  '»■ 

ft 

therefore 

a 

c=  - 

P-  «= 

of  the 

ellipse  i 

ia   therefore 

2n- 

h  sin  e. 

«6  =  0; 


It  Appears  then  that  the  area  of  the  ellipse  u  to  that  of  the 
triangle  as  iw  :  3I,  and  that  il.i  centre  coincides  with  the 
centre  of  gravity  of  the  triangle.  This  problem  is  given 
by  Euler  in  the  Nova  Acta  Petrop.  Vol.  ix.  p.  1+7,  but  his 
method  of  solution  is  deficient  in  symmetry.  In  the  same 
volume  he  has  also  discussed  the  more  general  problem — 
To  describe  the  least  ellipse  which  passes  through  four  given 
points. 

The  preceding  solution  i>  due  to  Bi'rnrd.  Annn/e-i' ile 
Gergonne,  Vol.  iv.  p.  288. 

(IJI)      T<i  inscribe  the  greatest  ellipse  in  a  given  triangle. 

By  fuUowing  a  method  similar  to  tliat  adopted  in  the  last 
example  it  will  be  found  that  the  area  of  the  maximum  ellipse 
is  to  that  of  the  triangle  as  ir  :  3^ ;  that  its  centre  coincides 
with  the  centre  of  gravity  of  the  triangle ;  nnd  that  the  })ointH 
of  contact  bisect  the  wdes  of  the  triangle.     Il^rard,  Ih.  p.  284. 
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(20)  To  find  a  point  within  a  triangle  from  which  if  lines 
be  drawn  to  the  angular  points  the  sum  of  their  squares  is  the 
least  possible. 

The  centre  of  gravity  of  the  triangle  is  the  point  which 
possesses  this  property. 

(21)  Among  all  triangular  pyramids  of  given  base  and 
altitude,  find  that  which  has  the  least  surface. 

Let  a,  6,  c  be  the  sides  of  the  base,  h  the  height,  d,  0, 
\^  the  angles  of  inclination  of  the  faces  to  the  base :   then 

a  b  c  , 

+  - — r  +  - — 7  =  mm. 


sin  9      sin  (p      sin  >// 

O9  <f>9  yj/  being  subject  to  the  condition 

a  cot 0  +b  cot (p  +  c  cot \^  «=  const. 

We  find  that  0  =  0  «  \^,  or  that  the  faces  are  equally  inclined 
to  the  base. 

(22)  To  find  a  point  within  a  triangle  from  which  if 
lines  be  drawn  to  the  angular  points  their  sum  may  be  the 
least   possible.  • 

The  direct  solution  of  this  problem  is  long  and  compli- 
cated, but  we  may  without  much  difficulty  obtain  a  geometrical 
condition  by  which  the  point  is  readily  determined. 

Let  ABC  (fig.  11)  be  the  given  triangle,  a,  6,  c  its  sides; 
let  O  be  the  required  point,  OA  =  w,  OB  =  t>,  OC  =  w.  Draw 
ON  perpendicular  to  AB^  and  let  AN'=  .r,  ON^  =  y ;  also  let 
AON  =  0,  BON  =  0,  CON  =  >//.     Then 

ir  =  j!'^+y\  v^=(c-a?)^+y^,  w?*=  (fecos^-a?)''-f  (6sin^-y)^ 

In  order  tliat  7i-{-v  +  w  may  be  a  minimum,  we  must  have 

dii      dv       dw 
d/v      dtV      rf.r 

du      dv       dw 

—  +  +   =0. 

dy       dy       dy 
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Now 


du     x       .    ^  dv         c-iV  .    ^    dto         hcosA-iV 

-— «=  —  =s]n^,  —-  = =-sin0,  — —  = =-sin\lA, 

diV     u  dtV  V  ^    doB  to  ^ 

du     y  r,   ^^       y  -  ^^         hcosA-y 

-—  =  —= cos  0, —-«=—  =  cos  0,  -7-= «=C08\1/. 

dy     u  dy       V  ^  dy  w 

Therefore  we  have  the  conditions 

sin  d  =:  sin  0  +  sin  \^, 

cos  0  ss  —  (cos  0  +  cos  y^). 
Squaring  and  adding,   we  find 

cos  (\//  -  0)  ■=  -  ^,     or  >/^  -  0  =  120^. 

That  is,  the  angle  BOC  ■»  120^ ;  and  in  the  same  way  it 
may  be  shewn  that  AOC  =  120^  =  AOB.  Hence  if  on  any 
two  sides  of  the  triangle  we  describe  segments  of  circles 
containing  angles  of  120^,  their  intersection  will  determine 
the  point  O.  The  actual  length  of  the  lines  u^  v^  Wy  and 
the  value  of  the  minimum  sum  may  be  found.  For  from 
the  geometry  of  the  figure  we  have  the  equations 

4m^ 


and     wtj  +  WM?  +  t?M7  = 


Sh 


m'  being  the  area  of  the  triangle.      Adding  the  sum  of  the 
first  three  equations  to  three  times  the  last, 

2  (tt  +  f  +  U)Y  «  a'  +  ^  +  c'  +  4 .  sim* ; 

whence     w  +  v  +  w  =  {^  (a*  -»-  fc'*  +  c*)  +  2  .  Si w*} i. 

Calling  this  r,   and  subtracting  the  first  three  equations 
two  and  two,   we  have 

r  (r  -  tt)  =  a*^  -  6',     r  (ti;  -  «)  =  6*  -  c^,      r  («-«?)  =  c'  -  »'; 

whence     ti  «  ?^  + ,      w  =  w  +     —    , 

r  r 

and   therefore     m  +  r  +  y^;  =  r  =  .'Jw  + 

r 
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From  this  we  find 

r      6«  +  c'  -  2o* 

w  =  -  +    , 

3  3r 

r      a«  +  c*  -  26* 

«  «  -  + , 

3  St 

ti?  =  -  + . 

3  3r 

This  problem  possesses  considerable  interest  in  the  history 
of  mathematics.  It  was  proposed  by  Fermat  to  Torricelli, 
who,  after  some  time,  gave  three  solutions  of  it.  He  com- 
municated it  to  Vincent  Viviani,  who  also  solved  it,  and  gave 
the  geometrical  construction  mentioned  above;  but  he  says 
that  it  is  a  problem  ^^quod,  ut  vera  fateor,  non  nisi  iteratis 
oppugnationibus  tunc  nobis  vincere  datum  fuit.*^  For  his 
demonstration  see  his  Geometrica  Divinatio  de  Mtuvimis  et 
Minimis^  p.  150.  The  reader  will  also  find  a  discussion  of 
this  problem,  and  of  the  more  general  one  where  the  minimum 
function  is  au  +  fiv  +  7117,  in  a  paper  by  Fuss  in  the  Nova 
Acta  Petrop.  Vol.  xi.  p.  235.  The  reader  is  recommended  to 
consult  also  a  paper  by  M.  J.  Bertrand  in  Liouville^s  Journal 
de  Mathhnatiqties^  Tom.  viii,  p.  155. 


CHAPTKR    VIII. 


ON    THE    OBNBRATION    OF    CURVES    AND    THE    INVRSTIOATION    OF 
THBIR    EQUATIONS    FROM    THEIR    OEOHRTRirAL    rROPBRTIBS. 


As  in  tile  roUowtng  chapters  frequent  reference  will  be 
msde  to  certain  curves  which  have  acquired  historical  im< 
portance,  and  have  in  consequence  been  distinguished  by 
particular  names,  I  shall  here  describe  the  mode  of  their 
generation  and  deduce  their  equations  from  their  definitions, 
adding  some  notice  of  the  principal  properties  which  possess 
interest. 

(I)     The  Cissoid  of  Diodes. 

This    curve,    named    after    Diocles,    a    Greek     mathema- 
tician,   who    is    supposed    to    have    lived    about     the    sixth 
century  of  our  era,   was  invented   by   him  for    the   purpose 
of   constructing  the   solution  of  the  problem  of  finding   two 
mean   proportionals.      The  curve  is  generated  in  the  follow- 
ing  manner  i     In  the  diameter    ACB   (fig.    12)  of  the  circle 
ADBE  take   BM  ^  AN,  erect  the  ordinates   Q.V,   RN  and, 
join  ^Q;  the  locus  of  the  point   P  where  the  line  AQ,  cuts 
the  ordinate    KN   is   the   cissoid   of   Diocles.       To    find    iU 
equation,  put   AN  ~  a;,   PN^y,  AC  =  a:    then  as 
PN       QM       y  _  (ia.v-.ii')i 
AN'^AM'     x~       Sfl  -  r      ' 
or  y'Cin  -  .1)  ~  .V', 
which  is  the  equation  to  the  curve. 

The  curve  has  an  equal  and  similar  branch  on  the  other 
side  of  AB;  the  two  branches  meet  in  a  cusp  at  the  point 
jI,  sad  have  the  line  HIC  as  a  common  asymptote.  The  area 
indoded  between  the  curve  and  the  asymptote  is  three  times 
ihe  area  of  ihe  generating  circle. 
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The   application    of   this 


to   the   solution   of   the  1 
irtionals  is  very  simple.      Pappus  I 
has  shown    that   if  BC,   CS  he  the  two  quantities  between 
which   the  two   mean  proportionals   are   to  he  inserted,  and 
if   the   line    APQ.   be    drawn   so    that    QT  •=  PT,   the   line 
CT    is   the  first  of  the    two  mean   proportionals  :     it    is  ob- 
vious from  this   that  P  is  a  point  in    the  cissoid.      If  there- 
fore  ne  wish   to  find   two  mean   proportionals  between   BC 
and    CS,   we   construct    the  cissoid    JQD  and   produce   BS 
till   it  meet  the  curve  in   a  point  P.      Joining  JP,  and  pro- 
ducing it   to  meet   CS*  produced,  we  determine   the  Hue  CT   I 
which  is  the  first  of  the  two  mean  proportionals  required. 

According   to    the   geometrical   ideas    of   the   ancients   a 
problem  was  not   thought  to  be  completely  solved  unless  a 
mechanical  construction  was  given.     To  complete  therefore  the 
theory  of  the  cissoid,  Newton  •  invented  the  following  means 
of  describing  it  by  continuous   motion.      At   the  centre  C  of  I 
the    circle  JDB   (fig-    13)    erect  the  perpendicular   CDJC,  of    ' 
indefiiiite   length.     Take   a  point   O  in   CA    produced    such 
that   AO  =  AC ;     then   if   the   reetangular    ruler   NLM,   of  ] 
which   the  leg  LM  is   equal   to  the  diameter  of  the  circle, 
be  moved  so   that  the  leg  NL   always   slides  along   O,  while 
the  end   M  slides  along  CDE,  the  middle   point  P  of  LM 
will  trace  out  the  cissoid. 

(2)     The  Conchoid  of  Nicomedes. 

This  curve,  the  invention  of  Nicomedes,  who  lived  about 
the  second  century  of  our  era,  was,  like  the  preceding,  first 
formed  for  the  purpose  of  constructing  the  solution  of  the 
problem  of  finding  two  mean  proportionals,  or  the  duplica- 
tion of  the  cube,  but  it  is  more  readily  applicable  to  an- 
other problem  not  less  celebrated  among  the  ancients,  that 
of  the  trisection  of  an  angle.  The  curve  is  generated  in 
the  following  manner :  take  the  indejinite  straight  line 
UK,  (fig.  14)  and  from  a  fixed  point  O  draw  a  line  OMP 
cutting  the  line  HK  in  M ;  take  the  point  P,  such  that 
PM  shall  be  always  of  a  constant  length  :  the  locus  of 
the  point  P  is  the  conchoid.  The  point  P  may  be  tabeD 
*  Append,  nd  AntU.  L'nir. 
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rbetwceo   O  and   M,  in  which  case  it  will  trace  out  another 
l-1)ranch   of   the  curve   which   is  called   the  inferior  conchoid. 
|5o  determine  the  equation,  let  AN  =  .r,  PA''  =  y,  PM  (which 
t  is  of  constant  length)  =  a,   OA  >=  b. 
Then  as  PM'  -  PJV  +  MN^,  and 


MN^AN-AM^AN- 


OA 


MN, 


!  have 
r  which  is  the  ( 


.Y -(»'-»■)  (»  +  »)'. 


,  including  both   the 


•  equation  to  the  curve, 
perior  and   the  inferior  conchoid. 

It  is  evident  from  the  construction  of  the  curve  that 
the  line  KH  is  an  asymptote  to  both  branches.  When 
a  >  fr  there  ia  a  loop  in  the  inferior  conchoid  at  O  as  in 
the  figure;  when  n  =  b  the  loojj  degenerates  into  a  cusp; 
and  when  a<b  there  are  two  paints  of  contrary  flexure, 
one  on  each   side  of  the  line  OA. 

The  application  of  this  curve  to  the  construction  of 
the  problem  of  the  triscction  of  an  angle  is  as  follows.  It 
may  be  readily  shown,  that  if  AOB  (lig.  15)  be  the  angle 
to  be  trisected,  and  if  the  line  OMP  be  so  drawn  that 
the  part  MP,  intercepted  between  AB  and  BC  at  right 
angles  to  each  other,  is  double  of  OB,  the  angle  AOM 
is  the  third  part  of  AOB.  Now  if  we  describe  a  conchoid 
with  O  as  pole  and  the  line  AB  as  directrix,  the  constant 
parameter  being  equal  to  twice  OB,  its  intersection  with 
BC  will  determine  the  point   P. 

Nicoraedes  appears  to  have  been  led  to  the  invention 
of  this  curve  as  a  means  of  solving  the  celebrated  problems 
mentioned  above,  by  the  facility  with  which  it  could  be  con- 
structed mechanically.  For  if  we  take  a  grooved  rule  HK 
(fig.  \G)  and  another  grooved  rule  PQ,  having  a  fixed  pin  at 
a  point  M,  and  bearing  a  pencil  at  P,  and  if  we  cause  the 
pin  at  M  to  slide  along  the  groove  HK  while  the  groove 
MU  slides  along  a  pin  fixed  at  O,  the  point  P  will  trace 
out  the  conchoid. 

(3)     The  Witch  of  Agnesi. 

In   the  ordinate  produced  of  the  circle  AMB   (fig.   '7) 
9—2 
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lake  a  point   P,   siicli  that     PN  ;   AB  =  MN  :   AN  \     the 
locus  of  the  point   P  is  the  curve  called  the  Witch. 

Putting  AC  =  a,  AN^.v,  PN -^  y,  we  find  as  the 
equation    to   the  curve 

..■S«  =  4o-(2a-i). 

This  curve  is  given  hy  Donna  Maria  Agnesi  in  her  In- 
atituxioni  Analitiche,  Art.  238,  and  is  called  by  her  the 
"  Versiera," 

The  line  KAH  i.s  an  asymptote  to  the  curve,  which  has 

two  points  of  contrary  flexure  corresponding  to  .r  =  — . 

(-4-)     The  Lemniscale  of  Bernoulli. 

If  a  point  be  taken  such  that  the  product  of  the  lines 
drawn  from  it  to  two  fixed  points  is  constant,  it  will  trace 
out  the  curve  called  the  temuiscate*.  If  Sn  be  the  distance 
between  the  fixed  points,  and  if  the  origin  be  taken  at  the 
middle  point  between  them,  the  equation  to  the  curve  is 
{y'  +  (a  +  ,y\\y--Ha-.)'\.c'. 

When  c  -=0,   the  equation  is  reduced  to 

This  was  the  curve  used  by  James  Bernoulli^  in  the 
construction  of  the  curve  along  which  a  body  under  the 
action  of  gravity  will  advance  or  recede  uniformly  from  a 
fixed   point. 

It  is  the  locus  of  the  intersections  of  tangents  to  a  rect- 
angular hyperbola  with  perpendiculars  drawn  to  them  from 
iho  centre,  and  its  form  is  that  of  the  figure  x.  Of  the 
properties  of  the  arcs  of  this  curve,  which  have  been  in- 
vestigated by  Fagnani  and  Euler,  we  shall  treat  in  the 
chapter  on  the  comparison  of  Transcendents  in  the  Integral 
Calculus. 

If  we  assume  w  =  r  cos  9,     y  =  r  sin  9,     we  find 
r'"2a"cosSfl  as  the  polar  equation  to  the  curve. 


(5)      The  Logarithmic  Cun 
The  definition  of  this  curve 


■  that  the  abscissa  is  pro 
i  Opera,  p.  DOit. 


I 
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]wrtinnii]  to  the  logarithm  of  the  ordinate, 
tioti  is  .  i 

or,  as  it  is  generally   written,     y  =■  n*. 

The  Bubtangent  is  constant,  and  the  axis  oF  ai  is  an 
asymptote.  The  whole  area  included  lietween  the  curve,  the 
axis  of  X  and  any  ordinate  is  equal  to  twice  the  triangle 
formed  by  the  ordinate,  the  tangent  at  its  extremity  and 
the  axis  of  *;  and  the  solid  formed  by  the  revolution  of 
the  curve  round  its  asymptote  is  equal  to  a  cylinder,  the 
radius  of  whose  base  is  the  bounding  ordinate,  and  whose 
height  is  the  tangent  at  its  extremity. 

This  curve  was  invented  by  James  Gregorie*,  who  in- 
vestigated some  of  its  properties:  others  were  discovered  by 
Huyghens.  Euler-f-,  and  more  recently  Vincent,  in  the  Jtt- 
nnles  de  Gcrgnnne,  Vol.  xv.  p.  i,  have  conceived  that  the 
equation  y  =  <f  expresses,  besides  the  continuous  curve,  a 
series  of  discontinuous  points,  forming  what  the  latter  calls 
a  "courbe  pointUli^e."  This  conclusion  appears  to  me  to 
be  founded  on  an  erroneous  conception  of  the  principles  of 
the  interpretation  of  algebraical  expressions,  and  I  have 
elsewhere!  slated  my  reasons  for  believing  that  these  dis- 
continuous points  belong  each  to  s  sc|Mirate  continuous  curve 
which  does  not  lie  in  the  plane  of  reference,  and  that  they 
cannot  be  properly  included  in  the  equation  to  one  curve. 
As  however  the  question  is  more  closely  connectctl  with  the 
analytical  Theory  of  Logarithms  than  with  the  subject  of 
which  we  here  treat,  I  shall  not  now  enter  into  the  argument, 
but  shall  content  myself  with  referring  the  reader,  who  is 
curious  in  such  matters,  to  the  papers  quoted  above,  and  to 
De  Morgan's  Differential  Calculus,  p.  383,  whore  he  will 
find   the  views  of  Vincent   supported    and   illustrated^. 


(  UaivertaJit,  Prtt. 

+  ttHririurlio  in  Anal^n  tufinAlorum,  Vol.  ii.  p. ««, 

:  r-am«.  ^fal^.  Journal,  Vol.  i.  p.  Ell,  uid  p.  SA4. 

I  Profeaaot  De  .^lnr){ui  Hfi,  "ihsl  thou  abn  object  to  tlie  poiiiud  bnuich  m 
iBitodueing  ilinciNiilDuii)',  mum  choMc  bctweni  iti  dlaeonilniiii)'  and  thai  of  an 
kbtupt  l«Tiiiinitit>n."  ll  uppim  lo  me  that  If  we  Inurpicl  out  anklrllcal  tjmbol* 
vilh  pntpei  tienersllly  lO  iw  lo  InlnHliiet  (brnc  brancha  of  nirvct  wlikh  ilo  not 
lit  in  thr  pUnc  of  nftttncr,  «•  aroid  the  ucmiil  liorn  of  bbi  dilcfflma. 


184 


(6)     The  Catenary. 

This  is  the  curve  which  a  perfectly  flexible  chain  will 
when  suspended  from  two  points  in  the  same  hori- 
zontal line;  I  must  refer  the  reader  to  works  on  statics  for 
an  inveetigation  of  its  equation,  which  is 


y--(^  +  € 


n- 


Its  most  important  geometrical  properties  are  analogous 
to  properties  of  the  circle.  Thus,  the  part  of  the  normal 
intercepted  between  the  curve  and  the  axis  of  tr  is  equal  to 
the  radius  vector,  but  measured  in  the  opposite  direction  ; 
and  if  we  represent  an  ordinate  corresponding  to  the  ab- 
scissa X  by  /(x),  and  the  corresponding  area  by  cF{x),  v 
shall  readily  find  from  the  preceding  equation  that 

c/(^  -»')=/  (*)  /  (*')  -  F(^)  F  {.v'), 

cF{x  +  W-)  ~  F(a>)  f  (,»')  +  /  (...)  F  (^'), 

e/-(.r  -  w)  =  ^(,r) / (^')  -/(*)/' {«). 

It  is  obvious  that  the  preceding  formulfe  are  analogous 
to  those  connecting  sines  and  cosines  of  circular  arcs.  For 
these  and  other  properties  of  the  catenary  connected  with  the 
involute  of  the  parabola,  see  a  paper  by  Professor  Wallace 
in  the  Edinburgh  Transactions,  Vol.  xiv.  p.  625. 

(7)     The  Quadratrix  of  Dinostratus. 

If  the  radius  CQ  of  the  circle  ABD  (fig.  18)  revolve 
uniformly  round  C  from  A  to  B,  while  the  ordinate  NM 
also  moves  uniformly  parallel  to  itself  from  A  to  C,  the 
locus  of  their  intersection  will  be  the  quadratrix  of  Dim 
tratus.  To  find  its  equation,  \et  AM  -  m,  PM'=y,  AC" 
Then  from  the  uniformity  of  the  motion  of  CQ  and  M 
we  have 

ACQ  :   ACB  =  AM  :   AC; 

whence  ACQ  =  -  -  . 


OBNBKATION    OF    CDRVE8. 


But  PM  =  CM  Ian  ACQ,   thercJort-  the  tquatioa  to  the 
curve  is 


y  =  (a  -  ^)  tan  \^-  -j  . 

This  curve  was  used  by  Dinostratus   (a  mathematician  of  . 
the  school  of  Platu)  for  the  purpose  of  dividing  an  angle  into 
any  number  of  parts,  and   also  of  squaring  the  circle,  from 
which    it    derives   its    name.      The    following  is  the  property 
which  enables  the  curve  to  be  bo  employed. 

When  x-a,  we  have  (by  Chap.  vi.  Ex.  29)  y  =  CE  =  —  , 

BO  that  CE  is  a  third  proportional  to  the  quadrant  and  the 
radius,  and  thus  if  the  point  E  could  be  determined  by 
means  of  the  straight  Hne  and  circle,  the  circle  could  be 
squared. 

L^taud,  in  his  treatise  on  this  curve  appended  to  his 
Cychmathia,  showed  that  it  is  not  con6ned  vithin  the  Eemi- 
circle  ABD,  but  that  it  has  two  infinite  branches  extending 
below  the  axis  of  x,  and  bounded  by  asymptotes  parallel  to 
the  axis  of  y  at  distances  ~  a  and  Sa  from  the  origin.  In 
addition  to  this,  the  curve  has  an  infinite  number  of  inRnito 
branches,  which  are  bounded  by  asymptotes  parallel  to  the 
axis  of  y  at  distances  Ha,  la.  Sic,  -  Sa,  -5a,  he.  from 
the  origin,  and  which  cut  the  axis  of  .t  at  distances  4a, 
Go,  &c.,  -2a,  -ia,  Stc.  from  the  origin.  The  farther 
these  points  are  removed  from  the  origin  the  more  nearly 
is   the  curve  perpendicular  to   the  axis  of  x,   the   value  of 

-  I)  -  ,   2 no  being  the 
abscissa  of  the  point  where  the  curve  cuts  the  axis  of  x. 


Jtnlling  Curoea. 

(a)      The  Cycloid. 

This  curve  is  generated  by  a  point  P  in  the  fircumforcnce 
of  a  drcle  hPc  (fig.  19).  which  rolls  uloug  a  line  AA".  To 
find  its  equation  put 
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0'6  =  a,     Pffb^e, 
AM^w,      PJIf-y. 
Then    AM  =  Ab  -  Mb,      or   «  -  o  (0  -  sin  0), 
PM  -  Oh  +  O'd,      or  y  =  a  (1  -  cos 9). 
These  two  equations  taken   simultaneously  represent  the 
curve,  or,  if  we  eliminate  6  between  them,  we  obtain  as  its 
equation 

.r  =  a  vers"' (2ay  -  y*)i. 

If  we  take  C,  the  highest  point  of  the  curve  as  our  origin, 
and  put  CJV=  .r,   PN  =  y,   and  cO'p  =  0,  we  should  Hnd 
a;  =  a  (1  -  cos  0),  ./  =  M  (0  +  sin  0)  ; 


whence 


:  +  (2« 


It  i 


:  both    from  i 


-ar')!. 
ical    and  i 


alytical 


I  geometric 
considerations  that   the   cycloid   is   not  limited 
between  A  and  A',  but  that  it  consists  of  an  infinite  number 
of  portions  equal  and   similar   to  ACA'  and    touching   each 
other  in  cusps  as  in   the  figure. 

After  the  Conic  Sections  there  is  no  curve  in  geometry 
which  has  more  exercised  the  ingenuity  of  mathematicians 
than  the  cycloid,  and  their  labours  have  been  rewarded  by 
the  discovery  of  a  multitude  of  interesting  properties,  im- 
portant both  in  geometry  and  in   dynamics. 

The  invention  of  this  curve  is  usually  ascribed  to  Galileo, 
but  Wallis  in  a  letter  to  Leibnitz*  says,  that  it  is  mentioned 
by  Cardinal  de  Cusa  in  a  work  published  in  1510,  and  that 
in  the  MSS.  the  date  of  which  is  about  I45i,  it  is  "pulchre 
delineatam",  therein  differing  from  the  printed  copies.  Ro- 
ber^'al  proved  that  the  whole  area  of  the  cycloid  is  three 
times  that  of  the  generating  circle,  and  this  discovery,  which 
was  the  cause  of  many  disputes  between  rival  claimants  to 
the  honour  of  making  it,  drew  the  attention  of  mathematicians 
to  the  study  of  the  properties  of  this  new  curve.  Among 
others,  Descartes  occupied  himself  with  the  subject,  and  he 


*  Irtibn.  Opera,  VuL  in.  f.  95. 


I 
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showed  how  to  draw  tangents  to  the  curve,  and  proved  that 
the  tuDgent  at  any  point  P  (fig.  19)  is  perpendicular  to  the 
corresponding  chord  BQ.  of  the  generating  circle,  and  con- 
sequently that  it  is  parallel  to  CQ '.  from  thid  also  it  readily 
follows  that  if  Q,R  be  a  tangent  to  the  generating  circle  at 
Q,  Qfl  =  PQ  =  arc  By.  Wren  was  the  first  who  rectified  the 
cycloid,  and  he  showed  that  the  length  of  an  arc  measured 
from  the  vertex  is  equal  to  twice  the  chord  of  the  generating 
circle  which  is  parallel  to  the  tangent  at  the  extremity,  so 
that  the  whole  length  of  the  curve  is  equal  to  four  times 
the  diameter  of  the  generating  circle.  Pascal  discovered 
the  means  of  finding  the  area  and  the  centre  of  gravity  of 
any  segment  of  the  curve  as  well  as  the  content  and  surface 
of  the  solids  formed  by  the  revolution  of  the  segment  round 
the  axis  of  the  curve,  and  the  base  of  the  segment,  and  to  the 

IRolutioo  of  these  problems  he  challenged  all  mathematicians 
in  a  letter  which  he  circulated  under  the  name  of  Dettonvillc, 
Bering  at  the  same  time  a  prize  of  forty  pistoles  to  the  first 
and  one  of  twenty  pistoles  to  the  second  person  who  should 
Bolve  them.  Wallis  and  Lalouere  appeared  as  candidates 
Tor  the  prize,  but  none  was  awarded.  To  Huyghens  is 
due  the  discovery  that  the  cvolutc  of  the  cycloid  is  an 
equal  cycloid  in  an  inverted  position,  and  that  the  radius  of 
curvature   is   double  of   the  chord   of   the  generating  circle 

Ivhtch  is  perpendicular  to  the  tangent.  He  also  discovered 
ihe  important  dynamical  property  of  the  tautochronisin  of 
B  cycluidal  pendulum;  that  is  to  say,  that  a  bixly  under 
the  action  of  gravity  falling  down  an  inverted  cycloid  with 
hs  base  horizontal,  will  reach  tiie  lowest  point  in  the  same 
time  from  whatever  point  it  begins  to  fall.  Two  of  the 
most  remarkable  properties  of  this  curve  were  discovered 
by  John  Bernoulli:  1st,  that  it  is  the  curve  along  which  a 
body  will,  under  the  action  of  gravity,  fall  in  the  shortest 
time  from  one  given  point  to  another  not  in  the  same 
vertical  :  2nd,  that  if  any  arc  of  a  curve  as  AR  (fig. 
ai),  the  tangents  at  the  extremities  of  which  are  at  right 
es  to  each  other,  be  evolved  into  a  curve  BA',  beginning 
I  B:  and  if  the  same  operation  bo  [)crforined  on  A' It, 
■beginning  from  A',  and  so  on  in  succession,  the  successive 


IS8 
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involutes  will  contiDually  approximate  to  a  common  cycloid,  ] 
the  axis  of  which  is  parallel  to  AC*.  The  preceding  are  ' 
only  a  few  of  the  most  important  properties  of  this  curve; 
for  a  detailed  account  of  all  which  the  industry  of  mathe- 
maticians has  discovered,  the  reader  must  be  referred  to  the 
treatises  on  the  cycloid  which  have  been  written  by  various 
authors.  Such  are  the  Histoire  do  la  Roulette  of  Pascal ; 
the  History  of  the  Cycloid  of  Carlo  Dati  ;  the  Treatise  de 
Cycloide  of  Wallis  ;  the  Hi»toria  Cycloidta  of  Groningius 
in  his  Bibliotheca  Universalis;  and  the  work  of  Lalouere  | 
called   Geometria  promota  in  VII   de  Cycloide  Hbris. 

(9)     The  Companion  to  the  Cycloid. 

If  the  ordinate  QN  {fig.  20)  of  a  semicircle  be  produced  J 
till   it   be    equal    to  the   arc   CQ,    its  extremity    will    lie  J 
curve   which   is  called    the   companion   to    the  cycloid.      The 
co-ordinates  of   a  point   in   this   curve  are,  putting  CO  =  a, 
CN^cn,   CN  =  y,   COQ-^e, 


.1?  =  a  (1  - 


.sfl). 


It  has  points  of  contrary  flexure  at  the  extremities  If  I 
and  d  of  an  ordinate  passing  through  the  centre  of  the  gen&. 
rating  circle.  The  space  COD  is  equal  to  the  square  of  the 
radius;  the  whole  area  JCa  is  equal  to  twice  that  of  the 
generating  circle,  and  if  the  line  JC  be  drawn,  the  area  J 
JMD  IE  equal  to  the  area  OLD. 

(10)     If  instead  of  supposing  the  point  P  to   be  in  the  1 
circumference  of  the  generating  circle   we   suppose  it   to  be 
either  within  the  area  of  the  circle  or  without  it,  the  curve 
traced  out  is  called  a  Trochoid.     The  equations  to   such  a 
curve  are 

.»  =  o  (9  -  n  sin  9), 
y  =  o  (1  —  n  cos  6), 

where  n  is  the  ratio  of  the  distance  of  the  tracing  point 
from  the  centre  of  the  generating  circle  to  the  ra<lius  of  that 
circle. 


I 
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(II)     Epitrochoids  and  Hypotrochoids. 

When  the  generating  circle  rolls,  not  on  a  straight  line, 
but  on  the  circumference  of  another  circle,  the  curve  generated 
is  called  an  Eflitrochoid  or  a  Hypotrochoid,  according  a»  the 
curve  rolls  on  the  exterior  or  interior  of  the  fixed  circle.  Let 
O  (6g.  22)  be  the  centre  of  the  fixed  circle,  C  that  of  the 
generating  circle,  a,  b  their  radii.  Let  J  and  Q  be  the  points 
originally  in  contact,  P  the  tracing  point.     Then  if  we  make 


CN  = 


-{a  +  h)cos0-  h  cos 


!/  =  CH  -  CK  =  {a  +  b)  siae  -  h  sin 


ICP  =  h. 
me  find 
: 


PN  =  y,   JOB  = 


)  that  QCB  =  -  0, 


If  ffe  suppose  the  generating  circle  to  roll  in  the  inside  of 
the  Rxed  circle  as  in  fig.  33,  we  should  find 


(a-6)c 


y  -  (n  -  6)  sin  0  -  rt  8 


When  h  =  b  these  become  the  equations  to  the  Epicycloid 
and  Hypocyctoid  respectively.  When  a  and  b  are  commen- 
Burable  the  curve  will  re-enter  after  a  number  of  revolutions 
of  the  generating  circle  equal  to  the  least  common  multiple 
of  a  and  b  :  in  such  cases  the  curve  is  expressible  by  an 
algebraical  equation  between  ir  and  y.  When  a  and  b  are 
incommensurable  the  curve  will  never  re-enter,  and  is  ex- 
pressible oidy  by  some  transcendental  equation  between  or 
and  p. 

If  k=  b  and  6  =  n  the  equations  to  the  epicycloid  are 

j7Ba(acos0-cos20). 

5  =  «(2  sin^  -  sin  S9), 

or     .r  =  a  { 1  +  2  cos  0  ( I  -  cos  0)  j , 

i,  =  2a  sine  (1- cose). 
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Whence,  squaring  and  adding, 

0?*  + j^=a*{l  +4(1  -cos0)|. 
But  we  have  also 

(j^  -  o)»  +  y«  =  4a«(l  -  cosOy. 
Therefore   (o^  +  y*  -  a*)«  -  4a«  {(at  -  a)*  +  y«| 

is  the  equation  to  the  curve  expressed  in  rectangular  co- 
ordinates.    If  we  put  Of  fs  a  -i-  r  cos  0,   y  »  r  sin  0, 

we  find    r  =s  2a  (1  -  cos  0), 

as  the  polar  equation.  From  its  shape  this  curve  is  called  the 
Cardioid :  in  common  with  the  circle  it  possesses  the  property 
that  all  lines  drawn  through  its  pole  and  bounded  both  ways 
by  the  curve  are  of  equal  length. 

In  the  equations  to  the  hypotrochoid,  if  we  make  A  «=  6 

and  6s  -,  we  obtain  by  the  elimination  of  0  the  equation 

4 

which  may  be  put  under  the  form  ct)  + j^>»a),. 

This  hypocycloid  occurs  in  the  solution  of  many  problems. 

If  in  the  equations  to  the  hypotrochoid  we  put  6  =  -  ,  then 
A'  =  ( -  +  A I  cos  0,     y  =  ( hj  sinO. 

Whence   (^  -  ^)  ^  +  (^  +  *)  y'  =  (^  "  ^')  ' 

which  is  the  equation  to  an  ellipse  the  axes  of  which  are 

a  ct 

-  +  A    and h. 

9,  2 

If  A  «=  -  the  hypocycloid  becomes  a  straight  line,  which 

is  one  of  the  diameters  of  the  fixed  circle. 

Professor  Wallace*  has  made  a  very  elegant  application 
of  the  preceding  property  of  the  ellipse  to  generate  that  curve 

•  Wallace's  Come  Sections,  p.  182. 
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by  continuous  motinn.  A  and  B  (fig.  24)  are  two  wheels 
the  axes  of  which  turn  in  holes  O,  C  near  the  ends  of  the  con- 
necting bar  OC.  The  diameter  of  the  wheel  B  is  one  half  of 
that  of  A,  and  a  band  EF  goes  round  them  An  arm  CP 
is  attaL'hcd  to  the  wheel  B,  and  bears  at  its  extremity  P  a 
tracing  pencil-  If  now  the  wheel  A  be  fixed  while  the  bar 
OC  is  turned  round  O,  the  wheel  B  will,  by  the  action  of  ihe 
band,  be  made  to  revolve  twice  round  its  centre,  while  the  bar 
revolves  once  round  0:    the  point  P  will  then  trace  out  an 

ellipse. 

All  EpieyeloitU  and  Hypocycloids  are  recti6able,  as  was 
first  shown  by  Newton*.  The  length  of  the  arc  of  the  epicy- 
cloid coniprisetl  between  two  contiguous  cusps — that  is,  the 
length  of  the  arc  proiluced  by  one  revolution  of  the  generating 


.  drcle— is  —  (a  +b),  and  the  corresponding  a 


cycloid  i 


-  (a  -  (.). 


The  corresponding  area  of  llie  epicjcloj 


r  the  bypo- 


-(3a+2fc) 


and  of  the  hypocycloid  it  is  —  (3a  -  2t). 

The  evolute  of  the  epicycloid  is  a  similar  figure,  the  radii 

I  of  the  fixed  and  eeneraUnK  circles  beine and   — 

[  respectively.      An    analogous    theorem    holds   for    the   hypo- 
[  tycloid. 

(12)     The  Spiral  of  Archimedes. 

While  the  straight  line  OM  (fig.  95)  revolves  uniformly 
round  0,  let  the  point  Pniove  uniformly  along  OJ/:  the  locus 
of  the  point  P  is  the  spiral  of  Archimc<les.  To  find  its  equa- 
tion let  AOP^B,  OP^r,  and  when  e-2Tr  let  r  ^  a. 

Then   ^  <=  -^ ,     or  r  -  —  0. 

which  is   the  equation  to  the  curve. 

•  Prinnipia,   I.   Prop.  <!l. 
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The  following  are  its  principal  properties.  The  area  of 
any  sector  bounded  by  a  line  as  OQ  ==  r  is  one  third  of  the 
circular  sector  QOR,  and  it  is  one  half  of  the  area  of  the 

segment  of  a  parabola  [whose  latus  rectum   is  ~j   included  I 

between  the  vertex  and  an  ordinate  =  r.  The  length  of  the 
arc  of  the  sector  of  the  spiral  is  etjual  to  that  of  the  segment 
of  the  parabola.  If  a  tangent  he  drawn  at  the  extremity  of 
the  arc  formed  by  one  revolution  of  the  radius,  the  subtangent 
will  be  equal  to  the  circumference  of  the  circle  whose  radius  is 
a.  If  at  the  extremity  of  the  arc  formed  by  two  revolutions, 
it  will  be  double  of  the  circumference,  and  so  on. 

This  curve  was  invented  by  Conon,  but  its  principal 
properties  were  discovered  by  the  geometer  whose  name  it 
bears. 

(IS)     The  Logarithmic  Spiral. 

The  definition  of  this  spiral  is,  that  the  radius  increi 
in  a  geometric  while  the  angle  increases  in  an  arithmetic  ratii 

Hence  its  equation  will  be  of  the  form  r  =  c 
or,  as  it  is  usually  written,  r  = 

This  curve  was  imagined  by  Descartes,  who  also  noticed 
two  of  its  properties;  that  at  every  point  it  makes  equal  angles 
with  the  tangent,  and  that  the  length  of  the  curve  measured 
from  the  origin  is  proportional  to  tlie  radius  of  its  extremity. 
Since  r  =  0  when  6=  — co,  it  appears  that  the  curve  makes 
an  infinite  number  of  revolutions  before  it  reaches  the  pole; 
a  properly  which  was  at  first  disputed  by  Descartes.     From 


4 

atiQ«^^H 
[iced  .^^ 


the  form  of  the  equation  it  is  easy  to  g 
equal  angles  are  proportional ;  for  if 


'  that  radii  includic 


Again,  if    ^  •=  a 
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The  length  of  an  arc  of  the  curve  measured  from  the  pole 

\  is  equal  to  the  portion  of  the  tangent  at  its  extremity  cut  off 

'  hy  the  subtangent,  and   the  area  is  one  half  of  the  triangle 

contained  by  the  bounding  radius,  the  tangent  at  its  extremity, 

and  the  subtangent.      But  the  moat  remarkable  properties  of 

this  curve  were  discovered  by  Janios  Bernoulli,  who  showed* 

tthat  this  spiral  can  be  made  to  reproduce  itself  in  many  ways. 
The  evoiute  and  involute  of  this  curve  are  both  spirals  equal 
to  the  original  one,  and  differing  from  it  in  position  only  ; 
its  caustics  both   by  reflexion  and  refraction  (the  pole  being 
the   origin   of  light)   are  also  spirals  equal   to   the   primary 
one  ;    and   if  another   equal   spiral   be  made   to  roll  on    the 
first,   the   pole   of  the   rolling  spiral  will   trace  out  another 
spiral  equal  to  the  original.     This  property  of  the  logarithmic 
spiral  of  constantly    reproducing  itself  appeared    so   remark- 
able to  Bernoulli  that  he  called  it  spirit  mirabilia,  and  he  was 
pleased  to  see  in  it  a  type  of  constancy  amid  changes  and  in 
adversity,  and  a  symbol  of  the  resurrection.     As  a  specimen 
of  the  fanciful  light  in  which  he  viewed  the  properties  of  this 
curve,  I  add  the  concluding  paragraph  of  his  pajrer.     "  Cum 
autem  ob  proprietatem   tarn  singularem   tamque  admirabilem 
mire  milii  placcat  spira  hsec  mirabilis,  sic  ut  ejus  contempla- 
lione  saliari  vix  queam;  cogitavi  illam  ad  res  varias  symboUce 
represent  and  as  non  inconcinne  adhiheri  posse.     Quoniam  enim 
semper  sibi  similem  et  eandcm  spiram  gignit,  utcunque  volvatur, 
evolvatur,  radiet ;  bine  potent  esse  vel  sobolis  parentibus  per 
omDia   similis   Emblema  ;    Simillima  Jilia   malri. . . .  Aut,   si 
H,  quia  curva  nostra  mirabilis  in  ipsa  mutationc  semper 
I  nbi   constantissime  manet    similis   et   numero   cadcm,  potent 
?  vel  forlitudinis  et  constantise  in  adversitatibus;   vel  etiam 
I  carnis  nostra:;,  post  varias  alterationes  et  tandem  ipsam  quoque 
1  mortem,  ejusdem  numero  resurrectune  symbolum;  adeo  quidem 
I  Ut  si  Archimedeni  imitandi  hodienum  consuetudo  obtineret  li- 
Ibenter  spiram  banc  tumulo  meo  juberem  incidi  cum  epigraphe: 
1  Eadem  mutata  reaurget." 

•  Optra,  p.  487. 
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Sect.  1.     Rectilinear  Co-ordinates, 
If  the  equation  to  the  curve  be  put*\inder  the  form 

tlie  equation  to  a  tangent  at  a  point  wy  is 

^y ,  /      X 

y  -  y  =  _  (ar  -  ^)  ; 

w^  and  y  being  the  current  co-ordinates  of  the  tangent. 
If  the  equation  to  the  curve  be  put  under  the  form 

the  equation  to  the  tangent  takes  the  more  symmetrical  form 

du  .  ,       ^      du  .  ,        . 
-(..-^)+-(y-y)-0. 

If  n  be  a  homogeneous  function  of  n  dimensions  in  w  and 
y,  by  a  well-known  property  of  such  functions 

du         du 

oif  T-  +y  -7-  =  ^u  =  w^'j 
diX         dy 

and  the  equation  to  the  tangent  becomes 

,du        .du 
dx  dy 

The  equations  to  the  normal  are 

y-y=-;^(^-^); 

dy 
du  .  ,       ^      du  ^  , 
a.v  ay 
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dof 
The  length  of  the  subtangent  is    y  ;7-  • 

dy 
The  length  of   the  subnormal  is  y  — . 

dx 


The   length   of  the   tangent    is      ^  I  ^  "*■  { 3" )  f • 

The   length   of  the   normal   is       y{^+(3^)i* 

The  perpendicular  from  the  origin  on  the  tangent  is 

du         du 
w  —  +  y  — 
yd*v  —  wdy  dx         dy  nc 

if  u  be  a  homogeneous  function  of  n  dimensions  in  of  and  y. 

The  portion  of  the  tangent  intercepted  between  the  point 
of  contact  and  the  perpendicular  on  it  from  the  origin  is 

du         du 

wdof  +  ydy  dy         das 


{dx'-^dy*)^      ((du\^     (duY\^' 


Kdu\*     fduy]i 


The  portions  of  the  axes  cut  off  between  the  origin  and 
the  tangent,  or  the  intercepts  of  the  tangent,  are 

dy 
y  -  d?  — -  along  the  axis  of  y, 
die 

d(v 
at  '-  y  —  along  the  axis  of  x. 
dy 

These  I  shall  call  y^y  a^  respectively. 

Ex.  (l).     The  equation  to  the  hyperbola  referred  to  its 

asymptotes  is 

xy  =  m*. 

du  du 

Then  —  =  y,  —  =  a?,  and  the  equation  to  the  tangent  is 
dx  dy 

y{x  ^x)+x(y'  -y)^0; 

or   yx'  +  xy=2xy  =s  2m\ 
10 
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dy         *'**       u        u  ^^  ^^y 


Since  -r-  «= -9   the  subtangent  =  y 


dof  Of*  dy  m 


8 


ss  —  a? 


9 


as  ^y  =  m*. 


2w 

The  perpendicular  on  the  tangent  p  ns  —5 —. . 

Also   y^s^H- — =  2y,    and  .Vq  =  ^  H «=  20?. 

Hence  the  product  of  the  intercepts  of  the  tangent 
ia  a^y^s:  ^wy  =  4m^  is  constant ; 

and  the  triangle  contained  between  the  axes  and  the  tangent, 
being  proportional  to  this  product,  is  also  constant. 

(2)     The  equation  to  the  parabola  referred  to  two  tangents 
as  axes  is 


©^  (!)='• 


Hence  the  equation  to  the  tangent  is 
The  intercepts  are  otq  =  (atr)i,     y^  =  (hy)^ ; 

or  ^1,5  yo  are  the  co-ordinates  of  the  chord  joining  the  points 
at  which  the  axes  touch  the  curve. 

(3)      The  equation  to  one  of   the  hypocycloids   referred 
to  rectangular  co-ordinates  is 

The  equation  to  the  tangent  is 

^^      y       . 

—  +  -.  =  a% 
ci'3       y^ 

Therefore  WQ  =  a^cc^^  y^  =  a^y^;  and  the  portion  of  the 
tangent  intercepted  between  the  axes  =  {x^  +  y^^)^  =  a  ;  or  the 
hypocycloid  is  constantly  touched  by  a  straight  line  of  given 
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length  which  slides  between  two  rectangular  axes.  The  con- 
verse of  this  proposition,  viz.  that  the  locus  of  the  ultimate 
intersections  of  a  line  of  given  length  sliding  between  rect- 
angular axes  is  this  hypocycloid,  was  first  shewn  by  John 
Bernoulli.     (See  his  Works,  Vol.  iii.  p.  447.) 

For  the  perpendicular    from   the   origin  on  the  tangent 
we  find 


(4)     In  the  cissoid  of  Diodes, 


0?^ 


whence  the  sublangent  s 


2a  —  X 

a}{2a  —  w) 


3a^w 


a^  (3  a  —  ^r) 

and  the  subnormal  ^^ -f . 

(2a  -ay 

(5)     In  the  logarithmic  curve 

X 

y-ce". 
The  subtangent  a  a,  and  is  therefore  constant. 

The  tangent  =  (a*  +  y')-^. 

The  subnormal  =  — .      The  normal  ■=-(«*  +  y*)i. 


y{a-  x)  y^  +  ax 


(a«  +  y')i '  (o*  +  y«)* " 

(6)     In  the  catenary 

!r--(e«  +  €  ')• 

c     2i       --  «• 

The  subnormal  =  -  (s  «  —  e    • ).     The  normal  ■»  — . 

4  c 

The  subtangent  =  ^^^7-5^5  •     The  tangent  =  -^  ^-^ . 

10— S 
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(7)     From  the  general  parabolic  equation 

we  find  the  equation  to  the  tangent  to  be 

y*         a"*"* 


The  subtangent  » nt.r.     The  subnormal 


mw      my* 

m  - 1  ,  ^ 

y>  a?o  =  -  (»»  -  0  -^j 


-¥> 


09 


[  » 

^0 

y- 

0? 

• 

a?* 

^0 

^0 

w 

07 

— 

y 

y 

m 
whence  7n"*y"*„  =  - (m- !)'""'«"'*  a?, 
(m-  l)oyy  m^^  +  y* 

^  "  (m«o?«  +  y»)i '  "  (mW  +  y")i  * 

(8)  In  the  curve  a?  =  c  ^  we  easily  find,  by  taking  the 
logarithmic  differential, 

y*  wy 

yo  «  - 

Subtangent  « 

(9)  The  equation  to  the  cycloid  referred  to  its  vertex  is 

dy       t^a  -  w\^ 

dw       \     w     I  ^ 
AB  (fig.  19)  being  the  axis  of  a?. 

If  M  be  the  point  where  the  ordinate  meets  the  generating 
circle,  and  if  we  join  MA^  MB^  then 

,^.^x     MN      (2ao7-zp*)J      dy 

tan  MAN  =  — — :  =  ^ ^  =  -^  . 

AN  a  dw 

That  is  to  say,  the  tangent  to  the  cycloid  is  parallel  to  the 
chord  of  the  generating  circle.  The  normal  is  evidently 
parallel  to  the  other  chord  MB,  Hence  also  the  angle  which 
two  tangents  make  with  each  other  is  equal  to  the  angle  between 
the  corresponding  chords  of  the  generating  circle. 

yo  -  y  -  (2a«2?  -  arf^  =  PN  -  MN  ^  PM. 

But  from  the  generation  of  the  curve,  PM  is  equal  to  the 
arc  of  the  circle  AM^  therefore  y^  =  arc  AM. 
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and  chord  A3f  =  (^a-T)i.      Therefore 


AN 
arc  AM 


(2aaf)i     '"'  "  chord  ^Jf' 

(iO)     If  p,  T,  be  the  perpendicular  on  the  tangent  and 

the  radius  vector  at  any  point  of  a  curve,  then  —  will  be  the 

perpendicular  on  the  tangent  at  the  corresponding  point  of 
the  curve  which  is  the  locus  of  the  extremity  of  p. 

Let  X,  y,  be  the  ccMirdinates  of  the  first  curve,  a,  ^,  of 
the  second ;  then  p  being  the  perpendicular  on  the  tangent, 
its  equation  is 

aa,  +  /3y  =  p'  =  a'  +  /3»,  (1) 

since  a,  /3,  are  the  co-ordinates  of  the  extremity  of  p.  But 
the  line  being  a  tangent)  this  equation  will  hold  when  we  put 
a  +  dx  and  y  +  dar  for  ,v  and  y ;    we  then  have 

ad.v  +  j3dy=0.  (3) 

Now  if  F  =  0  be  the  equation  connecting  a  and  j3,  that  is 
to  say,  the  equation  to  the  locus  of  ihe  extremity  of  ;>,  and  if 
P  be  the  perpendicular  on  the  tangent  of  that  curve, 


dP 


IdVy 


IdVx'U' 


But  from  the  equation  to  the  curve 

Now  differentiating  (l)  considering  ip,  y,  , 
and  paying  attention  to  (2),  we  have 

(j;  -  2a)  da  +  (y-  ^^)  rf/3  -  0. 
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X  (3)  —  (4)  =  0  gives,  on  equating  to  zero  the  coefficients 
of  each  differential, 

dV  dV  . 

Substituting  these  values  of  - —  and  —i  in  the  expres- 
sion for  P,  it  becomes 

2(a*+/3')-(aa?  +  /3y) 


[a»»  +  y»  +  4  {a*  +  )8»  -  {aw  +  /Sy)^* ' 
which  by  (l)  is  reduced  to 

(tV*  +  y*)i       r  * 

(11)  To  find  the  least  polygon  of  a  given  number  of 
sides  which  will  circumscribe  a  given  oval  figure. 

Let  AB^  BCy  CD,  (fig.  26)  be  consecutive  sides  of  the 
polygon.  Produce  AB,  DC  to  meet  in  jE,  which  take  as 
origin,  the  axes  being  EA,  ED.  Then  the  position  of  BC 
must  be  such  as  to  make  BEC  a  maximum. 

Now  calling  as  before  the  intercepts  of  the  tangent  ^Tq,  yo> 

dor  dy 

X  and  y  being  the  co-ordinates  of  the  point  of  contact  P. 
The  area  BEC  =  ^^0^0  sin  jB,  therefore 

/  daf\   (  dy\        f  dy\^  dw 

is  to  be  a  maximum,  (neglecting  the  negative  sign). 
Differentiate  with  respect  to  ar, 


(: 


dy\  d?y  dx  ,  dx 


The  last  factor  alone  gives  a  solution.     From  it  we  have 
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That  is,  EM  =^£8  =  MB,  and  hence  also  CP  ^  PB, 
or  CB  is  hisected  at  the  point  of  contact.  As  the  same  con- 
dition holds  for  every  side  of  the  polygon,  it  follows  that,  when 
the  polygon  circumscribing  an  oval  is  a  tniuimuni,  each  side  is 
bisected  at  the  point  of  contact.  Hence  we  see  that  of  all  the 
parallelograms  which  circumscribe  an  ellipse,  those  are  least 
which  have  their  sides  parallel  to  conjugate  diameters. 

(12)  The  degree  of  a  curve  being  n,  there  cannot  be  more 
than  n(n~  l)  tangents  drawn  to  it  from  one  point. 

Let  n  =  c  (I) 

be  the  equation  to  the  curve,  then  the  equation  to  the  tan- 
gent is 

,du       ,An         du         du 


and  the  condition  that  this  tangent  shall  pass  through  a 
given  point  n,  6,  is 

du         du         du         du  ,  , 

diT  dff  dx  dy 

The  equations  (l)  and  (2)  being  combined  together  will 
give  the  values  of  x  and  y  at  the  points  of  contact;  and  as   , 
both  equations  are  of  «  dimensions  in  tv  and  y,  (since  u  is 

.        ,,         .  ,   du       ,   du      ,  1      ,       . 

of  tt  dimensions  and    — ■  and  —   of    «  —  1,    and    therefore 
d.v  dy 

•  J-  +  ff  3-  of  M  dimensions),  it  would  appear  that  the  re- 
sulting equation  is  of  the  degree  n',  and  therefore  that  there 
are  as  many  tangents  passing  through  the  point.  But  the 
degree  of  the  equation  can  always  be  reduced ;  for  we  may 
combine  (2)  with  any  multiple  of  (1),  and  the  resuli  of  the 
elimination  between  the  new  equation  and  either  of  the  others 
will  still  give  us  the  co-ordinates  of  the  point  of  contact. 
Multiply  (1)  by  n  and  subtract  it  from  (a),   then  we  have 


du 


-  +  1J 


dy 


(3) 
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are  only  of  that  degree.     Hence  the  < 


Now  liy  a   property   of  homogeneous  functions,  if  w  be 
homogeneous  of  n  dimensions  in  a:  and  y, 
dc         dv 
ax        ay 
This  then  will  be  true  of  the  terms  of  n  dimensions  in  u, 
and  they  will  therefore  disappear  from  the  second  side  of  the 
equation  (3),  which  will  thus  be  reduced  to  (n  -  1)  dimensions, 

dti        ,  f*" 
since  —  and  - 
d.v  ( 

bination  of  (l )  with  (3)  will  rise  only  to  the  degree  n  (n  —  l), 
which  therefore  represents  the  greatest  number  of  tangents 
which  can  be  drawn  from  a  given  point  to  a  curve  of  m  dimen- 
sions. Waring  had  fixed  the  limit  at  «',  as  it  at  first  sight 
appears  to  be;  the  preceding  process  of  reduction  is  due  to 
Bobillier,  Annates  de  Gergonne,  Vol.  xix,  p,  I06.  It  is  to  be 
observed  that  though  n  {n  —  l)  is  the  greatest  number  of  tan- 
gents which  can  be  drawn,  it  seldom  reaches  that  limit,  since 
the  final  equation  generally  involves  impossible  roots  which 
refer  to  tangents  drawn  to  the  branches  of  the  curve  which  do 
not  lie  in  the  plane  xy.  Since  n{n  ~  l)  is  essentially  even, 
it  may  happen  that  for  certain  positions  of  the  point  all  the 
roots  are  impossible;  a  result  which  is  geometrically  apparent, 
inasmuch  as  from  the  interior  of  an  oval  curve,  such  as  the 
ellipse,  no  tangents  can  be  drawn  to  the  part  of  the  curve 
which  lies  in  the  plane  of  iry. 

Asymptotes. 

As  an  asymptote  is  a  line  which,  intersecting  the  axes  at 
a  finite  distance  from  the  origin,  is  a  tangent  to  the  curve  at 
an  infinite  distance,  it  appears  that  if  ^Xg  or  y^  remain  finite 
when  X  or  y  are  infinite,  their  values  will  determine  the 
position  of  the  asymptote. 

A  more  convenient  method  however  is  that  first  given  by 
Stirling,  in  his  lAnece  Terlii  ordinia  Newtonianent  p.  48. 

If  y  =f(x)  be  the  equation  to  the  curve,  and  if  we  can 
expand  fix)   in  descending  powers  of  x,  so  that 


y  =  o„  ai"  +  « 


8(c.  +  a,-»  +  a,  -I-  - 


r  +  &c. ; 
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r  then  when  ai=es,  the  terms  involving  negative  powers  of  at 
I  vanish,  and  the  equation  to  the  curve  coincides  with  that  to 
I  another  curve  the  equation  to  which  is 

y  =  a^w"  +  a^-ix"'^  +  8tc.  +  Oix  +  «„. 
This  then  ib  the  general  equation  to  a  curvih'near  asytnp- 
I  tote,  the  nature  of  which  will  depend  on  the  degree  of  the 
I  highest  power  of  a?  which  is  involved  in  it.     The  most  im- 
I  portant  case  is  that  in  which   the  equation  is  reduced  to 

I  that  is,  in  which  Ihe  asymptote  is  a  straight  line. 

This  method  fails  when  the  asymptote  is  parallel  to  the 
I  AXIS  of  t/,  as  in  that  case  the  coefficient  of  .v  would  be  infinite : 
but  asymptotes  of  this  kind  are  visible  by  a  simple  inspection 
of  the  equation  to  the  curve  when  it  is  put  under  the  form 
5  Bf{.r).  For  the  value  of  y  being  infinite  for  the  abscissa 
corresponding  to  the  asymptote,  wc  have  only  to  find  what 
values  of  .v  will  moke  f(x)  «  co,  or  to  make  the  denominator 
of  /(.t)  vanish,  since  no  finite  value  of  .r  in  the  numerator  can 
make  f(-v)  =■  ce.  These  values  of  x  being  found,  the  ordi- 
I  nates  drawn  through  them  are  asymptotes  to  the  curve. 
(IS)  Let  the  equation  to  the  curve  be 
y'  =  aa^  +  ar". 
dp       2aw  -{-  Sjh* 


dji 


+  331^ 


s(jf'-  a-')  -  tax* 


But  from 
I  therefore 


the  equation   to  the  cut 


3y-> 
'e,   3(y»- 


3f)  =  Sa^c", 


3  y' 
To  find  the  value  of  —  when  x  and  y  are  infinite,  we  have 
1  the  original  equation 

—  =  -  +  1  =  I   when  X  and  y  are  inliQite. 
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Therefore  also  -^  *»  1  when  x  and  y  are  infinite. 

and  hence    y,^\. 
Similarly,     x^^  x  ^ 


2ax  +  Sar*         Zax  +  Sa^ 


a=s  —  -  when  /Ts  00. 
S 


Hence  the  asymptote  cuts  the  axis  of  j^  at  a  distance 

- ,  and  that  of  <r  at  a  distance from  the  origin,   and 

as  it  is  therefore  inclined  at  an  angle  of  45^  to  the  axis  of 

Wf  its  equation  is 

a 
y  =  ^  +  -. 

(14)     Let  the  equation  to  the  curve  be 


y' 


<r  —  a 

a 


Then 


y' ^  a^  {'l±f)  =  Jill) 

=  a?*(l  +  —  +  —7+  &c.); 
ai         or 

a      c? 
and     y=±a?(l  +  -  +  —  +  &c.). 

X      or 

Therefore  y  t=  ±  (a?  +  a)  are  the  equations  to  two  asymp- 
totes at  right  angles  to  each  other. 

Another  asymptote  parallel  to  the  axis  of  y  is  given  by 
putting  <r  B  a. 

(15)      Let  the  equation  to  the  curve  be 

ar^  —  Saa^  +  a' 
^"  a?'' -36,17 +  26"' 
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The  denominator  equated  to  0  gives  a  ^  b,  .v  =  26;  there- 
r  fore  the  corresponding  ordinates  are  asymptotes,  since  for  ai  =  6 
F  and  Jt  =  Zb  y  is  infinite. 


Whence,  expanding  and  rejecting  the  terms  involving 
negative  powers  of  a;  we  have  y  =  .*  —  3  (a  —  6)  as  the 
equation   to  a   third  asytnptoti-,   which  is   therefore   inclined 

'  at  an  angle  of  45"  to  t)ic  axis  of  w. 

I  When  the  equation  cannot  he  solved  with  respect  to  y, 

'  we  are  sometimes  able  to  determine  the  asymptotes  by  as- 
suming ytvz,  and  then  by  means  of  the  equation  expressing 
«  and  y  in  terms  of  x.  If  the  same  value  of  x  which  renders 
X  and  y  infinite  give  a  finite  value  for  the  intercepts  of  the 

I  tangents,  then  these  determine  the  position  of  the  asymptotes. 

(16)     Let  ay*  -  h.v'  +  c'xy  =  0 

}  be  the  equation  to  the  curve :  then  assuming  y  =  -tx. 


b-a:r' 


b  ~  ffsr' 


'  and  y 

intercept  of  thi>  tangent  on   the  i 
—  t?xy 


both  infinite  when   jk  =  I 


of  y  is 


ind  consequently  / 


ffo-- 


SaW- 


I  the  equation  to  the  asymptote  is 
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(17)  If  thiB  equation  to  the  curve  be 

^  —  ^*  +  Zbijfy  =  0, 

we  find  by  the  same  means  the  equations  to  two  asymptotes 
to  be 

y  =  a?--,     and  y«-  ('^"^i)' 

(18)  Find  the  asymptotes  of  the  curve 

As  this  equation  can  be  put  under  the  form 


the  curve  has  a  rectilinear  asymptote  in  the  ordinate  at  a 
distance  b  from  the  origin.  It  has  also  a  parabolic  asymptote, 
for  we  have 

and  therefore  for  the  asymptote 

ay  ^  a^  ^bx  +  V\ 
or     ay  -  f  6*  =  (a?  -  ^6)* ; 

the  equation  to  a  common  parabola,  the  latus  rectum  of  which 
is  a,  and  the  axis  of  which  is  parallel  to  that  of  y, 

(19)      The  curve  whose  equation  is 

o'y*-  9.b^y  -  a?*  c=  0, 
has  two  parabolic  asymptotes  whose  equations  are 


w^ 


=  a(y--.),     anda;«  =  a(-^-y). 


Their  common  axis  is  therefore  the  axis  of  y^  and  their 
latera  recta  are  equal  to  a,  but  they  are  turned  in  opposite 
directions. 

It  sometimes  happens  that  we  obtain  an  equation  for  an 
asymptote  with  possible  coefficients,  though  for  large  values 
of  one  variable  in  the  equation  to  the  curve,  the  other  va- 
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rialile  becomes  impossible.  This  apparent  anomaly  has  been  * 
pxplnined  by  Mr  Walton  *,  by  availing  himself  of  the  general 
interpretation  which  may  be  given  to  the  symbols  in  ana- 
lytical geometry.  The  impossibility  of  one  of  the  vanables, 
when  certain  values  are  assigned  to  the  other,  may  be  in- 
terpreted as  signifying  that  the  curve  for  these  values  leaves 
the  plane  to  which  it  is  referred.  Now  when  by  assigning 
an  indefinitely  large  value  to  the  one  variable,  the  other 
tends  to  become  again  possible  and  to  assume  the  form  of 
the  equation  to  a  straight  line,  as  is  the  case  when  we  find 
a  possible  rectilinear  asymptote,  this  indicates  that  the  curve 
lends  to  return  to  the  plane  of  reference,  and  that  at  an 
infinite  distance  it  will  coincide  with  it  in  a  line,  the  equa- 
tion to  which  is  that  of  the  asymptote. 

(20)     As  an  example  of  a  curve  having  a  possible  asymp- 
tote to  an  impossible  branch  let  us  lake  the  equation, 

.r'(!/-c)'.(.'(«'-.^). 
When   .r  =  0,  y  =  CO   and   is   possible,   and  therefore   the  axis 
of  tf  is  an  asymptote:   this  is  one  of  the  ordinary  kind.     But 
if  we  put  the  equation  under  the  form 

,     >,  ,,(="-■»■) 


I 


easily  sevn    that   when   .v  =  co  ,   y  =  c.     On   the   other 
hand,  if  ^>«,  y  is  impossible.     Hence  the  line  whose  equa- 
tion is  y  =  c  is  an  asymptote  to  an  impossible  branch  of  the 
I  curve;    that  is  [o  say,   a  branch  of  the  curve  leaves  the  plane 
I  of  reference  when  x  =  ^a,   but  tends  to  return  to  it  again 
I  when  at^  ±  co,  coinciding  then  with  the  line  whose  equation  is 
The  form  of  the  curve  is  given  in  fig.  27,  where  the 
I  dotted  curve  represents  the  impossible  branches  of  the  curve 
lying  in  a  plane  at  right  angles  to  the  plane  of  the  paper. 

On  the  subject  of  asymptotes  to  curves,  the  reader  may 
consult  in  addition  to  the  work  of  Stirling  before  referred 
H  to,  Newton's  Enumeratio  Linearum  TerUt  ordinis,  Cramer's 
^^H  Analyse  des  Lignea  Courhes,  Chap.  viii.  and  a  paper  in  the 
^^1  Cambridge  Mathematical  Journal  for  November,  1843. 
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Sect.  2.     Polar  Co-ordinates. 

If  the  curve  be  expressed  by  a  relation  between  r  and 
69  then  the  tangent  of  the  angle  (0)  between  the  radius  vector 

and   the  tangent   to  the   curve  is    r  •—  •     The  subtangent, 

dr 

which  is  the  portion  of  a  perpendicular  to  the  radius  vector 

at  the  origin  intercepted  by  the  tangent,  is  r^. — ;  and  the 

dr 

perpendicular  from  the  origin  on  the  tangent  is 

If  the  curve   be  expressed   by  a   relation  between  u  and  Q 
where  u  »  - ,  the  subtangent  and  perpendicular  are  equal  to 

d9       J  1 

—  — -  and    -  .      «  1  respectively. 

du  f  «      /aw\*|3        ^  -^ 


{-^QT 


Asymptotes    to  spirals  are    determined   by  finding  what 

value  of  0  makes   r  infinite;    and   if  the  same  value  of  9 

dO    .  . 

make  r*  3—  either  finite  or  equal  to  zero,  a  line  drawn  through 
dr 

the  extremity  of  the  subtangent  parallel  to  r  is  an  asymptote 

to  the  curve. 

Spirals    may    have   asymptotic   circles:    these    are   found 

by  the  condition  that  an  infinite  value  of  6  gives  a  finite 

value  for  r« 

Ex.  1 .     The  equation  to  the  spiral  of  Archimedes  is 

r  =  aO. 

The  angle  between   the  radius  and  tangent  is 

dO 
d>  =  tan""'  r  -— -  =  tan"'  0. 
'  dr 

r' 
The  subtangent  =  — . 
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^"he  equation  to  the  locus  of  the  extremity  of  the  subtaiigent 
■ia  evidently 


M  being  measured  from  a  line  yo"  distant  from  the  original 


i  at  right  angles  to  r.     If  in  a  similar 


find    the   locus  of   the   extremity  of   the   subtangent   of   the 
curve  ^  =  aS'i    and   so   on    in   succession,    we   shall  have   a 
I  series  of  spirals,  the  equations  to  which  are 

,"      ^  "'_      ''^'  M  "^' 

"1.2'         ~i.'j.3 ^  1  .a  ...(»- 1)' 

I  the   angle   9  in    each   case  being   measured   from  a  line   90° 
distant  from  that  in   the  preceding  curve. 

(2)     The  equation  to  the  hyperbolic  spiral  is 


therefore  the  subtangent  =  —  =  n. 

The  locus  of  the  extremity  of  the  subtangent  is  evidently 
a  circle,  the  radius  of  which  is  a :  and  as  0  =  0  makes  r  =  co 
while  the  suhlangeut  remains  finite  and  equal  to  a,  it  appears 
that  a  line  drawn  parallel  to  the  .ixis  at  a  distance  a  is  an 
Mymptotc. 

(3)     The  equation   to  the  lituus  is 


then     (/)  =  tan"' (- 20),     subtangent  =2n0i; 
and  tia  6  =  0  makes  r  =  a  and  the  subtangent  <s  0,  it  appears 
that  the  line  from  which  Q  is  measured  is  an  asymptote  to  the 
_  curve- 

Also  since  r'S  =  a*  it  appears  that  if  a  circle  be  described 
with  radius  r,  the  sector  between  the  axis  and  the  radius  r 
I  of  constant  area. 

(1)     The  eqiintinn  to  the  Lemniscatc  is 

r''  =  a*co829.  
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r» 


The  perpendicular  on  the  tangent  is  —  : 

d)  =  tan-'r  —  =  tan'U- cot2d)  =  20  - -. 

^  dr  ^  ^  2 

(5)  The  equation  to  the  logarithmic  spiral  is 

Then  ^stan^^a,  and  is  therefore  constant; 

Ta 
p-r8in(tan-'a)  =  ^^p^-^. 

The  subtangent  =  ta. 

The  locus   of   the   extremity  of   the    subtangent   is   the 

involute  of  the  curve,  the  equation  to  it  being 

e 

and  therefore  a  similar  spiral. 

Also  if  r^  be  the  subnormal,  that  is,  the  portion  of  a 
perpendicular  to  the  radius  vector  at  the  origin  cut  off  by 
the  normal,  the  locus  of  the  extremity  of  r^  is  the  evolute 
of  the  spiral,  its  equation  being 

r      c    - 
rg  «=-  =  -€*  . 
a      a 

(6)  The  equation  to  the  Cardioid  is 

r  =  a  (1  —  COS0). 

If  /  be  a  radius  in  the  direction  of  r  produced  backwards, 
r  =  a  1 1  -  cos  (0  +  7r) }  =  a  (1  +  cos  6). 

Therefore  r  +  /«=  2fl,  or  the  chords  passing  through  the  pole 
are  of  constant  length. 

tan  <p  =  tan  ^  Q  ;     therefore  0  s=  1 0. 

(7)  Let  the  equation   to  the  spiral  be 

r"  =  a"  sin  n9> 

Then  tan  (p  =  tan  nO ;    and  <p  =  nO. 

If  ^1  be  the  value  of  (p  corresponding  to  an  angle  0  +  tt  ; 
that  is,  to  a  tangent  at  the  other  extremity  of  the  chord  passing 
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through  the  origin,  0i  >»  n  (d  +  ?r)  and  ^^  -  0  »  n  tt.  There- 
fore the  angle  between  two  tangents  at  the  extremities  of  any 
chord  passing  through  the  origin  is  constant. 

(8)  Let  the  equation  to  a  spiral  be 

9  (2ar  -  r2)i  =  1. 

Then  when  d  «»  oo,  (2ar-r')l  =  0  and  r  =  0,  r=:2o. 

Therefore  the  circle,  the  radius  of  which  is  2  a,  is  an 
asymptote  to  the  spiral.  The  pole  also,  for  which  r  =  0, 
may  also  be  considered  as  an  asymptotic  circle  the  radius 
of  which  is  zero,  as  the  curve  makes  an  infinite  number  of 
revolutions  before  it  reaches  it.  The  same  remark  applies 
to  the  logarithmic  spiral,  and  many  other  curves  for  which 
r  is  zero  when  0  is  infinite. 

(9)  The  curve  whose  equation  is 

offers  examples  of  both  rectilinear  and  circular  asymptotes. 

For  if  d  e  Ji  1,  r  «  oo,  and  as  r*  -r-  « ,  the  sub- 

dr  2 

tangent  corresponding  to  $  :»  :k  i    is   =f  ^  a,    and   there   are 

therefore  two  rectilinear  asymptotes  inclined  at   angles   +  1 

and  —  1  to  the  axis. 

Also  since  r  «  — —  =  a  m  —  —  J     b  a  when  0  «  oo,  the 

circle  whose  radius  is  a  is  asymptotic  to  the  spiral. 
The  form  of  the  curve  is  given  in  fig.  28. 
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CHAPTER   X. 


SINGULAR    POINTS    OF    CURVES. 


By  the  Singular  Points  of  Curves  are  usually  meant  those 
for  which  any  of  the  di£Ferential  coefficients  of  the  one  variable 

with  respect  to  the  other  take  the  values  0.    oo  or  - .     We 

shall  confine  our  attention  to  the  first  and  second  di£Ferential 
coefficients  only ;  and  of  these  the  first  is  the  more  important. 

When  --—  SB  0,  the  curv6  is  at  that  point  parallel  to  the 

axis  of  iVf  and  if  the  first  differential  coefficient  which  does  not 

vanish  along  with  — ^  be  of  an  even  order,  the  ordinate  is  at 

that  point  a  maximum  or  a  minimum.  We  shall  not  here  con- 
sider any  examples  of  such  points,  as  the  subject  has  been 
already  sufficiently  illustrated  in  Chap.  vii. 

When  -— -  a  00,  -r^  «  0,  and  the  abscissa  is  at  that  point 
ao?  ay 

a  maximum  or  minimum. 

(Py 
When  -—  =  0,  the  curve  coincides  at  that  point  with  a 

straight  line;  for  as  y  =  a^  +  &  is  the  equation  to  a  straight 

(Py 
line,  it  follows  that  for  such  a  line  - —  =  0.      The  same  result 

"^"^ \  <Py 

may  be  deduced  from  the  consideration  that   when  — —  =  0, 

the  radius  of  curvature  is  infinite,  or  the  line  at  that  point 
has  no   curvature,  or   is    straight.      If  the  first   differential 

coefficient   which   does  not   vanish   along   with   — -  be  of  an 

dor 
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odd    order,    then 


dy  , 


or  mininnim,  and   the  | 


curve  has  a  point  of  contrary  flexure.  Instead  of  finding 
what    differential    coefficient    vanishes,   it    ia   generally    more 

convenient  to  try  whether  — -^  change  sign  on  substituting 
in  it  values  of  iff  a  little  greater  and  a  little  less  than  that 
which  makes  it  vanish.  If  it  do  change  sign,  the  point  is 
one   of  contrary  flexure,  otherwise  not.      If  -j~^  = 

may  be  a  point  of  contrary  flexure  provided  that  it  change   < 
toga   for   values  of  j>   a  little  greater   or  a  little  less   than 
that  which  makes  it  infinite. 


,  there 


If  any  values  of  iv  and  y  make 


dy 


,  it  is  an  indica-  i 


1st.  If  -7^  is  found   1 


tion  generally  that  the  point  in  question  is  a  multiple  point, 
or  that  several  branches  of  the  curve  pass  through  it.     The 

multiplicity  may  he  of  different  kindi 

by  the  usual  method  of  evaluating  vanishing  fractions,  to 
have  several  different  possible  values  there  are  as  many 
branches  of  the  curve  cutting  each  other  in  one  point.     Snd. 

If   ~-  K  found  to    have   two    or  more   equal    and  possible 

values,  there  arc  two  or  more  branches  of  the  curve  touching   | 
each  other  in  one  point,  which  is  called  a  point  of  osculation. 

Srd.  If  all  the  values  of  ~-  are  found  to  bo  imixjssible,  then 

the  point  in  question  is  an  isolated  or  conjugate  point,  that 
is,  one  through  which  there  passes  no  branch  in  the  plane 
of  the  co-ordinate  axes.  In  fact  the  point  is  that  in  which 
impossible  branches  of  the  curve  meet  the  plane  of  the  axes. 
With  respect  to  the  ?iid  and  Srd  class  of  multiple  points  a 

dy 
few   more    remarks   are   necessary.      *'   ...i.->n    — 


If    when     ~    has    two 


dx 
equal  values   for   a  given  value   a  of  one   of  the  variables, 
we  find  that  for  a  value  o+h  the  other  variable  is  possible, 

11—2 


1 


'  1«4 
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&Dd  for  a  value  a  —  h  impossible,  or  vice  versa,  the  curve 
stops  sliort  at  the  point  in  question,  and  is  doubled  back 
on  itseir,  forming  what  is  called  a  cusp.  The  cusp  is  said 
to  be  of  the  Jirst  species  or  a  ceratoid*  when  the  branches 
touch  the  common  tangent  on  opposite  sides ;  and  of  the 
second  species  or  a  ramphoid  j-  when  they  touch  on  the 
same  side.      These  may  be  distinguished  by  the  consideration 

that  ill  the  first  the  values  of  —  -  are  of  opposite,  and  in  the 

second  of  the  same  signs.  It  is  to  be  observed  that  at  a 
cusp  the  two  branches  of  the  curve  never  make  with  each 
other  an  angle  the  trigonometrical  tangent  of  which  is  of 
finite  magnitdc :  we  cannot  properly  say  that  the  angle 
itself  is  infinitely  small,  as  in  fact  it  is  equal  to  two  right 
angles,  the  inclination  of  the  one  branch  of  the  curve  being 
iiieasuretl    in    a    direction    opposite     to    that    of    the    other. 

Although   the  condition  of   —   when  of  the  form   -   having 

impossible  values  always  indicates  n  conjugate  poiut,  yet  it 

may    happen    that    —    and    any    number   of    the    dificrential 

coelHcients  are  possible  at  a  conjugate  point.  In  such  cases 
the  impossible  branch  of  the  curve  does  not  pierce  the  plane 
of  the  axes,  but  touches  it  at  ihe  conjugate  [xiint,  the  order 
of  contact  being  that  of  the  highest  differential  coeificient 
which  is  possible.  To  determine  with  certainty  whether  a 
point  he  or  be  not  a  conjugate  point  or  a  cusp,  it  is  always 
necessary  to  try  whether  the  equation  to  the  curve  gives 
possible  values  for  both  variables  on  each  side  of  the  point 
in  question. 

If  some  of  the  values  of  -—  be  possible  and  some  im- 
d.v         ^ 

possible  for  the  given  value  of  ,1?,  there  is  a  conjugate  point 

situate  on   the  curve;    that  is,   a   branch   in    the  impossible 

plane  pierces  the  plane  of  reference  in  a  point  through  which 

there  passes  a  possible  branch  of  the  curve. 


t  'Pdn-pas,  ■  buk. 
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For  a    fuller   development   of   the    relation   between  the 

various  kinds  of  points  indicated  by   the  condition  -—  =  - , 

the  reader  is   referred   to   a  paper   by    Mr  Walton    in    the 
Cambridge  Mathematical  Journal,  Vol.  II.  p.  155. 

If   the   equation    to  the  curve   be  put  under   the    more 
symtnetrical  form 

"-/(.-,  s)-o, 

we  easily  obtain  analytical   conditions  for  distinguishing  be- 
tween   the   three   classes   of  double  points   indicated  by  the 


condition  -r—"-,  viz.  tn 


lion,  and  conjugate  points.      The  condition 
the  two. 


double  points,  points  of  oscula- 


-  =.0, 


-  =  0. 


dx       '  dy 

Proceeding    to   the   differential  of  the 


)nd  order,   we 
find  in  consequence  of  the  preceding  conditioD 
(P «  d''H    dy 

da.'     ~  d.-vdy  dji 
whence  we  find 

rf'«        J/  d-u  N'_  /d'u\   (d'uyY 
dy      ~d^^\\dxdy)       \d^}   \d^]\ 


dy'  \dx} 


dx 


d'n 


Now  for  a  true  double  point  we  must  have  two  possible 

values  for  — ^ ;  for  a  point  of  osculation  we  must  have  the 

two  values  equal ;  and  for  a  conjugate  point  we  must  have 
the  two  values  impossible.  Hence  we  have  the  three  con- 
ditions: 

( 1  -  I —   1  I  —  .1  >0  for  a  true  double  point. 


iiJfc«idii^ 
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« 


f— — --]  -  f-r-::)  \-^r-i]  «0  for  a  point  of  osculation, 

If  the  point  be  more  than  double,  it  is  necessary  to  pro- 
ceed to  higher  differentiations,  but  the  formulse  become  too 
complicated  to  be  of  much  use. 

The  second  of  the  preceding  conditions  furnishes  an  easy 
demonstration  of  the  following  general  property  of  curves  of 
the  third  order.  ^^  The  three  asymptotes  of  a  curve  of  the 
third  order  being  given,  the  locus  of  the  points  of  osculation  is 
the  maximum  ellipse  which  can  be  inscribed  in  the  triangle 
formed  by  the  asymptotes:  the  locus  of  the  conjugate  points  is 
within,  and  of  the  double  points  without  this  ellipse.'*^ 

If  we  refer  a  curve  of  the  third  order  to  two  of  its 
asymptotes  as  axes,  their  intersection  being  the  origin,  its 
equation  must  evidently  be  of  the  form, 

oa?*y  +  Zbay  +  cxj^  ■»  A. 

du 
Hence  -—  =  9.axy  +  26y  +  cy*, 
dx 

du 

-7-  o  aar  +  26a?  -f-  2c.ry, 
dy 

d/^u  dru  €pu 

dar^  dy*  dw  dy 

Therefore  by  the  condition  for  a  point  of  osculation 

{aw  +  6  +  cyY  -  acwy  «  0, 
or   a*^*  +  ac^y +  c?'y-  +  2a6a?  +  2&cy +  6'«0, 

which  is  the  equation  to  an  ellipse. 

That  this  ellipse  is  the  maximum  ellipse  inscribed  in 
the  triangle  formed  by  the  asymptotes  is  easily  shown.  The 
equations  to  the  three  asymptotes  are 

a?  =  0,   y  =  0,   and   a^r  +  cy  +  26  «  0. 


INGUI^R    POINTI 


167 


From  the  last  it  appears   that  the  interceps  of  the  axes 

cut  off  by  the  third   asymptote  are and .     Also 

from  the  equation  to  the  ellipse  it  appears  that  it  touches 
the  axes  at  distances  —  and  —  from  the  origin,  or  that 
the  points  of  contact  bisect  these  two  sides  of  the  triangle. 


If  in    the  value  of  ~ 
a.v 

ellipse  we  substitute   the  values   - 


derived    from   the   equation   to   the 
—  for  ,v  and  y, 


we  find  -^«. 
da; 


which  is  the  same  as  that  derived  from 


the  equation  to  the  third  asymptote,  and  as  these  values 
of  <v  and  y  satisfy  both  the  equation  to  the  ellipse  and 
that  to  the  asymptote,  it  appears  that  the  ellipse  touches  all 
the  three  sides  of  the  triangle  in  their  middle  points,  which 
by  Chap.  vii.  Ex.  19,  is  the  property  of  the  maximum  ellipse. 
The  latter  part  of  the  theorem  is  too  obvious  to  need  demon- 
stration. This  proposition  is  due  to  Plucker,  Journal  de 
Mathimatiques,   (_Lioimlle)  Vol.  11.  p.  11. 


Points  of  Contrary  Flexure  or  of  /tiflevion. 

Ex.   (I)      The  equation  to  the  Witch  of  Agnesi  is 
xy  =  ao(2oJi-  **)'; 
whence  we  find 

d'y      aa'(3o-a«) 

rf'y 


So 


"  0    gives    X  =  —     and    y  =  = 


and   as    ^  +  A    and 


d'y 


ore    two  points   of   contrary  flexure    corresponding   to   these 
values  of  .r  and  y. 
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-z^  and  —  both  become  infinite  when  ^  ■:  0  and  when 
da^  aw 

^  "  2a,  but  neither  of  those  values  gives  a  point  of  inflexion, 

since  y  is  impossible  when  a  is  negative  or  greater  than  Sa. 

(S)     The  curve  whose  equation  is 

w^  -  Sba^  +  o'y  «  0 

has  a  point  of  inflexion  the  co-ordinates  of  which  are 

^  =  *^   »  =  — T- 
a* 

(3)  Let  the  equation  to  the  curve  be 

aaP  +  6y^  -  c*  «  0. 

There  are  two  points  of  inflexion,  the  co-ordinates  of  the 
one  being 

0?  B  0,    »  ■=  c  m  > 
those  of  the  other     ^  =  c{-j,    y«0. 

(4)  Let  the  equation  to  the  curve  be 

a?*  —  a^a^  +  c?y  =  0. 

There  are  two  points  of  inflexion  corresponding  to 

a  5a 

(5)  Let  the  equation  to  the  curve  be 


fit 


y  =  &+  (a?-a)», 
where  m  and  n  are  both  odd. 

If  ~>1,    A' =  a  gives  a  point  of  inflexion,  the  tangent 
being  parallel  to  the  axis  of  w. 

If   —  <  1,  ^  s=  a  gives  a  point  of  inflexion  corresponding 
to  — -^  =  00,  the  tangent  being  perpendicular  to  the  axis  of  a?. 
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(6)  In  the  curve  of  sines  the  equation  to  which  is 

Of 

y  =  c  sin  - , 
a 

there  is    a  point  of  inflexion  wherever  the   curve  cuts   the 
axis  of  iff. 

In   polar    curves   points   of  inflexion   are   found  by  the 

dp 
conditions  that  at  such  points  -— « o,   and  changes  sign  in 

passing  through  zero. 

(7)  In  the  lituus  r*  =  —  ;   whence  we  find 

u 

9,c?r 

When  r«=Jia2i  or  0=ij  3    =0>  ^^^^  changes  sign  on  either 

or 

side  of  the  point  corresponding  to  these  values :  the  point  is 

therefore  one  of  inflexion. 

(8)  In  the  Lemniscate  of  Bernoulli 

r*  =  a^  cos  2d, 

r*  dp      3f^ 

and  J>  =  -T ,  T"  "=  "T  • 

or  dr       a 

Hence  the  origin  is  a  point  of  inflexion  for  two  branches 
of  the  curve. 

(9)     The  equations  to  the  Trochoid  are 

0?  s»  o  (d  —  e  sin  0),    y  =  a  (l  -  e  cos  0), 

whence  we  find 

d'y      e  (cos  d  —  e) 


da"      (1-ecosdy 


0; 


therefore  when  cos  0  «  e  and   y  »  a  (1  —  e^   there  is  a  point 
of  inflexion. 

The  preceding  examples  are  taken  chiefly  from  Cramer, 
Analyse  des  Lignes  Courbesy  Chap.  xi. 


170  SINGULAR    POINTS    OF    CURVES. 


Multiple  Points. 
Among   these  I  include   all   those    points    for  which  we 
find  —  «  - ,  including  points  where  several  branches  inter- 
sect,   or  nodes,    points  of  osculation,    cusps,    and  conjugate 
points. 

Let  u  B  0  be  the  equation  to  a  curve  free  from  radicals 
and  negative  indices,  and  assume 

du  du 

dof        ^  dy        ^ 

then  if  these  three  equations  be  satisfied  simultaneously  by 
w  ^  a,  y  =  bf  (a,  b)  will  be  a  multiple  point.  In  order  to 
determine  its  nature,  suppose  that  the  lowest  partial  differential 
coefficients  of  u,  of  which  at  any  rate  all  do  not  vanish  for 
these  particular  values  of  w  and  y,  are  of  the  n^  order,  then 
the  multiple  point  will  be  one  of  n  branches,  the  directions  of 
their  tangents  being  determined  by  the  equation 

d^u  ,        n     d'u       ,  .  ,  ,       n(n-l)      d'u       _  .  «  ,  , 

^  ^("-ZJi  _^.^  d.«d^-.  +  2  _^«      d,dy- 
1.2       rf^-dy»-*  ^  1  dwdy^-^  ^ 

d'u 

By  ascertaining  every  pair  of  values  of  .r  and  y  which  will 

.  -      ,  .  du  du  1  J. 

satisfy  the  equations  w  =  0,    -—  ==  0,   ---  =  0,    and  proceding 

diV  dy 

in  the  same  way,  we  may  ascertain  the  positions  and  the  plu- 
rality of  all  the  multiple  points  of  the  curve. 

(1)     Let  the  equation  to  the  curve  be 

af^  —  a^  —  bof^  =  0. 

Here,  when  a;  =  0,   y  =  0, 

du 

— -  =  -  Sot*  -  2baf  »  -  a?  (3«r  +  26)  =  0, 

dtO 


Also, 
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du 
and  — -  =  2  ay  =  0. 
dy  ^ 

-— =  -(So? +  26)  =  -26, 
dor 

d'U 


0, 


dady 

d'U 

=  2o. 

dy- 

Hence,  by  the  general  formula,  we  have 

cPtt  ,  „  d^u     ,     ,       (Pu  ,  , 

-— da?^  +  2  3—3- dcT  dy  + -— 7  dy' =  0, 
d^  dA*  dy  dy 

dy  /6\i 

or    -  26da^  +  2ody*  =  0,     ~^  «  =fc    -    . 

da?  \a/ 

Thus  we  see  that  there  is  a  double  point  at  the  origin,  its 
two  tangents  making  with  the  axis  of  «r  angles  the  tangents 

of  which  are  (-J    and  -  (-)  • 

(2)     Let  the  equation  to  the  curve  be 

iV*  —  aa^y  +  6y*  =  0. 

At  the  origin,  u  =  0, 

du  du 

—  =  0,       J-  -  0, 
da  dy 

d^u  dru  d?u 

dor  dxdy  dy' 

d'U  d^u  d^u  d?u      ^. 

T3"^»       31:2  J- ■"•2«»        ^     .  ^  °  Q>       Til"®** 
aar  dardy  dwdy*  dy 

Hence  there  will  be  a  triple  point  at  the  origin,  the  direo* 
tions  of  its  branches  being  defined  by  the  equation 

cf  tt  ,  ,  cPu     ,  ,  ,  d^u      ,     ,  ,     (Pu  ,  ,     ^ 

or     ^  adai^dy  •hbdy' mO^ 
or    dy  (6dy*  -  adai^  ■-  0 : 
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this  equation  is  satisfied  by  dy  » 0,   which  shews  that  one 
branch  touches  the  axis  of  a?,   the  two  other  branches  being 

incUned  to  it  at  angles  of  which  the  tangents  are  [- j    and 
•  (^]  .     See  fig.  29. 

(3)  The  curve 

w^  -  Zaa^y  -  2af*y*  +  ay^  +  y*  =  o 

has  at  the  origin  a  triple  point,  the  values  of  -p-  being  ^  9^ 
and  0.     The  form  of  the  curve  is  given  in  fig.  SO. 

(4)  Let  the  curve  be 

zp*  —  2ay*  —  Sa^f^  —  2aW  +  a*  =  0. 

Here  -—  «  4  («*  -  a*/p),        ---  «  ^  6  (a«*  +  o'y).  ' 
dw  dy 

Both  of  these  vanish  when  y  »  0  and  ^  «  sfe  a,  and  when 
y  B  —  a  and  w^O.  There  are  three  double  points  corre- 
sponding to  these  values  of  w  and  y. 

_  dy         /4\i 

For     y  =  0,  ^=.  +  a,  rf^==*=UJ' 


y  =  0,  a?  =  -  o, 

Tor  the  form  of  the  curve  see  fig.  31. 

(5)  In  the  curve 

a?*  +  a^if  -  6aa^y  +  a^y^  ==  0 

we  find  (  — I   =  0  at  the  origin,  or  two  branches  there  touch 

\da;J 

each  other  as  in  fig.  32. 

(6)  In  the  curve 
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we  find  at  the  origin 


[d^J   Vdpj  "■  [da;dy)  "  ^' 


which  indicates  a  point  of  osculation,  and  as  -r~  s  o  at  the 

'^  aw 

origin,  the  two  branches  touch  the  axis  of  a^.     See  fig.  33» 

(7)  The  curve 

(by  -  caiy  =  ( j?  -  o)* 

has  a   cusp  of  the  first  species  when  w  ^  a;    the  common 
tangent  is  parallel  to  the  axis  of  w.     See  fig.  34. 

(8)  The  curve 

•r*  -  aai^y  —  a/vj^  +  o*y*  =  0 

has  at  the  origin  a  ramphoid  cusp,  the  axis  of  «r  being  the 
common  tangent.     See  fig.  35. 

(9)  The  curve 

y*  —  ajjy*  +  .r^  =  o 

has  at   the  origin  a  ceratoid   cusp  touching  the  axis  of  a^, 
and  also  a  branch  touching  the  axis  of  y.     Sec  fig.  36. 

(10)  The  curve 

ay*  —  07*  +  bai^  «  0 

has  a  conjugate  point  at  the  origin,  since  j? «  0,  y  s  0  satisfy 
the  equation,  but  ^  a  ^  A  when  h  is  small  make  y  impossible. 

At  the  oriffin  -r~  takes  the  form  - ,  and  its  true  value  is 

.    1  do?  0 

f     b\9        ,      .     . 

I  —  j  ,  which  indicates  that  there  are  two  impossible  branches 
passing  through  the  plane  of  the  axes  at  the  origin. 

(11)  The  curve  whose  equation  is 

(c*y  -  «*)•  -  Cr  -  by  (JP  -  a)%     a  <  6, 
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has  a  conjugate  point  whose  co-ordinates  are 


but  the  differential  coefficients  are  possible  till  we  come  to 
the  third,  showing  that  the  impossible  branch  has  a  contact 
of  the  second  order  with  the  plane  of  the  axes. 

(12)  In  the  curve 

there  is  a  point  of  osculation  at  the  origin,  and  one  of  the 
branches  experiences  an  inflexion.  Such  a  point  is  called  one 
of  oscu-inflexion.     See  flg.  37* 

(13)  The  curve 

y*  +  ax^  -  6'j?y^  «  0 

has  a  ceratoid  cusp  at  the  origin  and  an  inflexion  in  another 
branch  at  the  same  point.  The  cusp  has  the  axis  of  a  as 
tangent,  and  the  inflected  branch  touches  the  axis  of  y.  The 
form  of  the  curve  is  that  of  the  letter  R.     See  flg.  38. 

(14)  The  curve 

(y  -  cy  =  {pD  -  ay  (a?  -  ^),      a>  6, 

has  an  oval  between  w  ^  a  and  w  =i  b.  When  x  rx  a  and 
y  =  c  there  is  a  point  of  osculation,  the  common  tangent 
being  parallel  to  the  axis  of  x.     See  fig.  39. 

(15)  The  curve 

{a^  +  yy  =  4a^j?V 

has  at  the  origin  a  quadruple  point,  a  pair  of  branches 
touching  both  the  axes.  The  form  of  the  curve  is  best  seen 
by  transferring  the  equation  to  polar  co-ordinates,  when  it 
becomes 

r  =  a  sin  20. 

The  greater  number  of  tlie  preceding  examples  are  taken 
from  Cramer^'s  work,  Chap.  x.  and  Chap.  xiii. 


CHAPTER  XI. 

ON    THE    TRACrNU    OF    <URVE9    FROM    THEIK    EQUATIONS. 


b 


Sect.  1.      Curves  referred  to  Rectangular  Co-ordinates. 

Before  proceeding  to  give  examples  of  tlie  application  of 
analysis  to  detennine  the  form  of  curves  when  their  equations 
are  given,  I  shall  say  a  few  words  on  the  principles  of  the 
interpretation  of  symbols  in  analytical  geometry,  as  a  know, 
ledge  of  these  is  requisite  for  the  understanding  of  the  views 
which  I  have  adopted  botli  in  the  preceding  and  in  the  fol- 
lowing pages. 

By  the  principles  of  the  Geometry  of  Descartes,  the 
position  of  a  point  in  a  plane  is  known  when  its  distances 
from  two  axes  Oa\  Oy  intersecting  each  other  at  right  angles 
are  known ;  and  a  curve  is  defined  as  a  series  of  points  for 
which  there  exists  the  same  relation  between  the  ordinate 
y  and  the  abscissa  .r.  This  relation  is  expressed  by  means 
of  an  equation  /(.r,  ^)  =  0  between  .x,  y  and  constants,  which 
is  called  the  equation  to  Uic  curve.  If  we  assign  a.  series 
of  values  to  one  of  tlic  two  variables  x  and  y,  the  corre- 
sponding values  of  the  other  can  be  found  by  means  of  the 
equation  /(^i  y)  =0:  now  so  lung  as  we  consider  this  only 
as  an  arithmetical  equation,  the  only  values  of  w  and  y 
which  we  can  use  are  positive  numbers.  If  we  agree  that 
tile  values  of  le  are  to  represent  lines  measured  from  O 
(fig.  4<>)  along  Oa;,  and  values  of  y  lines  measured  from  0 
along  Oy,  we  can  by  means  of  the  arithmetical  values  alone 
of  tc  and  y  determine  the  positions  of  all  points  within  the 
angle  wOy.  But  the  equation  /(*,  y)  =  0  for  any  value  of 
one  variable  will  frequently  give  an  expression  for  the  other 
variable  which  is  not  arithmetical,  such  aa  -  o  or  (-o*)l,  or 

mor*  generally  (+0")".     Now  there  is  ud  neeesaiiy  for  in-   . 
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^^_         there 


terpreting  these  expressions  which  are  uninterpretable  ia 
arithmetic;  but  it  is  clear  that  we  shall  gain  an  advantage 
in  the  generalization  of  our  results  if  we  are  able  to  interpret 
these  expressions  in  any  way  consistent  with  the  original 
definition  of  the  symbols  employed.  It  was  soon  seen  by 
the  early  cultivators  of  this  geometry  that  the  firBt  of  these 
expressions  {—  a)  could  receive  the  geometrical  interpretation 
that,  if  a  represented  a  line  measured  in  one  direction,  (—  a) 
represented  the  same  length  of  line  measured  in  Ihe  opposite 
direction.  This  extension  of  the  interpretation  of  the  sym- 
bols is  of  great  importance,  since  it  enables  us  to  express 
by  the  one  eqnation, /{jf,  y)  =0,  the  position  of  a  point  in 
all  parts  of  the  plane  in  which  the  axes  O.v  and  Oy  lie; 
and  no  curve  is  considered  to  he  completely  traced  unless 
the  negative,  as  well  as  the  positive,  values  of  the  variables 
be  taken  into  account.  This  however  is  merely  a  matter 
of  convention,  and  we  might,  if  it  were  thought  proper, 
restrict  ourselves  to  the  positive  values  of  the  variables  and 
confine  the  curve  to  the  angle  j:Oi/.  If  instead  of  inter- 
preting (-o)  to  mean  the  measuring  of  the  length  a  in  a 
direction  opposite  to  that  originally  t:iken,  we  use  the  more 
general  definition  that  —  a  means  that  the  line  a  is  to  be 
turned  round  through   two  right  angles,    we  are  led  to  the 

general  interpretation  of  such  an  expression  as  (+  iz')",  viz, 
that  the  line  o  is  to  be  turned  round  through  the  n'"  part 
of  four  right  angles.  This  gives  us  a  farther  extension  of 
the  use  of  the  equation  f[x,  y)  =  0;  for,  as  the  turning  of  a 
line  through  a  given  angle  ia  not  confined  to  any  one  plane, 
we  are  enabled  to  express  by  the  equation  to  the  curve  the 
position  of  a  point  situate  in  any  part  of  space.  To  explain 
this,  let  us  suppose  that  for  a  value  ,r  =  a,   we  obtain  a  value 

y=  (+)"b;  this  implies  that  the  length  b  is  to  be  measured 
not   along   the  axis  of  y,   but    along   a  line  inclined    to   it 

at  an  angle  —  Stt:  but  as  the  axes  are  supposed  to  remain 

perpendicular  to  each  other,  tiiis  angle  must  be  taken  in  a 
plane  perpendicular  to  that  of  the  original  axes.  Hence,  if 
there  be  a  series  of  values   of  p    all    afTected  by   the  same 


I 


qusntity  (+)",  they  will  give  rise 
lying  in  a  plane  inclined  at  an  angl 


I  branch  of  the  curve 
>T  to  the  plane  of  the 


original  axes.  If  for  diffc'retit  values  of  iv  the  index  of  + 
change  its  value,  the  branch  does  not  lie  in  one  plane,  but 
is  a  curve  of  double  curvature. 

This  use  of  the  interpretation  of  the  symbol  (+  a")'  has 
not  been  generally  adopted,  but  it  is  quite  as  legitimate  an 
extension  as  that  of  the  negative  values  of  the  variables, 
and  for  the  thorough  understanding  of  the  course  of  a 
curve  it  is  quite  as  necessary.  For  all  the  ordinary  pur- 
poses however  of  the  equations  to  curves  it  is  sufficient  to 
use  only  the  positive  and  negative  values  of  the  variables, 
and  to  these  I  shall  restrict  myself,  only  observing,  that 
when  such  an  expression  as  (~  o')l  occurs,  it  is  not  to  be 
called  imaginary,  nor  is  the  curve  to  be  said  therefore  to 
have  no  existence  for  that  value;  but  it  ia  to  be  interpreted 
OS  indicating  that  the  curve  there  leaves  the  plane  of  the  axes, 
which  for  convenience  I  shall  call  the  plane  of  reference. 

The  student  who  wishes  for  more  information  regarding 
the  general  interpretation  uf  formulae  in  Analytical  Geometry 
is  referred  to  a  paper  by  the  Abbe  Bude  in  the  Philosophical 
Traruactiona  for  1806,  to  Mr  Warren's  Tract  on  the 
Geometrical  InterpretatiMi  nf  Imaginary  Quantities,  and 
to  the  Cambridge  Mathematical  Journal,  Vol.  I.  p.  259,  and 
Vol.  II.  p.  103  and  p.  15^:  the  last  two  papers  being  by 
Mr  Walton. 

When  we  proceed  to  trace  a  curve  from  its  equation  it 
is  advisable  in  the  first  place  to  solve  the  equation  with 
respect  to  one  or  other  of  the  variables,  if  the  solution  be 
in  a  form  which  enables  us  to  determine  readily  its  value 
for  different  values  of  the  other  variable.  After  that  we 
may  proceed  in   ihe  following   way. 

1.  If  jf  be  the  variable  which  is  expressed  in  terms 
of  x,  assign  to  .t  uU  positive  values  from  0  to  a>,  marking 
those  which  make  y  =  0,  y  =  X.  or  y  impossible.  The  first 
gives  the  points  where  the  curve  cuts  the  axis  of  ,r,  thi 
second  gives    the    infinite  branches,   and    the  third,  showing 
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where  the  curve  quits  the  plane  of  reference,  gives  the  limits 
of  the  curve  in  that  plane. 

2,  Assign  to  3:  all  negative  values  from  0  to  co,  pro- 
ceeding as  in  the  case  of  the  positive  values  of  ,v.  In  both 
cases  attend  to  both  the  positive  and  negative  values  of  y,  so  as 
to  obtain  the  branches  on  both  sides  of  the  line  of  abscissse. 

3.  Fiud  whether  the  curve  have  asymptotes,  and  deter- 
mine them  if  they  exist. 


mum  and  minimum  points  of  the  curve,   and  the   angles  at 
which  the  curve  cuts  the  axes. 

5.  Find  the  value  of  -— ,  and  thence  deduce  the  nature 

of  the  curvature  of  the  different  branches,  and  the  points  of 
contrary  Jlexure  if  such  exist. 

6.  Determine  the  existence  and  nature  of  the  singular 
points  by  the  usual  rules. 

£x.   J.     Let  the  equation  to  be  discussed  be 


From  its  form  we  see  at  once  that  there  are  always 
fur  each  value  of  w  two  values  of  t/  equal  but  of  opposite 
signs ;  hence  the  curve  is  symmetrical  with  regard  to  the 
axis  of  .V, 

Let  01  be  positive;  when  a>  is  between  0  and  a,  y  is 
impossible,  and  the  curve  does  not  exist  in  the  plane  of 
reference :  when  w  =  a,  y  =  0 :  when  ai>n,  y  is  possible^ 
and  increases  without  limit  as  ^  so  increases. 

Let  .T  be  negative;  when  x  is  between  0  and  b,  y  ia 
impossible,  and  there  is  no  branch  in  the  plane  of  refer- 
ence: when  jf  =  6,  y  is  infinite :  when  .v>b,  y  increases 
without  limit  as  x  bo  increases.  Hence  it  appears  that  the 
curve  has  six  infinite  branches. 

Since  .v  =  -  b  makes  y  infinite)  the  ordinate  at  lliat  point 
is  an  asymptote.     Also  since 
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iraj 


-^'(■n)"' 


'  (.  +  4)1 

on  expanding,  and  neglecting  negative  powers  of  J',  we  find 

j-iCr-Ji) 
as  the  equation   to  two  aaymptotes  inclined  at   aoglea  +  45* 
and  —  45°  to  the  axis  of  ,r. 

On  combining  the  equation  of  thi§  asymptote  with  that 
of  the  curve,   we  find  that  there  is  a  value  of  w  correspond- 
ing to  an  intersection  of  the  curve  with  the  asymptote. 
Differentiating  the  equation  to  the  curve,  we  find 

*  d^  "  {^  -  a")i  (a  +T)* ' 

This  equated  to  zero  gives  a  cubic  equation,  which 
must  have  one  real  root  negative,  since  all  the  terms  of 
the  numerator  are  positive:  thia  indicates  a  minimum  ordi- 
nate. The  course  of  the  curve  shows  that  the  other  two 
roots  of  the  cubic  must  be  impossible. 


When   IT  =  o, 
at  right  angles. 


is  infinite,  or  tbe  curve  cuts  the  axil^J 


,<^y. 


The  value  of   — --  shows   that  the  curve  is  always  con-l 

dor  '  ' 

cave   to  the  axis  of  x  when  'x  is  positive,  and  convex  when   i 
it  is  negative. 

The  form  of  the  curve  is  given  in  fig.  43,  where  OA  =  a, 
OB  =  6 ;  ON  is  the  abscissa  corresponding  lo  the  intersection 
of  the  curve  with  the  asymptote;  and  OM  is  die  abscissa  of  _ 
the  minimum  ordinate. 

(9)     Let  the  equation  to  tiie  curve  be 

This  curve,  see  fig.  ^,  has  four  infinite  branches,  aoA 
■he  equations  to  its  asymptotes  are 


ItfiO 


The  curve  cuts  the  axis  of  .e  at  right  angles  at  the 
origin,  and  at  distances  +  a  and  -  a  from  the  origin :  at  the 
latter  two  points  there  are  points  of  contrary  flexure,  while 
the  origin  is  a  cusp.  There  is  a  maiiiinum  value  of  y  cor- 
responding to  a  value  of  ,v  between  0  and  —  n. 

(3)  .ry*  +  3a't/  -  (P*  =  0. 

Solving  the  equation  with  respect  to  y,  we  fiod 


When  r  =  0,  y  =  0,  and  y  =  -  m  .      This  will  be  readily 
en  by  putting  the  original  equation  under  the  form 


which  when  ■%  =  o  gives  y  =  0,  and  y  +  —  =  0  or  y  =  —  ta- 

To  determine  the  effect  of  increasing  .t  positively,  let  us 
consider  the  two  values  of  y  separately.  Taking  the  upper 
sign  and  expanding  the  radical  in  ascending  powers  of  a;  we 
have 

a'       a*  f         1   ,t'  1  . 1      ai"  \ 

x       a;  \        2  a'       a'.  1  . 2  a'  / 


or   y  = 


2".  1 .  a  o* 


I-  &c. 


Now  when  .v  is  small,  the  first  term  gives  the  sign  to  the 
series,  and  y  is  therefore  positive;  and  as  no  value  of  o!  can 
make  y  —  O,  this  branch  of  the  curve  lies  always  in  the  first 
quadrant,  and  extends  to  infinity,  since  y  •»  co  ,  when  a;  =  to  , 

Taking  the  lower  sign  and  expanding  the  radical  in 
descending  powers  of  .r,  we  have 

a'         r        I   o*      ^     \ 

.T  V  2    «*  / 

which  when  ^  =  co    is   negative   and  infinite :   expanding  in 
ascending  powers  of  ir,   we  have 


y=  ' 


/I    .T^ 


I  Stc. 
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which  when  .1=0  is  negative  and  infinite;  hence  this  brandi 
lies  wholly  in  the  fourth  quadrant. 

For  the  negative  vuliies  of  ai  it  is  sufficient  to  observe  that 
as  the  original  equation  remains  unchanged  when  —  ,v  and  —  t/ 
are  substituted  for  +  .v  and  +  j/,  it  follows  that  the  opposite 
quadrants  arc  symmetrical,  and  we  need  therefore  only  investi- 
gate the  form  of  the  curve  in  the  firsi  and  fourth  quadrants. 

To  determine  the  asymptotes :  since  y  =  —  co  when  .v  =  0, 
the  axis  of  p  is  an  asymptote  to  the  branch  in  the  fourth 
quadrant :  also  by  expanding  the  value  of  y  in  descending 
]>owera  of  x  we  have,  neglecting  the  terms  involving  negative 
powers  of  x. 


as  the  equations  to  two  other  asymptotes. 

Differentiating  the  value  of  y,  we  find  that  at  the  origin 
'-  =  0,  and  therefore  that  the  curve  then  touclies  the  axis  of  *. 


da) 

We  also  find  a  minimum  value  for  y  when  .v  ^  ±  sla 

minimum  value   of  y  belongs   only  to  the  branches 

second    and   fourth   quadrant; 

the  first  and   third  quadrants. 


This 

the 

and  not    to    the  branches   in 


Without  proceeding  to  find  the  value  of 


difficult  to  see  that  at  the  origin  there  is  a  point  of  contrary 
flexure,  since  the  curve  there  both  touches  and  cuts  the  axis 
of  X.     The  form  of  the  curve  is  given  in  (fig,  45). 

When  the  equation  cannot  Ik  solved  with  respect  to  ono 
or  other  of  the  variables,  it  is  necessary  to  have  recourse  to 
particular  artifices  suited  to  the  case  under  consideration. 

(4)     Let  the  equation  to  be  discussed  be 
ar*  -  Saxy  +  y*  =  0. 
When  w=0,  ynO;    the   mnltiphcity  of  values  of  y   shows 
that  there  ia  a  multiple  point  at  the  origin.     Differentiating, 
wc  hove 

dy      ay 


when  *  =-  0,    jr  =  0. 
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To  find  the  true  value  of  this  fraction,  differentiate  its 
numerator  and  denominator  ;  then 

f  dy 

dy  dx 

dw  dy 

therefore  when  ar  =  0, 

which  as  2^  a  0  when  /p  «=  0,  gives 

dy  ^  dy  _ 

dw  dx 

therefore  at  the  origin  one  branch  touches  the  axis  of  w  and 
the  other  that  of  y. 

To  find  the  points  where  the  tangent  is  parallel  to  the 

dy 
axis  of  X  make  -—  «=  0,    whence  ay  «=  a?* ;    substituting  this 

dx 

value  in  the  equation  to  the  curve,  it  becomes 

ofi  -  2o'^  =  0; 
whence   cT  =  0,        o?^  =  2  a^. 

The  former  value  gives  the  origin;  the  latter  gives  one 
possible  value  x  =  2ia,  to  which  corresponds  y  =  25a.  From 
the  symmetry  of  the  equation  it  is  easy  to  see  that  the 
curve  is  parallel  to  the  axis  of  y  when  y  =  2ia  and  x^9Sa. 
Hence  it  appears  that  in  the  first  quadrant  there  is  a  closed 
curve  forming  a  loop  which  at  the  origin  touches  the  two 
axes. 

To  find  the  asymptotes  put  y  =  zx^  then  we  have 

^az  Saz"' 

When  «  =  —  1  both  x  and  y  are  infinite.  The  expression 
for  the  intercept  of  the  tangent  on  the  axis  of  x  is 

—  Saz 


_  —  a    when  ijr  =  —  1. 
jr*-2 


TBAtilNO    or    ClTRTEa.  188 

Therefore  n  line  inclined  at  an  angle  of  iSS"  to  the  axis 
of  X,  and  cutting  it  at  a  distance  -a  from  llie  origin,  is  an 
asymptote  to  the  curve.  For  the  form  of  this  curve,  see 
(fig.  SI). 

(5)     The  form  of  the  curve  whose  equation  is 
(»  +  &)  y'  ■>  (iP  +  a)  »',     6  >  a, 
is  given  in   (fig.  47),   where  OB^b,    OA—a. 

The  reader  will  find  a  great  variety  of  curves  discussed 
in  the  work  of  Cramer,  before  referred  to.  Tor  lines  of  the 
third  order  he  may  consult  Newton's  EjiumeralUi  Ltnearum 
Tertit  Ordinie,  and  Stirling's  Commentart/  on  that  work 

Sect.  2.      Curves  referred  Co  Polar  Co-ordinates. 
When  the  equation  to  a  curve  is  given  by  an  equation 

>■-/(«). 

a  died  point  is  to  be  taken  as  origin,  and  a  Kxed  line  passing 
through  it  as  the  axis  from  which  6  is  to  be  measured.  The 
values  of  6  which  make  f{0)  =  0  are  then  to  be  found;  these 
give  the  angles  at  which  the  branches  of  the  curve  which 
pass  through  the  origin  cut  the  axis.  By  giving  to  0  the 
\alues  0  and  nir  wo  find  the  values  of  r  when  the  curve  cuts 
the  axis ;  and  by  giving  to  0  the  value  ^  (2n  +  l)  tt  we  find 
the  values  of  r  wlien  the  radius  is  perpendicular  to  the  axis. 

By  making  ~7^"^  ^^  ""d  the  values  of  9,  for  which  r  is  , 

a  maximum  or  minimum,  After  determining  these  points  in 
the  curve,  the  asymptotes,  both  rectilinear  and  circular,  are 
to  be  sought  out;  and  when  these  are  known  there  will 
generally  he  little  difficulty  in  finding  the  form  of  the  curve, 
ejicept  when  singular  points  occur;  and  these  arc  to  be 
investigated   by   the  usual  process. 

It  is  to  be  observed  that  in  all  cases  we  must  substitute 
both  positive  and  negative  values  of  Q,  and  that  when  the 
result  gives  a  negative  value  for  r,  it  is  to  be  measured  nii 


J 


lU 
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if  this  be  not  attended 
spires,  and  will  appear  to 


the  radius  vector  produced  back 
to,  the  curve  will  want  branche: 

be  discontinuous.  Some  authors  neglect  the  negative  values 
of  r,  and  trace  the  spiral  only  with  the  positive  values  of  the 
radius  vector;  that  this  is  an  incomplete  mode  of  tracing  the 
curve  may  easily  be  seen  by  transferring  the  equation  from 
polar  to  rectilinear  co-ordinates,  when  it  will  be  found  that, 
according  to  the  principles  of  interpretation  used  fur  the  latter, 
the  tracing  of  the  curve  from  its  rectilinear  equation  will  give 
more  branches  than  that  from  the  polar  equation.  The  re- 
mark which  was  made  regarding  the  interpretation  of  the 
symbols  in  rectilinear  co-ordinates  applies  equally  to  polar: 
there  is  no  necessity  for  interpreting  all  the  symbols  which 
arise  in  our  operations,  but  we  gain  much  in  the  generality  of 
our  formuliE  when  we  do  interpret  them,  and  we  should  sacrifice 
many  advantages  by  not  doing  so  *. 

Ex.  (I)     Let  the  equation  to  the  curve  be 
r  =  a  cosO  +  b,      a  >  b. 
When  0=0,     r  =  «  +  6,  a  maximum. 

From   6  =  0  to  0  =  co3~'(  —  1,    which    is   an    angle   in 
the  second  quadrant,  r  is  positive  and  continually  diminishing 

till  when  e  =  cos"'  I ]   it  is  equal  to  0,  and  therefore  the 

curve  passes  through  the  pole  cutting  the  axis  at  an  angle 
whose  cosine  is . 


ri 


From  e-cos"'  I — j  to  0  =  ir,  r  is  negative  and  in- 
creasing, and  being  measured  on  the  radius  vector  produced 
backwards  it  traces  out  the  portion  OEB  (fig.  42)  of  the 
curve ;  and  when  0  =  ir,  r  =  -  (o  -  6)  =  OB. 

'  li  hai  been  usual  unong  wrilat*  on  this  Bubject  lo  neglect  ihe  negative  valun 
of  r  and  to  la  deprive  the  ctuvea  of  theii  due  allDWancc  of  branches  :  a  marked 
iiulaoce  of  Ihii  ma^  be  aeen  in  [lie  spiral  uf  Atchitncdet,  wliich,  as  usuBily  traced, 
appeanihom  of  one  half  of  its  length.  Profeiior  De  Maigaa  is,  lo  far  h  I  know, 
the  only  Kiiuj  who  hag  iaaiited  on  iho  interpreiuion  of  negative  vftluei  of 
IiSb  Diff.  CiUc.  p.  34^. 
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From  0  =  IT   to  ( 


'  ( 1    ill   the    third   quadrant 


r  is  still  negative  and  diminishing,  and  traces  out  the  portion 
BFO  of  the  curve. 


When    Q  =  cos"'  {  — 


again  through  the  pole,  cutting  the  axis  at  the  s 
as  before,  but  measured  in  the  opposite  direction. 


and    the    curve    passes 
.gle 


From  e  =  < 


»-(-^)-- 


third  quadrant   to  d^Sn- 


r  is  positive  and  increasing,  till  it  again  reaches  the  maximum 
Titlae  a  +  ft  or  OJ,  after  tracing  the  portion  OGHA  of  the 
curve.  On  increasing  the  values  of  B  the  same  values  of  r 
recur,  showing  that  the  curve  is  complete;  and  it  is  obviously 
unnecessary  to  give  to  Q  negative  values,  since  these  will  give 
the  same  values  for  r  as  the  positive  values  Hit  —  9  have  done. 
When  a  =  b  the  smaller  oval  OEBF  vanishes,  and  the 
point  O  is  a  cusp;  the  curve  then  becomes  the  common  car. 
dioid. 

(9)     Let  r=aiiin3$  be  the  equation  to  the  curve. 

r  -  0  when  39  =  n-tr;  that  is  for  0=0,  0=  -,  9  •= -^  , 


When  0  =■  Ztt  or  upwards  the  same  series  of  values  again 
recur.  The  curve  therefore  passes  six  times  through  the  pole, 
and  as  r  never  becomes  infinite,  it  must  consist  of  nix  equal 
loops  arranged  symmetrically  round  that  point.  A  little  con- 
^deration  will  show  that  the  form  of  the  curve  is  that  given  in 
fig.  49. 

This  curve  belongs  to  a  class  represented  by  the  general 
equation  r  =  a  sin  vi6,  the  properties  of  which  have  been  very 
elaborately  treated  of  by  the  Abbe  Grnndi,  in  a  paper  in  tbi: 
Philoeophicnl  Transactions  for  1723,  and  in  a  book  called 
rather  quaintly  Flores  Geomefriri.  From  a  fanciful  notion 
that  these  curves  resembled  the  petals  of  roses,  he  gave  them 


-  -^  - 
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the  name  of  "  RIiodoneEc,"  and  endeavoured  to  trace  analogies 
between  them  and  the  flowers  after  which  he  had  named  them, 
The  first  paragraph  of  his  paper  in  the  Philosophical  Trans- 
actiojis  will  give  an  idea  of  his  way  of  treating  the  subject : 
"  Suos  Geometria  hortos  habet  in  quibus,  {emula  (an  potius 
magistra  P)  naturce,  ludere  solet,  sua  ipsius  manu  flores  clegan- 
tissimos  screns  irrigans  enutrienB ;  quorum  contemplatione 
cultores  suos  quandoqiie  recreat  ac  summa  voluptate  per- 
fundit." 

(3)      Let  the  curve  be 

r=  a  (sin  20  —  sin  0)  =  a  sinS  (2  cos0—  l), 
r  is  equal  to  0  when  ain0  =  o  and  cosd^^,  or  when 


The  values  of  r  recur  when  Q  =2iri  and  as  r  never 
becomes  infinite,  it  appears  that  there  are  four  loops  arranged 
round  the  pole,  one  pair  being  Bmeller  than  the  other. 

From  0=0  to  S^^ir,  r  is  positive. 

From  9  =  ^7r  to  6  =  IT,  r  is  negative  as  2cos9-l  is 
negative,  and  sin  6  is  positive. 

From  0  =  TT  to  6  =  — ,  r  is  poeitive,  since  both  factors 
are  negative. 

From  0=  —  to  0  =  27r,  r  is  negative.  • 

The  form  of  the  curve  is  easily  seen  to  be  that  in  (fig.  50). 

(l)     Let  the  equation  to  the  curve  be 

»--o(Wn0-l)  (fig- +8). 

When  9  =  0,  r=  -a  "OB  if  OA  be  measured  in  the 
positive  direction. 

From  0  =  0  to  0  =  ^v,  r  is  negative  and  decreasing,  and 
traces  out   the  portion   BDO  of  the  curve. 

When  0=lir,  r  -  0,  and  the  curve  passes' tlirough  the 
pole,  cutting  the  axis  nt  an  angle  of  i^". 

From  6  =•  ^ir  to  0  =  ^  jr,  r  is  positive  and  increasing,  and 
traces  out  the  portion  OEL. 
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When  9  =  ^fl-,  r  =  «.     To  see  whether  thit 

i  corresponds 

to  an  asymptote  we  must  find  r'  -r-. 
dr 

No.                       ^^.„„^..„.9,, 

.herefo.     .^ '!'' =  "' ,<'»°  "  " '>"  =  "  <""  « - 

»»>■,„ 

3(1  +  tan'  9)        (sin'fl  +  cos'  6) 
when  B  =  ^tr.     Therefore  AL  drawn  perpendicular  to  the  axis 
at  a  distance  OA  =<  a  is  an  asymptote  to  the  curve. 

From  01=-  to  9=  — ,  T  is  negative  and  diminishing, 

and  it  traces  out  the  portion  KHACO :  the  prolongation  AK 
of  AL  being  an  asymptote  to  this  branch. 

When  9  =  — ,  r  =  0,  and  the  curve  again  passes  through 

the  pole,  cutting  the  axis  at  an  angle  of  45**, 

From  6  *•  —  to  9  —  — ,  r  is  positive,  and  traces  out  the 

portion  OFNi  and  when  6  =  ^w,  r  »  oo,  and  it  is  seen  as 
before  that  a  line  BN  perpendicular  to  the  axis  is  an  asymp- 
tote. 

From  6^ —  to  9  =  ir,  r  is  negative  and  diminishing, 
and  traces  out  the  portion  MGB. 

When  9  =  2ir  the  curve  joins  on  to  the  first  portion,  and 
is  therefore  complete.  It  is  obviously  unnecessary  to  consider 
negative  values  of  9  as  they  are  included  in  what  has  already 
been  done. 

(5)     Let  the  equation   to  the  curve  be 

,        ,  sin  30 

r'  =  n' ~  . 

cosd 

The  form  of  this  curve  is  given  in  fig.  *(». 
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Sect.  1.     Radius  of  Curvature. 

When  the  curve  is  referred  to  rectangular  co-ordinates, 
if  p  be  the  radius  of  curvature 

w  being  made  the  independent  variable;  and 

.iiiM 

y  being  made  the  independent  variable ;  and 

the  arc  being  made  the  independent  variable. 

If  0y  a  quantity  of  which  both  x  and  y  are  functional,  be 
taken  as  the  independent  variable, 

2\Z 


^       Idx  d'y      dy  d'ai\* 
\de  d^  ~  de  dff- 


') 
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If  tt  e  0  be  the  equation  to  the  curve,  the  following 
expression  for  the  radius  of  curvature  is  frequently  convenient, 
▼iz. 

Kduy  cPu        du  du    d^u         fdu\^  cPwl^ 
dyl    dai^         dx  dy  dxdy       \dx}    dy*j 
1?"  \ldu\^     (du\*Y  ' 

lu)  ^  U)  I 

or,  if  u  consist  of  the  sum  of  two  parts,  the  one  involving  x 
alone  and  the  other  y  alone, 

dy)    'd^'^  Kdi)    d^] 


\0'*  OT 


(l)     In  the  parabola,  the  equation  to  which  is 

ff  «  4m<r, 

_      4  (w  +  xf 

P  « • 

^  m 

(9)     In  the  ellipse  —  +  ^^  =  1, 

p*  « jT*-  -  >    y^nere  e  « -  . 

•^  a^b*  a 

(8)     In  the  rectangular  hyperbola  referred  to  its  asymp- 
totes 

xy  =  m% 


and  ,^ «  (^?!) 


4 


(4)     In  all  the  curves  of  the  second  order  the  radius  of 
curvature  varies  as  the  cube  of  the  normal. 

If  iV  be  the  length  of  the  normal,  AT*  «  y«  i  i  +  f -^  j  I ; 
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and  therefore 


ji 


N' 


P    *  /  J«.,v  1  » 


^m 


All  the  curves  of  the  second  order  are  included  in  the 
equation 

dy 
therefore    y  3-  =  1>  +  9^> 

d*y      (dy\* 


,        d'y      (dyy 


Therefore 

(5)     In  the  cubical  parabola  3a'y  =  <tr% 


P'^  = 


(6)      In  the  semi-cubical  parabola  Say*  =  2 a;', 


(7)     In  the  cycloid  ——  = ; 

dos  y 

fdy\^     2a         d^y  a 

^+     /     =~»       ;r«=--2'     p-  =  8ay, 
\dwj        y  dor         y^ 


C 


(8)     In  the  catenary  y  ==-(€''+€  *'), 

2 
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(9)  In  the  tractory  y  +  (a^  -  j/^p  t^  =  0. 

ax 

Taking  the  expression  for  p  in  which  y  is  the  independent 
variable  we  find, 

(10)  In  the  hypocycloid  w^+  y^  =  a\j     p^  =  9  (o^ry)! 

If  the  curve  be  referred  to  polar  co-ordinates  r  and  0, 
tben 


hDT 


oTf  if  it  be  expressed  by   the  relation  between  r  and   the 
perpendicular  on  the  tangent  (p), 

dr 
dp' 


p  X  r 


(11)  In  the  cardioid  r  =  a  (1  -  cos0), 

(8ar)i 

(12)  In  the  Icmniscate  of  Bernoulli  7*=  a' cos  20, 
dr         (a*-r*)i 


de 


d*r  a'  d'r  «*  +  r' 


(is)     In  the  spiral  of  Archimedes  r  =  aQ, 

_^  (o^+r»)» 
^  "    2a'  +  r»  * 
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(14)     In  the  hyperbolic  spiral  ^  «  ^ , 

u 


r  (a*  +  r»)» 


''  o» 


a* 


(15)  The  equation  to  the  lituus  being  i*  m  —, 

r  (4o*  +  r^)t 
^^  2a*(4a^-r^)' 

(16)  The  equation  to  the  trisectrix  beingrBa(2cos0:bI), 

(5  ±  4  cos  0)*  ^ 

'^"'^5(S±2  CO8  0)' 

(17)  In  the  logarithmic  spiral  when  referred  to  p  and  r, 

r       p 

(18)  In  the  involute  of  the  circle  p*»  t^--  a\  and  /»  =p. 

(19)  The  equation  to  Cotes'  spirals  is  p  «■  -z-~i — 3n » 

r  (o»  +  r*)* 

(20)  In   the  epicycloid 


P 


Therefore     /»  =  p 


c'-a^       (c«  -  a«)l  (r«  -  a*)^ 


c'* 


Sect.  2.     Evolutes  of  Curves. 

When  a  curve  is  referred  to  rectanglar  co-ordinates,  the 
co-ordinates  (a,  /3)  of  its  centre  of  curvature  are  given  by  the 
equations 

Xdop)     dy  \dxl 

d^y         da)  d^y 

dw^  dx^ 
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or,  if  u  =  0  be  the  equation   to  the  curve, 

du  du  jdu\'' d'u         du  du     d'ti       /duy  d'u' 

d.v  dy  \dyi    da^         dai  dy  dsdy     \dx}    dy* 

To  determine  ihc  equation  to  the  evolute  it  is  necessary 
to  eliminate  x  and  y  between  these  equations  and  that  of  the 
given  curve ;  but  the  complication  of  the  formulae  renders 
this  elimination  always  very  troublesome,  and  most  frequently 
impracticable.  The  few  cases  in  which  it  can  be  effected  we 
shall  give. 

(1)  In   the  parabola  ^"=+0,1,  whence 

a  -  S.T  +  2a,        (3=  -  —^i  I 

therefore     x  = ,      y  =  {—  40°  yS)*. 

Sulffitituting  these  values  in  the  equation  to  the  paralxda, 
we  find 

(4«'/3)l=^(«-2«), 

or     270/3"=  4(0- 2a)% 

the  equation  to  the  semi-cubical  parabola. 

(2)  In  the  rectangular  hyperbola  referred  to  its  aaymp 


y»  +  ^        y»+3jl»y  +  S/«  +  .T* 


whence     2a  =  S.r  +  -  ,       2/3  =  3y  +  -  . 
Adding 

or  im'  (a  +/3)  -  (i  +  J,)',     or  ..;  +  J  -  (Sm")'  (o  +  (3)1. 
Similarly,  subtracting 

2m'  (»  -  /3)  -  (»  -  S)*,     or  «  -  }  .  (Sin>)i  (a  -/3)». 
13 


1^ 


194  ON    THE    CURVATURE    OF    CURVED    LINES. 

Adding  and  subtracting, 

2w  «  {2m^)i  {(a  +  jS)*  +  (a  -  /?)*}, 

2y-  (am^i  {(a  +  )3)4-  (a  -i3)i|. 

Multiplying  these  together,  and  observing  that  icy^fn\ 
the  equation  to  the  evolute  is  found  to  be 

(a  +  )3)t  -  (a  -  /3)*  -  (4TO)t. 

(8)  The  equation  to  the  evolute  of  the  ellipse  may  be 
found  in  the  same  manner,  but  it  is  obtained  more  readily 
by  considering  it  as  the  locus  of  the  ultimate  intersections  of 
consecutive  normals,  as  follows: 

Let  a,  i3,  be  the  current  co-ordinates  of  the  normal,  ^,  y 
of  the  curve ;  then  if 

be  the  equation  to  the  ellipse,  the  equation  to  a  normal  passing 
through  the  point  ^,  y  is 

—  ^a^  ~  br.  (2) 

w  y 

Diiferentiating  (2)  and  (l)  with  respect  to  x  any  y, 

o^a   -        V3  ,  Ofdof      ydy 

,  ,    w       a^a  y  b^Q 

whence     \  -  =  -j-,         \  ^  = ^  . 

or       or  o*  y* 

Multiply  by  a?,  y  and  add,  then 

'or"      y'\      a^a      b'(i 

y 


far'      ^\      a'a      b^8 
\ar      b^J       X  y 

Therefore     ar*  =     ,-  .«>     !^  = „  , 

and  substituting  the  values  of  x  and  y  in  (l),  we  find 


ON    THR    fURVATtn 


■I'tlVRD    I.INBt 


(4)     The  equation   to  the  s«tni-cithicn1   parabola  i 
3nf/  =  .r\ 


whence 


/i  - 1  (« +  ■•■) 


and  eliminating  x,  we  obtain  for  the  equation  to  the  evoUite 

8la)y=lfi{2a±(o'-6flo)*}*{±(o^-6oa)*-a(. 

(^)      In  the  hypocycloid,   the  equation  to  which  is 

4^  +  yl  K  ol, 

a  =  ,r  +  S.riyi,       /3  c  y  +  .'J,T*y*, 

Adding  these 

«  +  /3-^  +  y  +  3  (.ry)4  (.i*  +  y^) 

=  (*1  +  y*)  f.r!  +  2  {a7y)l  +yl|  =  (.si  +  y*)'. 
Subtractinff 

«  _  /3  =  .r  -  y  -  -^  (,ry)4  (,.*  -  yi)  =  (,r*  -  yt)'. 
Whence 

»*  +  S*  =  (a  +  ^)*,      4<  _  yi  .  (a  -  ^)i. 
Adding  and  subtrscting  these  equations 
2«*=(a  +  /3)*  +  («-;3)*, 
Syl  -  («  +  /3)*  -(a-  /3)*. 
Substituting  in   the  equation  to  the  hypocycloid 

{(a  + /3)*  +  (« -  3)*r  +  U" + /3)*  -  (« - /3)ir  -  *«», 

or      (a  +  ^)t+  (a~^)'.^2«i, 

which  is  the  equation   to  the  eTolule. 

The   fullowing   method   sometimes  allows   ua   to   find   at 
least   the  differential    equation    of   the    evolute    when   direct 

elimination  would   be  impracticable.     If  we  can  express    — 

■nd  — ~  in  terms  of  one  of  the  variables  only,  we  can  some- 

IS— e 
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times  express  y  or  «  in  terms  ft  or  a:    then  without  find- 
ing the  other  variable  it  is  sufficient  to  substitute  the  values 

dft  dw 

of  1/   or   07  in    the  equation    — —  =  — -- ,   and    we  have   a 
*  ^  da  dy 

differential  equation  in  a  or  ft^  which  is  the  differential  equa- 
tion to  the  evolute. 


V"; 

•^            dw 

y 

» 

•  ^  ©•- 

2a 

y 

9 

d'y 

d«« 

-- 

a 

• 

whence 

y-j3«2y,   or  y 

«. 

-iS. 

Substituting  this  value 

in 

da 

-- 

dw 

dy' 

>  we 

have 

di-ft) 

(- 

-iS) 

da  {2o(-^)-(-^)'}4' 

which  is  the  equation  to  an  equal  and  similar  cycloid,  but  in 
an  inverted  position, 

(7)     The  equation  to  the  tractory  is 

dy  ^  y 

dw  (a'-y')i' 

whence     /3  =  — ,     y  =^  -pr- 

y  ft 

dft  dw 

Substituting  this  value  in   -J-  =  -  -«—  we  find 

da  dy 


a  a 


dft      ift^^  a')^ ' 
which  is  the  differential  equation  to  the  catenary. 

(8)     The  equation  to  the  catenary  is 

dy  c 

dw      (2cw  +  0?^)^  * 
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whence  a?  -  a  «  —  (c  +  ^)   and  x  « , 

2 

,   ^.^  ^.        .  dfi         dw 

substituting  m  -^, » 

da         dy 

^c-^-^  {(a  +  c)»  -  4c*{  *  -  0, 
da 

which  is  therefore  the  differential  equation  to  the  evolute. 

m 

(9)  The  equation  to  the  logarithmic  curve  is  y  s  a^\ 
whence    y  —  B^ —  ,       or    «*-— t/  +  —  «0. 

Fromthis  ..^M^Jli^S 

4 

da 
and     4a-^  + j3±(i3"-8a«)*-0 

is  the  equation  to  the  evolute. 

In  curves  referred  to  polar  co-ordinates  the  most  convenient 
mode  of  fitading  the  equation  to  the  evolute  is  by  the  relation 
between  p  and  r. 

If  p  and  r  be  the  co-ordinates  of  the  curve, 

p^  and  r^ evolute, 

p  be  the  radius  of  curvature;  then  p  »f(r)  being  the 
equation  to  the  curve, 

r*«r«+/t)*-2pp, 

dr 

Between  these  four  equations  we  can  eliminate  ^o,  r,  p, 
and  so  find  a  relation  between  p^  and  r^,  which  is  the  equation 
to  the  evolute. 

(10)  Let  p»  -  r*  -  a\ 
Then    f>  «  p,     r/  «  r*  +  p*  -  2p^ 

and   p^*  cs  r*  -  p'  «  o*. 
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a 

Hence  p  and  r^  being  both  constants,  the  evolute  is  a 
circle. 

(11)     In  the  logarithmic  spiral  p^mvy 

r 
whence     p  =  —  ,     p  *  •»  r*  (1  -  m*), 

r ;  •  r«  +  —  -  2  r«  -  r«  ^^ —^  , 

m  w» 

and    p,^fnr^j 
the  equation  to  a  similar  logarithmic  spiral. 

The  logarithmic  spiral  may  even  be  its  own  evolute ;  that 
is,  one  convolution  of  the  curve  may  be  the  evolute  of  another 
convolution.  To  find  the  condition  that  this  should  be  the 
case,  let  £ 

be  the  equation  to  the  curve.  Let  P  (fig.  52)  be  a  point  in 
the  curve,  PN  the  normal  at  that  point  touching  a  point  Q 
in  the  convolution  which  is  the  evolute  of  the  convolution  AP. 
Then  since  the  curve  makes  a  constant  angle  with  its  radius 
vector,  the  angle  SPT  must  be  equal  to  the  angle  SQP; 
that  is,  PSQ  must  be  a  right  angle.  Hence  the  radius  SQ 
is  separated  from  the  radius  SP  by  some  whole  number  of 
circumferences  together  with  three  right  angles,  or  if 

ASP^e,     ASQ^e-  (4r  +  S)-. 
If  5P=r,    and    SQ^r^^ 

r  =  e" ,      r  =  €**       **     *  . 
But  Q  being  a  point  in  the  evolute,  r  s  ar^,  so  that 

6  d       4r-H3  IT 

e«  =  a  e«  "  ~«~  *  ; 

4r  +  3  IT 


whence     a  ■=  €    "      *, 

(4r  +  3)- 
or     a''  =  €  « 
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which  is  the  condition  that  the  parameter  a  must  satisfy  in 

e 

order  that  the  spiral  whose  equation  is  r «  e^  may  be  its 
own  evolute. 

(12)     In  the  Epicycloid    p*^—^ — ,     , 


,      .  c*  -  a« 


(_^.a)(.*_«0 


o» 


-  (o*  +  c»  -  r»). 
c* 

Substituting  for  e^  ^f*  its  value  in  terms  of  p^, 
which  is  also  the  equation  to  an  epicycloid. 


CHAPTER  XIII. 

APPLICATIONS     OF    THB    DIFFERENTIAL    CALCULUS     TO    GEOMETRY 

OF    THREE    DIMENSIONS. 


Sect.  1.      Tangendes, 

If  F(cP,  y,  «)  =  0 

be    the  equation   to  a  curved   si^rface,   the   equation   to  the 
tangent  plane  at  a  point  m^  y,  «  is 

where  w\  y\  %'  are  the  current  co-ordinates  of  the  tangent 
plane,  ^,  y,  z  those  of  the  point  of  contact. 

If  the  equation  to  the  surface  consist  of  a  function 
homogeneous  of  n  dimensions  in  ^,  y,  x  equated  to  a  con- 
stant, the  equation  to  the  tangent  plane  becomes 

,dF       ,dF       ,dF 
ax  ay  d% 

F  (tr,  y,  «)  =  c  being  the  equation   to  the  surface. 

If  p  be  the  perpendicular  from  the  origin  on  the  tangent 
plane, 

dF        dF        dF 

•^:r-  +  y-7-"  +  «^-r 

dx  dy  dz 

and  if  the  function  be  homogeneous  of  n  dimensions, 

nc 
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The  equations  to  a  normal  at  a  point  Wj  y^  z  are 

a?'  —  »r      y  —y      »'  -  flf 
dF    *"    dF  ^    dF 
dx  dy  dz 

Ex.    (1)     The  equation  to  the  Ellipsoid  being 

a^     y"     ^ 

that  to  the  tangent  plane  is 

waf      y%f      zx 

The  perpendicular  on  the  tangent  plane 'from  the  origin 
is  given  by  the  equation 

1        /a^      y*      «*\i 

^  "  V  ■*"  6"*  ■*■  ?J  • 

If  we  wish  to  find  the  locus  of  the  intersection  of  the 
tangent  plane  with  the  perpendicular  on  it  from  the  centre, 
we  have  to  combine  the  equation  to  the  tangent  plane, 

^«v'      yy       zz' 

a*        6*        c" 

with  the  equations  of  a  line  perpendicular  to  it,  and  passing 
through  the  origin 

oV      6V      ^' 

m  y         z    ' 

These  last  may  be  put  under  the  form 

ax'      by'      cz'      .,,,.,.  ^       ,  ,,,i 
,r         y        » 
a         b         c 

a?      ^      sf 

since    --  +  t;  +-;  =  1- 
ar      o*      cr 

Multiplying  each  term  of  the  equation  to  the  tangent  plane 
by  the  corresponding  member  in  these  last  expressions,  x^  y,  z 
are  eliminated,  and  we  have  for  the  locus  of  the  intersections 
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This  18  the  equation  to  the  surface  of  elasticity  in  the 
wave  Theory  of  Light. 

(s)     Let  the  equation  to  the  surface  be 

wyz  «  m^ 

The  equation  to  the  tangent  plane  is 

m'     v'     z' 

-  +  -  +  -  -  S. 

wyz 

The  intercepts  on  the  tangents  are 

and  the  Tcdume  of  the  pyramid  uiduded  between  the  tangent 
plane  and  the  co-ordinate  planes  is  — —  «  — . 

The  volume  of  this  pyramid  is  smaller  than  that  of  any 
other  pyramid  formed  with  the  co-ordinate  planes  by  a  plane 
passing  through  the  point  w^  y,  z. 

The  length  of  the  perpendicular  from  the  origin  is 
given  by 

L    1/1     2_     n* 

p     s  \^     ^     sfl  ' 

(3)  The  equation  to  the  Cono-Cuneus  of  Wallis  is 

(a*  -  a?^)  y>  -  c»««  =  0, 

and  the  equation  to  the  tangent  plane  is  therefore 

y'afa  —{(f  —  of)  yy  +  c^zz' «  «*y*. 

(4)  The  equation  to  the  hilifoide  gauche  is 

and  the  equation  to  the  tangent  plane  is 

and  the  perpendicular  on  it  is 

^°(A'Wr-)r  where  r'-^+y'. 
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(5)     The  equation  of  the  hilifoide  diveloppable  is 

"""{-A a r^««{^ a )-"• 

The  cosine  of  the  angle  which  the  tangent  plane  makes 
with  the  plane  of  ofy  is 

dF 

dx 


Let 


d^]  ^  UJ  +  U;  I 


h 

a 

=  tr, 

i.ii<:u 

dF 

sin 

6- 

Of  (w  cos  0  — 

y  sind) 

dar 

o(a?*+y* 

-o»)*     ' 

dF 

COS 

e- 

y  (a?  cos  0  — 

y  sin  d) 

dy 

a(tr*  +  y* 

-a»)i    ' 

dF 
d» 

2ir 

h 

(o;  COS  0  -  y  sin 

9). 

Now    (.r  cos  0  -  y  sin  0y  =  a^cos^0  +  y*  sin*  0  -  2«i7y  sin  0  cos  0, 
and  from  the  equation  to  the  surface 

2*y  sin  0  cos  0  «  a*  -  a?*  sin*  0  -  y*  cos*  0 ;    therefore 

(«  cos  0  -  y  sin  0)*  —  oj*  +  y*  -  a*.     Hence 

d/'  J7  dF  ^     y 

-^—  «  sin  0  -  -  ,         -J—  s  cos  0  — , 
da  a  dy  a 

dF      2ir 


dz        h 


(^  +  y*  -  ay. 


From  these  expressions  the  cosine  of  the  inclination  of  the 
tangent  plane  to  the  plane  of  a^y  is  found  to  be 

27ra 
(A*  +  47r*a*)i  * 

The  inclination  is  therefore  constant,  and  equal  to  that  of  the 
helix,  which  is  the  directrix  of  the  surface. 
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(6)  Let  the  surface  be  Fresnel's  surface  of  elasticity,  the 
equation  to  which  is 

The  equation  to  the  tangent  plane  is 

(«r*  -  a")  W+  (21^  -  5*)  yy  +  (2r«  -  c»)  «•-  r^ 
where    r*  •  i»*  +  y*  +  «•. 

The  perpendicular  from  the  centre  on  the  tangent  plane  is 

{a^a^  +  5y  +  &^)i  * 

When  a  curved  line  in  space  is  given  by  the  equations 
of  two  of  its  projections^ 

the  equations  to  a  tangent  at  the  point  4T,  y,  «  are 

The  direction  cosines  of  the  tangent  are 

da  dy  dz 

da  ^         da^         da 

The  equation  to  the  normal  plane  is 

(x'  -  w)  dx  +  (f/  -  y)  dy  +  («  -  «)  d^jr  =  0. 

The  equation  to  the  osculating  plane  is 

{x  -  0?)  (dyd*«  -  dzd^y)  +  (y'  -  y)  (dzdPx  -  dxd^x) 
+  (»'-  «)  {dwd^y  -  dyd^x)  =  0. 

(7)  I^t  the   given    curve  be  the   helix,    the   equations 
to  which  are 

%  ,    z 

,1?  =  a  cos  -  ,  y  =  o  sin  -  . 

h  h 

The  equations  to  the  tangent  are 

h  {x  -  0?)  +  y  (x  -  »)  «  0,       A  (y'  -  y)  -  .r  (»'  -  »)  =  o. 
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If    0     be    tilt 

plane  uf  wy. 


angle   which   the   tangent   makes   wiili   the 


tan  d  -  -  ,  and  is  therefore  constant. 
a 

The  equation   to  the  normal   plane  is 
■ey  -  y*'  +  A  (V  -  Jir)  -  o. 

In  finding  the  equation  to  the  osculating  plane  we  may 
for  simplicity  assume  d"*  =  0,  that  is,  make  x  the  independent 
variable.  This  assumption  readily  gives  us  as  the  equation 
to  the  osculating  plane, 

h{a,y'  -yx)  +  a' (»' -«)  =  0. 
In   both  of  these   equations  if  we   make  je  =0,   y  =  o,   we 
find  x  !=  z\    that   is,  both  planes  cut  the  &r,\s  of  s  at   the 
same   point,   which   is   the  corresponding  co-ordinate  of  the 
point  in  the  curve. 

(8)  Let  a  curve  of  double  curvature  be  formed  by  the 
intersection  of  two  cylinders,  the  axes  of  which  cut  each  other 
at  right  angles. 

The  equations  to  the  curve  are 

w'  +  «'  -  a',     y*  +  at*  ■■  ft'', 
the  point  of  intersection  of  the  axes  of  the  cylinders  being 
taken  as  origin,  and  the  axes  as  the  axes  of  .i^  and  ;/. 

The  equations  to  the  tangent  are 

arx'  +  xx'  •=  a',      yy  +  xx'  =  Ir. 

The  equation  to  the  normal  plane  is 


The  equation    to   the  osculating   plane  h 

independent  variable,  and  therefore  d-x  =  0, 

b*a^ic' -  a-y'y'+  (a'-  b^)z^x''=  a*b'(< 

When  a  curved  line  in  space  is  not  given  by  the  equa- 
tions to  its  projections,  but  by  the  equations  to  any  twt 
surfaces, 


making  x  the 
-6'). 


k. 


F  («,  ji.  »)  -  0,      F,  (»,  !i,  I)  ■  0, 
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dF  ^        dF  ,        dF   , 

— —  da;  +  —  fly  +  — -  de  =  0, 


dar  dy      ^ 


dx 

dFt 

■   rf7' 


ds      dy 


dx 


in  terms 


from   which   equations   we   can  determine  — 

of  a',  y,  ai :  and  these  value§  are  then  to  be  substituted  in 
the  equations  to  the  tangent,  and  to  the  normal  and  oscu- 
lating planes. 

(9)     Let  the  curve  be  that  formed  by  the  intersection  of   ' 
a  sphere  and  an  ellipsoid.      It  is  determined  by  the  equations 


From  theae  we  find 

d-r      a'  6*  —  c'  «  dy      ft'  c'  —  a'  x 

dx      c*  a'—  bi'  ^'  dx      e*  a'  —  ft"  y 

therefore  the  equations  to  the  tangent  are 

^iw'-x}      y  (y'  -  y)       « («'  -  ») 


a*  (6' 


a^ib'-c') 
The  equation  to  the  normal  plane  is 


a') 


l-6'(c'- 


c^a*-b^  - 


This  curve  is  the  epherical  ellipse ;  that  is,  it  is  a  curve 
described  on  the  surface  of  a  sphere  such  that  tiie  sum  of 
the  arcs  of  great  circles  drawn  from  any  point  in  the  curve 
to  two  fixed  points  on  the  surface  of  the  sphere  is  constant. 

(10)  Let  the  curve  of  double  curvature  be  the  equable 
spherical  spiral.  This  is  formed  by  the  intersection  of  a 
sphere  with  a  right  cylinder  the  radius  of  whose  base  is 
one  half  of  that  of  the  sphere,  and  which  passes  through 
the  centre  of  the  sphere.  The  eiiuations  to  the  curve  are 
therefore 

«'  +  y^  +  «*  «  *»"%     y'  +  «■  -  3r», 
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the  axis  of  x  being  taken  parallel  to  the  axis  of  the  cylinder, 
and  the  axia  of  aj  passing  through  the  centre  of  the  base  of 
the  cylinder,     The  equations  to  the  tangent  are 

y  is'  -  y)  =  (r  -  *)  (*'  -  *).     «(«*-«)  =  r  («'  -  x). 

Sect.  2.     Curvature. 
If  a  curved  surface  be  given  by  an  equation  of  the  form 


and  if 


dm 


ds 


^g'.k', 


dT^        '      dxdy       '      rfy 
the  greatest  and  least  radii  nf  curvature  of  the  normal  sections 
passing  through  a  point  tt,  y,  z  are  given  by  the  equation 

p'irt  -«')  -pA  {(1  +  q')r  -2^78  +  (I  +p')(j  +  A*  =  0. 
where  ft  is  the  radius  of  curvature. 

If  the  surface  be  given  by   an  equation  of  the  form 

put 


and  if 
dF 


-U, 


dF 
'dii" 


V, 

d'F 
d^' 
d'F 


dF 
d^ 


-If. 

d'F 

•    rfj/' 

d'F 


[dm  I  ' 


m- 


r^) 


-n 


d^F 


d-F_ 

dyda         '     d«d.v         '     diedy  ' 

the  equation  for  determining  the  radii  of  maximum  and  mini- 
mum curvature  is 


"i'-jK'^ 


-Vti'-Vrt'-Wt 


fl\        pi 


'){" 


''^     -,'UlvU--)-2ti!'!7r[ 


%)("-: 

("-n 
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This  equation  is  much  longer  than  the  preceding,  but 
from  its  symmetry  it  is  more  useful  in  practice,  and  is  very 
fr^uently  much  simplified  by  the  vanishing  of  some  of  the 
quantities  which  it  contains*. 

(l)     Let  the  given  surface  be  the  Ellipsoid, 


Here 


2w 
a* 

2 

2                     S 

tt'  .1  0,  ©'a  0,  W   m  0. 

P 

where  p  is  the  perpendicular  from  the  centre  on  the  tangent 
plane.     Hence  die  equation  becomes 


a«(pp-a*)      ft'Cp/^-fc')      (?{pp-d^ 

,  p      a«6^c» 
or    ^-{a*+6«+c»-(a^+y»  +  «»)J^+— ^=0. 

From  the  last  term  of  this  it  appears  that  the  product 
of  the  greatest  and  least  radii  of  curvature  of  normal  sections 
is  constant  for  all  points  for  which  the  perpendicular  on  the 
tangent  plane  is  constant.  v 

(2)  Let  the  surface  be  the  paraboloid,  the  equation  to 
which  is 


-  +  -  =  ^. 
a      a 


In  this  case 


f7=-l,      F=-5l,      fr=-r, 

a  a 

*  For  a  demonstration  of  this  equation  see  Cambridge  Mathematical  Joumaiy 
Vol.  I.  p.  137.  The  reader  is  referred  also  to  Gregory's  Solid  Geometry,  where 
the  same  equation  is  presented  under  a  more  simple  and  elegant  form. 
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a  a 

71  ^Oy  tj  =  0,  tr  =  0,  -P  «=  - , 

p  having  the  same  meaning  as  before.  Then  the  equation 
for  determining  the  radii  of  maximum  and  minimum  curvature 
becomes 

tF  ad  w^ 


(3)     Let  the  equation  to  the  surface  be 

ofyx  ■■  m^ 

Here     U^yx^  F  «  «4?,  W ■■  wy, 

u  B  0,  «  «  0,  w  =  0, 

tt'  =4?,  t>' »  y,  tr'  =  «. 

Substituting  these  values  in  the  general  equation  for  the 
radii  of  curvature,  it  becomes 

^«  +  2  (aj»  +  y«  +  «»)  L.  +  —.-  «  0. 

P        P 

(i)     The  equation  to  the  Mlifoitte  gauche  is 

Of  cos  n;v  -  y  sin  n;v  a  o. 

U^acosnxj     Fa  -  sinn^y,     VFk  ^n  (x  sin  nz-k-y  cosn^v), 

tt'  —  -  n  cos  n;jf,     t>'  =  -  n  sin  n»y     w'  =  0. 
The  equation  for  detertiaining  p  is  reduced  to 

or  the  two  radii  of  curvature  are  equal,  but  of  opposite  signs. 

In  a  curve  of  double  curvature  the  radius  of   absolute 
curvature  is  given  by  the  formula 


P 

8  being  the  arc. 
14 


r{(S)'*(SMS)]' 
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(5)     Let  the  curve  be  the  helix,  the  equations  to  which  are 

X  X 

«  ■>  a  cos  r-j     y  a  a  sin  •- . 
h  h 

From  these  we  find 

da  y  dy  »  dx  h 

dJ^^Ca'+A*)*'     rf7"*(a*  +  A«)**     57  "  (a*  +  A«)i ' 

YV Hence    -— r« — r — rr,     "Tij  *  —  "5 — n»     jT  ■*  "> 
df         o^  +  A*       d«*         a'  +  A*       d«* 

and  p-> ,  and  is  therefore  constant. 


(6)  Let  the  curve  be  the  equable  spherical  spiral,  the 
equations  to  which  are 

From  these  we  find 

d^a     4r  (r  -  fl?)  -  *-»•       d*y        y    Sr  ^m 

d'iv  « 

Substituting  these  values  in  the  expression  for  the  radius 
of  curvature,  we  find  after  certain  reductions 

1       (lOr  +  3j7)i 
p       (2r  +  w)^ 

The  lines  of  curvature  at  any  point  of  a  surface  are  found 
by  combining  the  equation  to  the  surface  with  the  equation 

U(dVdx^dWdy)  +  V(dWdw--dUdx)  +  W{dUdy  -dYdw)  =  0, 

(7,  r,  fF  having  the  same  meanings  as  before. 

Between  this  equation  and  the  equation  to  the  surface  and 
its  differential  we  can  eliminate  each  of  the  variables  and  its 
diflerential  in  succession,  and  thus  obtain  the  differential 
equations  to  the  projections  of  the  lines  of  curvature  on  the 
co-ordinate  planes. 
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(7)      Let   tlie  surface  be   the  ellipsoid 


(0 


-  .vyO, 


The  lines  of  curvature  are  determined  by  combining  this 
with  the  equation 
(V  -  c*)  xdydx  +  (c"  -  o^)ydad.T  +  (a*  -  b')ixd.tdy  =  0.     (2) 

To  eliminate  a   and  dx.   multiply  by  —  ,   and  substitute 

the  values 

»*  a'      (/'        edx         ado:      ydy 

?'  ^  ~a"~  b"     "^""^  ~  V" 

when  we  obtain 

6»-c»       fdu\'     fa'-c'   .    tf-c"  ,]dy 

as  the  differential  equation  of  Ibe  projection  of  the  lines  of 
curvature  on  the  plane  of  .vy. 

Mr  Leslie  Ellis*  has  found  a  symmctricBl  integral  of  the 
equation  representing  the  lines  of  curvature  in  au  ellipsoid, 
which  I  shall  introduce  in  this  place,  though  it  more  properly 
belongs  to  another  branch  of  our  subject. 

If  in  equation  (2)  we  put 

we  iiod,  after  changing  the  differentials  and  multiplying  by 

4(t*t)«))*       ,        ,     , 

— — ,   that  It  becomes 

abc 

(t^-if)  udndw  +  (r'-«')  t-diodu  +  (</'  -  h")  trdfidr>  =  0,        (,t) 

with  the  relation 

«+«  +  «-=!.  (+) 

Diffi:rentiating  (a),  and  observing  that 

A'  -  r"  +  c*  -  o*  +  a=  -  A'  =  o,  we  get 


»■  .V" 


This  is  satiafiecl  by 


dvdu  = 


dwdu 


dudv 


(fi)i 


/,  g,  A  being  constants.      But  from  {+)  we  liavo 
du  +  do  +  dw  =  0  ;    end   from   (6) 
du  =fdudvdw,      do  =  gdudvdto,     dw  =  kdudvdiv. 
Hence  /  +  g"  +  A  =  0, 

establishing  a  relation  between  /,  g,  h. 

finvr  equation  (fi)  implies  two  linear  equations  connecting 
«,  V,  w.     Therefore  a  portivular  solution  of  (3)  is  two  linear 
equations  connecting  the  three  variables,  but  the  given  equa- 
tion (4)  is  linear,  and  therefore  the  solution  in  question  is  the  , 
one  congruent  to  the  problem.     The  other  linear  equation  isd 
found  by  eliminating  the  differentials  from   (S)   by  means  ofl 
(6).     The  result  is 


(6'. 


v')  -+(.'- 


t")- 


.(.'-fc')-,=0; 


or,  putting  for  «,  i-,  m'  their  Ta!u< 


,  +  («^  -  6') 


c"A 


This  is  evidently  the  equation  to  a  cone  of  the  secondl 
degree,  having  its  vertex  in  the  centre  of  the  ellipsoid ;  amlfl 
the  lines  of  curvature  are  determined  by  the  intersection  off 
this  cone  with   the  ellipsoid. 

(8)     Let  the  surface  be  the  paraboloid 

-  +  ^^  _  ,r  =  0. 

The  general  differential  equation  to  the  lines  of  cun 
will  be  found  by  combining  tliiH  with 

(a-  a)  dzdtf  +  Syd.cdnt-  Qiedydo!  =  0. 

Multiplying  by  z  and  eliminating  that  variable  and  its  J 
differential,  we  obtain  for  the  differential  equation  of  the  1 
projections  of  the  lines  of  curvature  on  the  plane  of  wy. 
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i^'Q^i-' 


The  equation  to  the  projection  on  yz  is 
y«  /dx\*     fa -a      ar*      r\  dy      y 


y»  Idzy      la  -0 


'  dx 


(9)  Let   the  equation   to  ihc  surface  be 

syx  =  ra^ 

Then  U  =  yz,      V  =  xo!,      \V  ■=  xy. 

Substituting  these  values  in  the  general  equation  tu  lines 
of  curvature,  we  find  after  some  reductions, 

•    «  (y*  -  «(•)  dydx  +  y  (a*  -  j*)  d«d.v  +  «{«*-  y')  d.xdy  =  0, 

which  combined  with  the  equation  to  the  surface  gives   the 
lines  of  curvature. 

(10)  Dupin  in  his  Diceloppemvntu  de  Ginmilrie,  (>.  Hfi, 
has  demonstrated  the  following  very  remarkable  tlieorem 
relative  to  the  lines  of  curvature  on  surfaces:  "If  there  be 
three  systems  of  surfaces  which  intersect  each  other  at  right 
angles,  any  two  of  them  will  trace  on  the  third  its  lines  of 
curvature." 

Lei  the  three  systems  of  surfaces  be  represented  by  the 
equations 
/(*.y,«)-c.  {!)    /,(.r,y,«)=c,.  (2)    M>',y,'i)=c,,    (s) 

f^i  ('it  *^t  being  the  variable  parameters  by  which  each  individual 
in  each  system  is  distinguished. 

If  we  represent  the  difTerentiais  of  thfac  equations  taken 
with  respect  to  ,r,  y,  x  by  V,  V,  IV,  the  conditions  for  thw 
surfaces  intersecting  at  right  angles  are 

UU,  +  VV,   +  \VW^  =  0,  (+) 

r.tr.  +  v^'.,■^  ir,ir,  =  o,  (s) 
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Eliminating  U^y   Fg,    W^  in   turn   between   (5)   and  (6) 
we  get 

where  k  is  an  unknown  multiplier.     Hence,  as 

Utdm  +  Vtdy  +  W^dn 

is  a  perfect  differential  function,  it  follows  that 

(FFFi  -  V,W)  dw  +  {WUx  -  W^U)  dy  +  (U^F,  -  UJ)  dn^ 

may  be  integrated  by  means  of  a  factor ;  and  this  is  all  the 
information  which  the  equations  (5)  and  (6)  give  with  respect 

to  the  intersection  of  the  surfaces  (l)  and  (8). 

« 

By  the  ordinary  condition   of  integrability  by  a  factor, 
we  have 


dU 
The  coefficient  of  — —  in  this  equation  is  -  <7i( FW,-  K,Ff), 

and  that  of --^'  is     U{VW^^V^W). 

dec 

But  since   Udx  +  Vdy  +  Wd%  is  a  complete  differential 
function  we  have 

dU      dV       dU      dW       dV     dW 

dy       d.r'      d%       dx  ^     dx       dy  ^ 

and  similarly  for   {7i ,   F, ,  fF, ;    therefore  the  equation  may 
be  put  under  the  form 


CATION    TO    OEOMETRV    OF    TIIIIBB    UIHENHIONS.        215 


Again,  as  (4)   is  idenlically   true   we  may  differentiate  it 
vith  respect  to  x,  y,  z  separately,  when  we  have 

,  dV    „d1V 


die 


'dj: 


-W,- 


and  similarly  for  tile  others. 

( en',  -  r,  IF)  j  ff,  ^ 


Hence  equation  (7)  becomes 
„  dV     „,  dm 

\     -is        'h         <<»  J 


{fri',-ij,V)tu, 


da 


'  d^^ 


.  '"''1 

'~di 


+  »',_    .0.       (8) 


The  curve  wliieh  is  the  intersection  of  any  surface  of  (1) 
with  uny  surface  of  ('2)  satiafies  the  equations 

V  dm  rdy+  ]Vdx~o,  (9) 

Uydx  +  V^dy  +  IF.dr  =  0.  (lO) 

By  combining  these  we  have 
VW,-V^\V^\dx,      WU,-Uir,  =  \dy,      UV,-UiV-.kdxi 

\  being  an  unknown  quantity :    and  by  combining  (10)  with 
(4)  we  have  also 

U,~n(VdM-iVdy),  V,^„{lVd.T-Udx),  iy,^,x{Udy~Vd.r), 
«  being  an  unknown  quantity.     Hence  equation  (fi)  becomes 

ir,dU+VidV+  WidW-O,   or 
(Fdx-Wdy)diri-i\Vd.v-Udx)dV+iUdy-rda,)dW^O. 

But  this  is  the  equation  to  the  lines  of  curvature  on  the 
surface  (1),  and  from  the  symmetry  of  the  equations  (4), 
(5),  ((>)  it  is  clear  that  a  similar  result  may  be  obtained  for 
the  surfaces  (2)  aod  (3).  Hence  the  three  systems  of  surfaces 
intersect  each  oilier  in  their  lines  of  curvature*. 

*  Thu  ilvmonsEntiM)  of  Dupin'*  Thnimii   mu  communiuled  ta  me  bjp  Mr 

IaHc  Elllt.     AnrKhndemoiMtralinii  of  Dupin't  Theottm.  of  gnmt  ilniplicilf,  hai 

given  b^  Mr  Thomua  In  ih«  Camiriilgt  MalKunaUa^  J»uriuil  for  Fcbnuujr 


Ik  laitr  lil  fad  >  .1  ■  ii  «  CaniliKn  0»nban  bj 
tj»«.«i  »!»>»» ili»ii.iliili<.M«?Toyia»T>ini»l 

L«                            /•(!,  J,  I)  -  o.                               (1) 
brthecquliall  to>«Hice;   tlwD  the  dincttoo  csmk*  of  the 

d.                                                 d. 

dz 

ir^M^)' 


A'-. 


If  aow  we  caa  find  valun  of  «,  jr,  e  which,  satisfyii^  1 
(I),  alio  make  at   the  same  time 


df- 

d7" 


if 

da  " 


P) 


ihe  poitlion  of  ibe  taograt  plane  at  lite  poiul  tn  questtoo 
will  faeeotne   tndetenniDate,   sjooe    tbe    direcdoa-cosjnes   tbeo 

lake  the  farm   -.     At  aucb  a  singular  point  we  ahsD  ibeHI 

have  geocrallj'  not  a  single  tangent  plane  but  many,  erea 
an  ioiiflite  number,  in  which  case  their  ultimate  intersections 
will  fonn  a  tangent  cone,  the  vertex  of  which  will  be  the 
abguUr  point  in  question.  If  the  three  equations  (2)  are 
Mtfsfied  bjr  anigaing  certaiu  relations  i>etween  the  variables, 
Ihrn  the  curre  formed  bj  the  intersection  of  the  surface  (l) 
with  that  indicated  by  the  relation  between  the  variables 
which  wtislies  equations  (2)  is  a  locus  of  singular  points 
that  Ii  to  *ay,  it  is  a  line  in  which  two  or  more  sheets  of 
the  ffurface  intersect. 


I 
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If  for  possible  values  of  two  of  the  varialiles  on  one  side 
of  the  siiifTular  point  we  find  impossible  values  of  the  third 
variable,  llial  point  is  a  cusp.  If  the  same  occur  at  every 
point  of  the  singular  line,  it  is  called  au  edge  of  regren/tinn 
{arete  de  rebrounaement).  Such  for  examples  are  the  curves 
which  are  the  loci  of  the  ultimate  intersections  of  the  gene- 
rating lines  of  developable  surfaces. 

To  determine  the  equation  to  the  tangent  cone  (if  there 
he  one)  at  a  singular  point,  or  the  angle  made  by  the  tangent 
planes  at  the  same  point  of  a  singular  tine,  we  proceed  as 
follows.  Giving  the  same  designations  as  before  to  U,  V,  W, 
H,  V,  w,  «',  «',  to',  we  have,  by  differentiating  etjuation  (l), 
Udx  +  Vdy  +  Wdz  -  0. 

Differentiating  again,  we  have 

U^.v\  Vtf'y+  Wd'x  +  ud.v'-^vdif'+u'd^ 
+  iu'dyds  ■{■iv'dxdo!  +  iui'dxdy  =  0. 

Now  at  a  singular  point,  (7=0,  F  =  0,  W=o.  and  this 
equation  is  reduced  to 

(u)  d.v'  +  (t»)  df  +  (w)  da^  +  2  («')  dy  dz 

+  2  (v')dzdx  +  3  (ic')d.Tdy  =  0,        (3) 
the  bracketed  letters  indicating  the  values  they  take  when  we 
substitute  for  .v,  y.  z  their  values  at  the  point  in  question. 

If  all  the  quantities  u,  f,  u),  «',  u',  w/  vanish,  we  must 
proceed  to  another  differentiation,  but  in  the  examples  which 
we  shall  adduce  this  will  not  be  necessary.  Now  the  equation 
(S)  gives  a  relation  subsisting  between  the  increments  dm,  dy, 
dz  in  the  surface  at  the  singular  point.  These  are  the  same 
fur  the  surface  and  for  a  straight  line  touching  it  at  the  point; 
and  therefore  equation  (3)  gives  a  relation  between  the  incre- 
ments d'V,  dy,  dz  on  the  tangent  lines  at  the  singular  points, 
or  since  this  relation  is  the  same  for  all  points  of  these  linen, 
we  may  substitute  x,  y,  x  for  dx,  dy,  dz  in  (3),  and  we  find 
(«)**+ (t))ff'+(«j)»''-l-S(tt')ya(  +  2(o')*jr  +  2{«>')*y  =  0,  (*) 
as  the  equation  to  the  locus  of  the  tangent  lines  at  the  singular 
point  which  is  taken  eis  the  origin  of  co-orditiittcs. 
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This  equation,  unless  for  particular  values  of  the  co- 
efficients, is  that  to  a  cone  of  the  second  degree.  If  we  had 
proceeded  to  the  third  difFerentials  we  should  have  found  the 
equation  to  a  cone  of  the  third  degree,  and  so  on  in  succession. 
It  may  happen  that  the  equation  (4)  may  be  decomposed  into 
two  factors  of  the  first  degree,  and  then  it  will  represent  two 
planes.     The  condition  that  this  may  be  the  case  is 

(«)  (r)  (tr)  -  («)  («')«-  (v)  (v'Y-  (w)  («;')» + 2  («')  («')  («,')  -  o. 

Ex.  (1)  Find  the  nature  of  the  point  at  the  origin  in 
the  surface 

(ai'  +  y'  +  z'y^  a^af"  +  6V  -  ^^' 
Here  U  ^  2a;  (^r"  •- a^), 

r=2y(2r*-5*), 
fr»2»(2r«+c-), 
u  «  2(2r'  -  a*)  +  Soj^, 
v-2(2r«-6«)  +  8y^, 
m;  =  2  (2r«  +  c")  -I-  Sz\ 

Now  when  ct?  =  0,  y  =  0,  ;?  =  0,  t/,  F,  W  all  vanish,  while 
u  =  -  2«'-,  1?  =  -  26%  w  =  2c^5  u  =0,  v'  s=  0,  w  =  0,  so  that 
the  equation  to  the  tangent  cone  at  the  origin  is 

(2)  The  equation  to  FresneFs  wave-surface  in  biaxal 
crystals  is 

(.^+  y2+  ^)  (^^^+  ^2y»  ^  ^^)  _  ^2  (6«  +  c**)  <r^  -  6*  (c«+  o^)  f 

find  whether  it  has  any  singular  points,  and  their  nature. 
Here       U=2a:  {a'  {r"  -  h' ^  c')  +  «V  +  6Y+  c"^}^ 

IF  =  2^  {c^  (r  -  «"^ -  ly")  +  a^t^'  +  ft^y^  +  c^%''\, 
where     r^  =z  or  ^  y-  +  z^. 
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Now  if  we   assume  y  =  0,    1^=6'   which    involve 

■  these  values  nil)  satisfy  the  equation  to  the  surface,  and  will 
r  also  make  U,  V,  and  W  vanish :  hence,  as  the  double  signs  of 
t  and  z  may  be  combined  in  four  different  ways,  there  are 
f  four  singular  points  on  the  anrface.  To  obtain  the  equation 
I  to  the  tangent  cone  we  must  find  the  values  of  u,  v,  w, 
I  «',  U)\  at  the  singular  points.  These  are  readily  seen 
|to  be 


»  -  8oV  -i i  ,  t>  =  -  2  {a'  -  fc")  {6'  -  c*),    W-  8a*c* 

a  —  c 

« V  0,     u'  =  *  a  c    (o'  -  //)  (6'  -  r*) }  1  ^ -, ,     to'  -  0. 

a  —  c 

Substituting  these  values,  and  dividing  the  whole  by 

^^.^,  (<■■->■)  (>.--Vj_ 


I  we  find  as   Ihe  eqiliition  to  the  cone 


*a'i^ 


!^+: 


<■■  +  »• 


i(o--l,-)(//-e-)|i<.c       ■ 
The  existence  of  these  singular  points  in  the  wave-surface 
Iwaa  first  piunted  out  by   Sir  W.  Hamilton. 

(3)      Let  the  equation   to  the  surface  he 
«  («*  +  p*  +  «*)  +  oV  +  Aff"  =  0. 
O  =  2.e  (e  +  a),     V~  %y  (»  +  6),      W-  .»■''  +  /+  3*". 
At    the  origin    where   .jt  =  0,    y  "  0,    «  =  0,   these   three 
quantities  vanish,  therefore  there  is  a  singular  point  «t   the 
origin :   also 

u-i{B  +tt),     t)  "  2  («  +  ft),     tr  =  6», 
«'-9y,  t»'-2.p,  MJ*=.o, 

K«)-ao,      (w)-8ft,      («,)  =  0,      («')-0,      («')=f>.      ("O-o. 
The  equation  to  the  locus  of  the  tangent  lines  l>cconies 

n.r'  +  hi/'  =  o. 
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which,  a  and  b  being  suppoNcd  to  be  both  positive,  can  only 
represent  the  axis  of  z.  The  cone  in  this  case  degenerates 
into  a  straight  line;  and  aa  «  can  never  be  positive,  since 
that  renders  ,v  and  y  impossible,  it  appears  that  the  point 
under  consideration  is  a  cusp.  The  surface  surrounds  the 
negative  axis  of  z,  which  it  touches  at  the  origin,  so  that 
its  form  resembles  the  shape  of  the  flower  of  the  convot- 
vulua. 

If   a   and   b  he  of  contrary   signs  the  equation   to   the  | 
locus  of  the  tangent  lines  is 

a  j'  -  fey*  =  0. 
which   represents   two  planes  perpendicular   to  the   plane   of  ] 


independently  of  the  " 
:;us  of  singular  points 


(4)     Let  the  surface  be  the  conocuneus  of  Wallis,  the] 
equation  to  which  is 

(J'l/  -  X*  (c*  -  nr)  =  0. 
Here      U  ■=  -2.v(d'-x'),      V=2a^y*     W  = 

These  all  vanish  when  j?  =  0,  j/  =  C 
value  of  z;  hence  the  axis  of  s  is  a  h 
or  a  singular  line. 

M  =  -  2  (c*  -  «*>,        V  =  Sa",        w  =  a.r", 
m'  =0,  o'  =  i.TZ,       w'  =  0. 

The  equation  to  the  tangent  lines  becomes  in  this  case 
o*y-  (c' -  sr')  ,r'*  =  0, 
where  w',  y  are  accentuated  to  distinguish  them  from  ar,  the 
undetermined  co-ordinate  of  the  point  of  contact.     The  pre- 
ceding  equation  ik   equivalent   to   those  of   two   planes    jier- 
pendieukr  to   the  plane  of  xy, 

ay  +  (f?  -  *•)!  x  =  0, 

ay  -  (c'  -  »*)!  *'  =  O. 

By    assigning    different    values    to   z    we    obtain    different 

equiilions  corresponding  to  successive  points   taken   along  the 
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(5)     The  equation  to   the  tifli(nide  drPelopabU  is 
air  a       Cr=+yW)*l 


Putting 
I  example 


9wX        (flj'  +  y*-o*)l 


I    A  «         / 

'  B,  we  find  as  in  a  previous 


=  sin  6 
9  coed 


.V  {.V  COS  9  —  y  airt  6) 
y  (.T  COS  g  -  y  Bin  9) 


yv  = 


iir 


(,r"  +  y*  -  o")! 
(,(■  COS  0  —  y  sin  9). 


h 
'  found   before  that 

,r  cos  0  -  y  sin  0  =  (j^  +  j/°  -  «*)' ; 
therefore  if  we  assume 


iirz 


iirz 


the  preceding  expressions  will  vanish,  and  therefore  the  line 
determined  by  these  equations,  and  the  equation  to  the  surface 
is  a  loctts  of  singular  points. 

I  This  line  is  the  intersection  of  the  surface  by  the  cylinder 

a^  +  y*  =  a*, 
and  is  evidently  the  generating  helix.     Since  in  the  equation 
to  the  surface  (t*  +  y*  can   never   be  less  than  a",  it  appears 
that  no  part  of  the   surface  lies   within   the   helix,  which   is 
therefore  truly  an  edge  of  regression. 

On  proceeding  to  the  second  differential  coefficients,  and 
substituting  in  them  the  critical  values  of  x  and  y  we  find, 
retaining  only  the  terms  which  become  in6mte  from  involving 

I  (»*  +  ^  —  a')*  in  the  denominator, 

I    ,   .  .    Strz       Swar      ,  ^  .    2irz        8ir«       ,    . 

(«)  ■  -  a  sin  ——  cos— 7-  ,    (o)  =  2  am  cos  — r—  ,    (ID)  -  0, 
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80  that  the  equation  to  the  locus  of  the  tangent  linep  is 

if 
^'•-  «'^«9  +  w'y' (i»^-/)  4-  «ir  -J-  fi{da  +  yy)  -  0, 

where  the  accentuated  letters  are  the  cunreiit  co-ordinates  of 
the  talig^ti^  and  the  unaccentuated  the  lindetennined  co- 
ordinates of  the  point  of  contact.  This  equation  maj  be 
decomposed  into  two  factors, 

y'm  -  9fy  +  2w  7-  »'  -  0, 

* 

mw-^y'ymO^ 

which  are  the  equations  to  two  planes. 

UnMUd^.  Th^ie  are  pcnnts  at  which  the  two  principal 
radii  of  ciinrature  are  equal.  The  conditions  for  determining 
them  are 

(6)  In  the  ellipsoid 

i?m  ^y 

Substituting  these  values  in  the  conditions  for  an  umbilicus, 
we  have 

^     a*»*  +  c*a/'  _     _  ^     fcV  +  cV 

these  are  satisfied  by 

which  are  therefore  the  co-ordinates  of  four  umbilici. 

(7)  Let  the  surface  be  the  paraboloid 

at'     y" 

a      a 
2w  2y  2  2 

a  a  a  a 

*  The  reader  ft  fefnred  to  Gregory*!  Solid  Giometrp  for  a  symmetftod  method 
of  determining  Umbilici. 
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Hence  we  have 

€?  +  4j?*       aa       a*  +  4y* 
2a  0  2a' 

In  order  that  these  equations  may  hold   we  must  have 
either  w  »%  or  ^  «  0.     Taking  the  former  we  find 

^y*      fi      fi  1   f   /  X  ^v  1 1  1  a  -  a' 

"-7-----»    or  y  =  ^{a  (a-a){i,    and  ar  =.—-—. 
a        X       s«  V 

Now  if  a  >  a'  the  value  of  y  is  possible,  and  there  are  two 
umbilici,  the  co-ordinates  of  which  are 

w^Oy     y  «  =fc^  {a'(a  -  a')}i,     z» 


4 

If  a  <  a'  we  must  take  y  =  0,  and  then  we  find 


a  --  a 


(8)     In  the  surface,  the  equation  to  which  is 

there  is  an  umbilicus  at  the  point 

/c  8  fn,     y  =  9?i,     X  B  fi». 


CHAPTER   XIV. 


[VELOPS    TO    1 


'  AND    SimFACES. 


The  earliest  questions  the  solutions  of  which  involved  the 
Theory  of  Envelops  or  Ultimate  Intersections  were  those  tvhich 
related  to  evolutes  of  curves,  investigated  hy  Huyghens*,  and 
those  relating  to  Caustics,  a  subject  introduced  by  Tschirnhau- 
senf ;  but  these  authors  did  not  follow  any  general  analytical 
method  for  the  solution  of  such  problems.      Leibnitz  was  the 
first  who  considered  the  general   theory   of  questions  of  this 
kind,  so  well  adapted  for  exemplifying  the  utility  of  his  Cal-  | 
cuius  i  and  in  two  memoirs  in  the  Acta  Eruditorum\,  he  gave  a  | 
general  process  for  the  solution  of  all  problems  which  depended 
on   the   successive   intersections   of   lines    whether    straight   or 
curved,  the  positicn  or  magnitude  of  which  were  changed  ac- 
cording to  some  law.     This  method  is  the  same  as  that  usually 
employed,  no  important  modification  having  been  subsequently  I 
introduced,  and  may  be  stated  in  the  following  manner. 

If  M  =/(.»,  y,  x,  a,  b,  c,..)  =  0  be  the  equation  to  a  | 
surface,  «,  6,  c...  being  parameters  determining  its  position  f 
and  magnitude,  the  envelop  of  all  the  surfaces  formed  by  ' 
the  variation  of  a,  b,  c  ...  is  found  by  eliminating  these  | 
quantities  between  the  equations 
du 


=  0, 


4a 


-0, 


dh 


=  0, 


dc 


When,  as  is  often   the  case,  there  are  one  or  more  equa- 
tions   of  condition  between    the  parameters,    the  method    of 


indeterminate  i 
employed.  Th 
two  dimensions, 


lultipliers    may    frequently    be    conveniently 
same  method  of  course  applies  to  lines  in 


J 
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Ex.  (1)     Find  the  equation  to  the  curve  which  touches 
all  the  straight  lines  determined  by  the  equation 

m 

a 
where  a  is  supposed  to  vary. 


m 


Here  u^y  ^  aw «0, 

a 

du  m 

da  a«        ' 

whence  a*  b  — ,  and  substituting  this  value  we  have 

w 

ys»2(ma7)i,     or   f^^^mwy 

the  equation  to  a  parabola. 

(2)  Find  the  equation  to  the  curve  which  touches  all 
the  lines  determined  by  the  equation 

y  -  a^  +  r  (1  +  o^*, 
when  a  is  supposed  to  vary. 

Here  ttey-a^-r(l  +  a*)^, 

du         {  ra     \ 

Multiply  by  a  and  add  to  the  original  equation. 
Then    y  =  r{(l  +  ««)J-^}-(^; 

therefore   i/*  ■« ? ;     also  a^  « . 

Adding,  we  have  a;*  -f  j^^  «  r* ;  the  equation  to  a  circle. 

(3)  Find  the  envelop  of  the  series  of  parabolas  whose 
equation  is 

a  being  the  variable  parameter. 

du  X 

Here     — •=  0   gives  2a-d;  =  0,     or   aas-; 
da  2 

15 
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whence    «•■— •     or  «■«*-, 

the  equatioDs  to. two  straight  lines. 

(4)  To  find  the  envelop  of  the  series  of  ellipses  defined 
by  the  equation 

a«  ■*"  (A  -  ay  "  ^' 

du  ,        o^  V* 

Here         _ -0  give.  - -^j^-^-0; 

,                     kefi  kyi 

whence    a««-i s,     fe  — a»    >       *; 

and  on  substituting  these  values  in  the  original  equation  we 
find  as  the  equation  to  the  envelop 

(5)  The  straight  line  PQ  (fig.  41)  slides  between  the 
rectangular  axes  Aa^  Ay;  find  the  locus  of  its  ultimate 
intersections. 

Let  APmUy  AQmby  PQ^e;  then  the  equation  to  PQ  is 

w     y 
-  +  |  =  l, 
a      0 

a,  b  being  subject  to  the  condition 

a'  +  6' «  c*. 

Difierentiating  with  respect  to  a  and  b, 
ada      ydb 


a*    ^    V 


=  0     (1),  ada +  6d6  =  0     (2), 


X  (l)  -  (2)  8  0  gives  on  equating   to  zero  the  coefficients  of 
each  difierential. 

a  y 

X  -J  =  o,     ^  i;  "■  *• 
or  It 

Multiply  by   a,  6,  respectively,  and  add;    then  by  the 
first  two  equations, 


X^%|)=X  =  a»  +  6»=:c«; 
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^^M  therefore     a'  =  c*.r,     h'  =•  c°y, 

^^^     and,    substituting   these  values   of  a  and  6  id   the  c<juation 

^^H     of  conditiou,   we  obtain 

^^V     as  the  locus  of  uttimate  iutersectioas  of  PQ.  ^^_ 

^H  (ti)     If  the  equation  to  a  straight  line  be  ^^H 

■  s 

^^m     a  and  b  being  subject  to  the  condition  ^^H 

^^M     the  locus  of  its  ultimate  intersections  is  ^^^| 

^^M      which  is  the  equation  to  a  pnrnbola  referred  to  two  tangents 
^^B     ns  axes. 

^^H  (7)     Find   the   envelop    to   the   series   of  parabolas   de- 

^^m     termined  by  the  equation 

^1  u  ^  aa:  -  (\  -^.  a')  ^  , 

^^H     where  a  is  the  variable  parameter. 

^^H  The  result  is  a  parabola,  the  equation  to  which  is 

^H  =  *c  (e  -  p). 

^^H  This  is  the  equation  to  the  curve  touched  by  the  parabolas 

^^^  described  by  projectiles  discharged  from  a  given  point  with  a 
constant  vclocity>  hut  at  different  inclinations  to  the  horizon. 
The  problem  was  proposed  by  Fatio  to  John  Bernoulli,  who 
solved  it,  but  not  by  any  general  method:  it  was  the  first  casa 
which  was  brought  forward  of  the  locus  of  the  ultimate 
intersections  of  curved  lines. — Commerciunt  Epistolicum  of 
^         Leibnitz  and  BernoitUi,  Vol.  i.  p.  17. 

^^ft  (8)     Find  the  curve  which  is  constantly  touchetl  by  the 

^^^^  circles  determined  by  the  equation 

^H  IS— 3 
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a  and  b  bdog  tb«  eaordioates  of  a  parabda,  so  that 

The  resulting  equation  is 

y*  =  im(x  +  m), 
which  is  the  equation  to  an  equal  parabola,  the  vertex  of  which 
is  shifted  through  a  distance  -  m. 

(9)  Find  the  envelop  of  the  series  of  ellipses  defined  bj 
the  equations 

^      t-  ^       *"  _ 

The  resulting  equation  is 

•  n     n 
The  equatimu  to  fonr  straight  Unes  in  the  space  contained 
J/y  wbSeii  all  the  elUpses  lie. 

/in)  Find  the  locus  of  the  ultimate  intersedlonB  of  chords 
the  extremities  of  conjugate  diameters  of  an  dJipse 
uut  axes  of  which  are  a  and  b. 

If  y,  j^  be  the  ooKHdinates  of  the  extremity  of  a  dia- 
meter,   -  $',      —  y  are  the  co-ordinates  of  the  extremity  of 

its  conjugate.     Hence  the  equation  to  the  line  joining  their 
extremities  is 

«'  (y  -  -  a)  -  y'  f »  +  ^  j  y  +  06  -  0, 

«'  and  y'  being  connected  by  the  equation  to  the  eUipse 

^'»      «'» 

a*       b' 
The  resulting  equation  of  the  locus  of  the  ultimate  inter- 
sections is 

the  equation  to  an  ellipse,  the  axes  of  which  are  -j ,   — , . 
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(ll)  If  from  every  point  in  a  curre  of  the  second  order 
pairs  of  tangents  be  drawn  tu  another  curve  of  the  second 
order,  find  the  curve  which  is  constantly  touched  by  the  chord 
of  contact. 

Let  us  suppose  for  simplicity  that  the  second  curve  is 
an  ellipse  referred  to  its  centre,  its  equation  being 


=  I. 


I. 


Let  the  co-ordinates  of  a  point  from  which  a  pair  of 
tangents  lo  (I)  is  drawn  be  a,  ^,  then  the  equation  to  the 
chord  of  contact  is 

^+§!..:  It 

a,  /3  are  supposed  to  be  the  co-ordinates  of  a  point  which 
is  always  in  a  curve  of  the  second  order :  they  are  therefore 
connected  by  the  equation 

Ja^  +  SBafi  +  C^  +  ^Da  +  2El3  +  1  =0,  III. 

Now  to  find  the  curve  which  is  constantly  touched  by  {II) 
differentiate  (II)  and  (III)  with  respect  to  a  and  (i. 

'^  +  ^-1,  (.) 

\  (I)  +  (2)  -  0  givci  us 


-  +  Aa, 


h2>-0. 


Multiply  by  a,  ^  and  add,  then  by  (IT)  and   (III) 

Substituting  in  tlie  preceding  equations  we  Iiave 

{Da  +  EB  +  l)-,.tAa  +  B3*D.O,  (3) 

a 

(Oa  +  £^+l)^  +  B«+C/3  +  £.o.  W 
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1  eliiuinatc  a,  fi,  and  i 


Between  {II),  (3),  mid  (i)  we  t 
obtain  the  finnl  equation 

+  2  {CD  -  BE)  ~+2  {AE  -  BD)  ^  +  ^C  -  B^  =  0.       IV. 

This  being  of  the  second  order,  it  appears  that  the  locus 
of  the  ultimate  intersections  of  (I)  is  a  conic  section.  This 
is  a  case  of  the  general  problem  of  reciprocal  polars.  The 
curve  (I)  is  called  the  directrix,  the  point  a,  ji  its  poiej 
and  the  line  (11)  the  polar  with  reference  to  (a, /3).  The 
corves  (III),  (IV)  are  the  reciprocal  polars,  and  possess  a 
great  number  of  corresponding  properties  of  considerable  in- 
terest, but  the  nature  of  this  work  precludes  us  from  entering 
on  that  subject.  The  reader  who  is  curious  in  such  matters 
will  find  memoirs  on  these  related  curves  by  Poncelet,  in 
the  Annalen  de  Gergonne,  Vol.  viti.  p.  201,  and  Bobillier, 
lb.  Vol.  Tix.  p.  lOfi,  and  p.  302.  He  will  also  find  these 
questions  along  with  others  of  a  similar  kind  very  ingeni- 
ously treated,  in  a  short  tract  on  "Tangential  Co-ordinates," 
by  J.  Booth  of  Trinity  College,  Dublin.  The  method  em- 
ployed by  that  author  does  not  come  within  the  scope  of 
the  present  work,  but  it  merits  attention,  as  affording  a 
ready  solution  of  many  curious  problems  which  yield  with 
difficulty  to  the  power  of  ordinary  analysis. 

(is)     A  plane  whose  equation  is 


a,  b,  c  being  subject  to  the  condition 

abc  =  m', 
will  always  touch  the  surface  whose  equation  is 


(13)      To    find    the   envelop   of    the   system    of    spheres 
determined  by  the  equations 

("  -  «)'  +  (y  -  i>f  +  «^  =  r%        a^  +  i^  -  c'. 
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DifFerenliating  with  respect  to  a  and  b, 
(.v-a)da+ (y -b)db  =  o    (l),  ada  +  fcdt  =  o   (2); 

X(3)^(l)  =  0  gives  on  equating  to  zero   the  coefficients  of 
each  differential, 

Xo  +  (»  -  o)  =  0     (3),  Xfr  +  (ff  -  6)  =  0     (4). 

whence   ay^bx,     or  -  =-, 

aiS)  +  b  (4)  gives 

Xc°  +  a.T  +  by  -c"  =  0. 
.r      y 

oiv  +  by  ^ax  +  by  ^  ill'Li^ 
a"  +  6*  c*  c        ' 


But  I 


whence    \ 


c  J.  (j^  +  Jl*)* 


Substituting  this  value  of  X  in  (3)  and  (4),  squaring  and 
adding, 

{c  ±  (^  +  ff-)*}*-  (a,  -  n)'  +  (ff  -  A)'  =  r*  -  »', 
by  the  original  equation ;    and  this  is  the  equation  to  the 
envelop. 

(14)  To  find  the  surface  always  touched  fay  a  plane 
which  cuts  off  from  a  right  cone  an  oblique  cone  of  constant 
volume. 

Taking  the  vertex  of  the  cone  as  origin,  and  its  axis  as  the 
axis  of  z,  the  equation  to  the  cone  is 

a!»  +  f/'  =  cV  (0 

where  c  is  the  tangent  of  the  half  angle  of  the  cone. 
The  equation  to  the  cutting  plane  is 

ix  +  f>if/+  ns  =  r,  (2) 

tt  ntt  n  being  the  cosines  of  the  angles  which  it  makes  with 
the  co-ordinate  planes,  so  that 

l^  +  m'-i-n'  =  I,  (3) 

and  V  being  the  perpendicular  from  tlie  origin  on  the  plane. 


983  nrnauwi  to  Lom.Aini  smijum. 


ExttRcUog  tbe  iquaTe  root  of  ^I)  and  mbatituting  to 
the  Tslue  of  ar  ttom  (S),  we  bare 

<»<./)i.s -"<'**"''>, 

vhich  it  the.  eqiution  to  the  projection  on  («y)  of  .llw.9 
(^  (l)  by  (S) ;  and  as  the  radius  vector  is  a  ratiotial  fancdoo 
of  «  and  fft  the  origio,  that  is,  the  rerteK  of  the  cone,  muat  be 
the  fbcuB  of  the  projection.  Comparing  it  with  the  geperal 
equation  to  a  conic  section  r^rred  to  its  fbcua 

1  +  e  cos  (0  -  a)  * 

Of   (4^+ jr*)l  aaO -e*) —acoaaw-ffunay, 

we  find 

-*■■      -rt     "        -I     «*  (<*  +  «**)■' 
«(1-«F)-— »      «■- ^( ; 

wbenee  the  area  of  the  pngection  is  .     ^    .    . 

wwo'ti" 


m 

b  it         1 


and  the  area  of  the  section  is  therefore 

The  volume  of  the  oblique  cone  cut  off  is 
iro* «* 

which  is  to  be  constant.    Neglecting  the  constant  multiplier 
and  extracting  the  cube  root,  we  may  put 

=  o,    OT  v~a{n'-c'(p  +  m*)]i.      (4) 


We  therefore  have  the  equation 

/,  tn>  n  being  connected  by  the  equation 
i*  +  *»*  +  »'"  1. 
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The  result  of  the  eUmiaation  of  I,  in,  n  is 
.r«  +  y«  -  c'jb'  «  B  e  i  cV  -(.«;■  +  y*)  { i, 
or    {t^z»-iafl  +  y')\i[ac  +  \c'^-i^  +  y*)\i}  =  0. 
The  factor     ac  +  {c*«»  -  (a^  +  y*)}*  =  0, 
is  the  equation  to  the  required  envelop. 
Transposing  and  aquaring,  this  becomes 

the  equation  to  a  hyperlwloid  of  revolution  of  two  sheets,  the 
possible  axis  of  which  coincides  with  the  axis  of ;;. 

If  the  theory  of  reciprocal  polnrs  given  in  Ex.  II,  be  ap- 
plietl  to  the  surfaces  of  the  second  order,  it  will  be  found  that 
the  reciprocal  polar  of  a  surface  of  the  second  order  is  also 
a  surface  of  the  second  order ;  and  that  when  the  one  surface 
can  be  generated  hy  the  motion  of  b  straight  line,  the  other 
can  be  so  generated  also.  For  the  properties  of  reciprocal 
polars  in  surfaces  the  reader  may  consult  the  memoirs  indi- 
cated in  Ex.  I],  and  also  one  by  Brianchon,  Journal  de 
VEcole  Polytechnique,  Vol.  vi.  p.  308. 

(l5)     Find  the  surface  traced  out  by  the  ultimate  inter- 
sections of  the  planes  which  touch  the  ellipsoid 
«*     y*     «• 

along  the  curve  made  by  its  intersection  with  the  plane 
Im  +  my  +  na;  =  5. 
If  x,  y,  x'  be   the  current   coordinates  of  the  tangent 
plane,  its  equation  is 

fl-.lr'       f/w'       xss 

-^  +  ^  +  -r  =  "' 

or         h'         c. 

where  »,  y,  x  are  supposed  to  vary  subject  to  the  previous 

t  Differentiating  we  Iiave 
adw      ydy 


'  >* 


Idx  ^ 


-  0, 

■ndy  +  ndz  =  0, 


(1) 

(2) 
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i^dx      y'dy      s'dz 


w 


X  (1)  +  «  (3)  +  (S)  =  0  gives, 
cients  of  each  diiferential. 


equating   to  zero   the  eoeffi-   I 


-  +  «  =  0. 


Multiply  by  x,  y,  s,  aud  add,  then  by  the  equations  of 
condition,  \  +  /j  +  S  =  0. 

Substituting  for  X  in  the  preceding  equations  they  become   . 
fi.(iC-x')  =  a*l-Sv,  n(y-y')=b''m-Sy,  fi(z-z')=c^n-Sx, 
whence 

a  —  w'  y  —  ff*  z  —  x' 

Now  multiplying  numerator  and  denominator  of  these 
fractions  by  —  ,  —  ,  —  respectively,  and  adding  togethet 
the  numerators  and  the  denominators, 


l.T  +  my'  +  nz  —  6 
But  on   multiplying   the   numerator  and  denominator  of 
these   fractions    by   I,    m,    n    respectively,    and    adding    the 
numerators  and  the  denominators,   we  also  have 
S  —  Qai'  +  my'  +  nz) 
"      a'P  +  b^m"  +  c*«'  -  S" ' 
Therefore  equating  the  two  values  of  p  we  have 
at'*      y'      sr'*  ^S  —  (Lt  +  my  +  nx')\* 

o'        A'       (f  a^r  +  6'm*  +  c^n'  -  ^ 

as  the  required  equation   to  the  surface. 

(16)     Find  the  equation  to  the  surface  which  is  constantly 
touched  by  the  plane 

Ix  +  tny  +  «s  =  1', 
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/,  m,  n,  V  being  connected  by  the  equations 

+  -1. T^   +  -T 1  ■-  0. 


tJ*  -  a*      tj'  —  6*      D*  —  & 

Differentiating  with  respect  to  /,  m,  riy  ^  we  have, 

(1)  (jodl  +  ydm  +  ^rdn  s  dv. 

(2)  /d/  +  mdm  +  ndn  «  0. 
/c(/         mdm        ndn 


(3)      Z5 


t)'*  —  a^      w'*  —  6*      tj*  —  c 


X  (l)  a  /A  (2)  +  (3)  gives,  on  equating  the  coefficients  of  each 
differential. 


(4)     X^  >=  M^  + 


I 


tj'*  -  a» ' 


(5)    Xy  «  /xm  + 


(6)     Xiif  «  /xn  + 


n 


/  (4)  +  m  (5)  +  n  (6)  gives  by  the  conditions, 

(8)  XV^fly 

*(*)+»  (5)  +  «  (6)  gives 

Xr'  =  M«^  +  1 J-  +  "i — TT  +  1 — -i ; 

whence     (9)     \(r -«')  =  -- 5  + -i — n  +  Zi — 3» 

(4)*  +  (5)*  +  (6)«  gives 
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whence  (10)  X'  (r»  -  v^  «  -  by  (7)  and  (8) ; 


and  therefore  X  «  — — r ,     and  /i 


Substituting  these  values  in  (4)  we  have 

w 

whence 


'Vr^-t?»  '*'t,a-aV' 


vl 


Similarly 


and 


V  vm 


Multiply  by  Xf  y,  jtr  and  add,  then  by  (9)  and  (10) 

.i^  y"  «* 


This  is  the  equation  to  the  surface  of  a  wave  of  light 
propagated  through  a  crystalline  medium.  See  Fresnel, 
Mhnoires  de  V  Institute  Vol.  vii.  p.  is6 ;  Ampere,  Annates 
de  Chimie  et  de  Physique^  Vol.  xxxix.  p.  118;  and  Smith, 
Cambridge  Transactions^  Vol.  vi.  p.  85. 

If  from  the  above  equation  we  subtract 

a^  +  t^  +  SI? 

and  reduce,  we  find 

which  is  the  form  of  the  equation  given  by  Fresnel. 


CHAPTER    XV. 


GENEIUL    THEOREMS    IN    THE    DIFFEOENTUL    CALCULUS. 


I 


Ik  this  chapter  I  shall  collect  those  Theorems  in  the 
Differential  Calculus  which,  depending  only  on  the  laws  of 
combination  of  the  symbols  of  differentiation,  and  not  on 
the  functions  which  arc  operated  on  by  these  symbols,  may 
be  proved  by  the  method  of  the  separation  of  the  symbols: 
but  as  the  principles  of  this  method  have  not  as  yet  found 
a  place  in  the  elementary  works  on  the  Calculus,  I  shall  first 
state  briefly  the  theory  on  which  it  is  founded. 

There  are  a  number  of  theorems  in  ordinary  algebra, 
which,  though  apparently  proved  to  be  true  only  for  sym- 
bols representing  numbers,  admit  of  a  much  more  extended 
application.  Such  theorems  depend  only  on  the  laws  of 
combination  to  which  the  symbols  are  subject,  and  are  there- 
fore true  for  all  symbols,  whatever  their  nature  may  be, 
which  are  subject  to  the  same  laws  of  combination.  The 
laws  with  which  we  have  here  concern  are  few  in  number, 
and  may  be  stated  in  the  following  manner.  Let  a,  b 
represent  two  operations,  u,  v  two  subjects  on  which  they 
operate,  then  the  laws  are 

(1)  ab{u)  =  ba(u), 

(2)  a(«  +  t.)  =  «(«)  +  «(«), 

(3)  a'.a'.u  =  a^^'.u. 

The  first  of  these  laws  is  called  the  commutative  taw, 
and  symbols  which  are  subject  to  it  are  called  commutative 
eymbols.  The  second  law  is  called  dUtriltulive,  and  the 
■ymbols  subject  to  it  distributive  symbols.  The  third  law 
U  not  so  much  a  law  of  combination  of  the  operation  denoted 
by  a,  but  rather  of  the  operation  performed  on  a,  which  is 


J 


238        GENERAL    THEOREMS    tM    THE    PIFFERENTIAL   CALCCLOa. 

indicated  by  the  index  affixed  to  a.      It  may  be  convemently  j 
called  the  law  of  repetition,  since  the  most  obvious  and  im-  * 
portant   case   of  it   is  that  in  which  m  and  n  are  integers, 
and    a"   therefore  indicates    the    repetition    m    times   of   the 
operation   a.      That    these   are    the   laws   employed    in    the 
demonstration  of  the  principal  theorems  in  Algebra,  a  slight 
examination  of  the  processes  will   easily  shew ;    but  they  are 
not  confined  to  symbols  of  numbers;    they  apply  also  to  the 
symbol  used  to  denote  differentiation.     For  if  u  be  a  func- 
tion of  two  variables  <r  and  y,  we  have  by  known  theorems  1 
in  the  Differential  Calculus, 


rf.p    dy 


W-- 


-(«). 


AIbo  considering  u  and  v  as  functions  of  .v  only, 
d  d  d 


[rS 


\d.vj 


\dj! 


(")■ 


The  principal  theorems  in  Algebra  which  depend  on  these 
laws,  and  which  have  therefore  analogues  in  the  DilTerential 
Calculus,  are  the  Binomial  Theorem  with  the  great  number 
of  theorems — Exponential,  Logarithmic,  and  others— which 
are  derived  from  it ;  and  the  theorem  of  the  decomposition 
of  a  multinomial  of  any  order  into  simple  factors  with  the 
various  consequences  which  arc  deduced  from  it. 

It  is  to  be  observed  that  in  all  the  applications  of  this 
method  to  the  Differential  Calculus,  a  constant  has  the  same 
laws  of  combination  with  the  dijferentials  that  they  have  with 
each  other,  aod  therefore  the  theorems  are  true  for  complex 
symbols  involving  constants  and  symbols  of  differentiation. 
Also,  there  are  two  ways  in  which  symbols  of  differentiation 
may  differ  from  each  other,  either  by  having  reference  to 
different  variables  in  the  same  function,  or  by  having  re- 
ference to  different  functions  of  the  same  variable,  and  this 
difference  gives  rise  to  two  totally  distiuct  series  of  theorems, 
as  will  be  seen  in  the  following  examples. 


< 

4 


A 
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It  is  worthy  of  remark,  thai  the  indices  in  the  greater 
number  of  these  theorems  may  be  any  whatever:  I  shall 
not  however  make  any  use  of  the  interpretation  of  the  for- 
mula when  the  indices  of  differentiation  are  fractional.  It  is 
easy  to  see  that  when  they  are  negative  they  are  equivalent 
to  integrals  of  a  corresponding  positive  degree:  for  by  the 
law  of  indices, 


UJ 


Also 
and  therefore 


fd.,- 


-fdX 


this  interpretation  I  shall  frequently  have  occasion  to  use. 

The  principle  of  the  method  of  the  separation  of  sym- 
bols of  operation  from  their  subjects  was  first  correctly  given 
by  Servois,  in  the  Annates  dea  Afnthfmafi'jties,  Vol.  v.  p.  $3. 
Some  very  valuable  researches  on  this  subject  by  Mr  Murphy 
will  be  found  in  the  Philosophical  Transactions  for  1837. 

(1)  Taylor's  Theorem.  This  theorem  may  be  reduced 
into  a  very  convenient  shape  by  the  separation  of  the  sym- 
bols :   for  as 

/(.wo-/(,,,.^A,/(,,.^,  (£)■/(..) 


I/(«'+A)  =  {l  +  -  ■ 


fStcj/C^). 


1 .  2  .  S   \dx}  '' 
i  we  have,  by  placing  the  function  outside, 

I  d^ "*"  TTIJ  [d^j  ■*"  1.3.3  V 

Now  it  is  easily  seen  that  the  series  of  operations  on 
the  second  side  of  the  equation  follows  the  law  of  the  ex- 
pansion of   the  exponential  «*'  in   terms  of  htr,   and  us  the 

symbol  — -  is  subject   to   the   same  laws  of  combination  as 


240     genehal  tiieurems  in  the  diffeuential  calculus. 

the  symbol  m  is  supposed  to  be  subject  to  in  the  demoustra- 
tioD  of  the  exponential  Theorem,  we  may  consistently  writs 
the  preceding  equation  under  the  form 

/(.r  +  A)-e''"/(.r). 

As  we  shall  have  frequent  occasion  to  speak  of  this  opera- 
tion of  converting  /(*)  into  /(a?  +  A)  it  will  be  convenient 
to  denote  it  by  a  single  symbol,  and  that  which,  following 
M.  Servois,  we  shall  employ  is  E\  but  as  it  is  necessary  to 
distinguish  the  value  of  the  increment,  we  must  attach  tu 
the  symbol  E  the  letter  h.      We  might  write  therefore 

Farther  consideration,  however,  shews  us  that  the  symbol  J 
A  is  subject  to  the  index  law,  and  may  therefore  be  written  I 
as  indices  usually  are.     For  as 

£.•/(•■')-/(''+*). 

■  k  be  another  increment 

E,E,f{x)  =  E^f{w  +  A)  =/(,r  +  A  +  k)  =  E,^,f{^), 
which  is  the  index  law.     We  may,  therefore,  put 

/(..  +  4).£*./W, 
and  throughout  our  operations  consider  A  as  on  index. 

(2)     Jlinomial   Theorem  for  differentials  with  respect   Col 
different  variables. 

If  u  be  a  function  of  two  variables  a  and  y,  we  have 
(/(«)=-—  da,  +  _.  dy; 
or,  separating  the  symbol  of  operation  from   the  subject. 


d(»)  = 


-  dji  +  -—  dy]  u. 
c  dy     "J 


Affixing  the  general  symbol  «  as  an  index  to  the  operations 
on  both  sides  of  the  equation,  we  have 


<i-C»)  = 


d       I" 
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Expanding  the  operation  on  the  second  side  by  the  Binomial 
Theorem,  since  the  demonstration  of  that  theorem  supposes 
only  that  the  symbols  are  subject  to  the  laws  of  combination 
before  laid  down,  there  results 


d'u 


(n-1)        (f« 
1.2     d*'-Mff» 


dar"  ■  dff*  +  8(c. 


(3)  In  the  same  way,  by  means  of  the  Multinomial 
Theorem,  we  may  shew  that  if  u  be  a  function  of  aoy  number 
of  variables  ai,  y,  x... 

J.,  .  ^  rf'M  dir^djfdxy... 

'^^"^"'■^-"^rf^dy^d^...   l.«-..l.«...^.l.g..-y..,' 
where  a  +  /3  +  7  +  &c,  »=  «. 

(4)  By  the  Theory  of  Equations  it  is  shewn  that  the 
expression 

*"  +  Jxic"'  +  vl,at"-'  +  &c.  +  J,.iX  -t-  ^. 
is  equivalent  to 


(.-»,)  (•'-"J ••■(.«-«.); 

a,,   Ojt  ,•,  a,  being   the  roots   of  the  expression   equated   to 
zero.     It  follows  therefore  that 

d'u       ,       d'u  ,        d'u  d'u 

33.  +  ■^i   ._.-.  J     +  -"1   ...  ,  .  .  +  &c.  +  A,  — - 
0,^"  dar"  'dp  atf  *ajr  oy 

is  equal  to 

id  d\    (  d  d\         id  d\ 

\di  ~  "'  ~dy]   \d^  ~  ""  dy)  •■■  \j^  ~  ""  d^j  "' 
a,,  a,  ...a,  having  the  same  meanings  as  before. 

In  this  theorem  it  is  necessary  that  none  of  the  quantities 
Ai ...  A,  should  contain  «.  *  or  y. 

(5)      If  u  be   a  function    of   one   variable    x   only,   the 
preceding  theorem  becomes 
16 
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(6)     By   the   theory    of    the    decomposition   of    rational 
fractions,  we  know  that 

{.--^^,^-u&c.4-^,}"-^^^,^-i^;^^^.»,,.^^, 

N,          N,          N,                      iV, 
+ + + + ♦ 


when  aif  0^9  as.^.a.  are  the  roots  (supposed  all  unequal)  of 

a^  +  -4i  af"'^  +  &c,  +  -4.  -  0, 

'  *"  (a,  -  a,)  (oi  -  a,)  ...  (oi  -  a,)  ' 
with  similar  expressions  for  N^y  iVg,  &c.  ...iV.. 

It  follows  therefore  that 

Or  if  t«  be  a  function  of  two  variables,  ^  and  y, 

"  \dy/  \d«^       "  dy) 

If  we  suppose  r  of  the  quantities  a  to  be  equal  to  each 
other,  they  will  give  rise  to  a  series  of  p  terms  of  the  form 
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^p\~j **  j~}     "  where  p  receives  all  integer  values  from 

1    lo  T.      The  value   of  the   coefficient   M^   is   easily    found. 
For  if  we  pul 


M,= 


-         ^i.)    whe. 


The  resulu  contained  in  the  preceding  four  Examples  are 
of  great  use  in  the  Integration  of  Linear  Differential  Equa- 
tions, and  in  the  sequel  I  shall  have  frequent  occasion  to 
employ  them.  The  theorem  in  Ex.  6  was  first  given  by 
Mr  George  Boole  of  Lincoln,  in  the  Cambridge  Mathematical 
Journal,  Vol.  ii.  p.  114, 

(7)  Binomial  Theorem  for  differentials  with  respect  to 
different  functions. 


If  K  and   u  be  two  functioi 


dx 


(»»)■ 


du 


do 
'  d.f' 


Now  if  we  accentuate  the  symbol  of  difTerentinlioii  which 
apptiea  to  n  to  distinguish  it  from  that  which  applies  to  u,  we 
may  write 

ax  \dx       iiai} 

Affixing  the  index  n  to  the  symbols  of  operation  on  Ikilh 


b^  <-)■ 


or  expanding  the  binomial 
of  Newton,  we  have 

(d  \V     .        d"M         dv  d'~'u 


[d-.^di)'"'- 
1  the  second  side  by  the  theorem 


(n  -  1)  d*«  d"''« 


^r3  T-rr,  +«'«• 


This  is   the  theorem  of  Leibnitz,   who  arrived  at  it  by 


^^H     induction   for  integer   indices;    but  it  is  true   whether  «  l>e 

^^1     integer  or  fractional,  positive  or  negative. 

^H  16—2 
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(8)  This  theorem  may  be  extended  to  the  product  of  any 
number  of  functions  by  means  of  the  multinomial  theorem,  so 
that  we  have 

\daj  ^  ^  I   1.2...a.l.2.../3.1.2...7  i 

where  a  +  j3  +  7  +  ...«n. 

(9)  If    n   be   negative    in   the   theorem   of    Leibnitz^ 
(—1     (uti)  m  f*d^(uv)j  and  therefore 

dw 

which  is  the  general  formula  for  integration  by  parts. 

(10)  In  the  last  expression  let  f««l;  then 

f^dsfu^ ; 

1.2  •••  fl 

and 

^         ^  '     l,2,..n-l  \n       n+1  da?      1.2  n+2  dar«  / 

or  if  n  a  I9 

^  -    ,  ^  a^    dv  w^      d*v 

[dm  (u)  «  a?© —-  + -— ^  -  &c. 

•^  '^  1  . 2  d^      1 . 2  .  S  da?« 

which  is  the  series  of  Bernoulli. 

(11)  In    the   theorem  of   Leibnitz   let  v^e^'y    then  as 

dv  d! 

•—  =  ae*"  =  a«,   we  have  ---  «  a,  and  therefore 

dw  dx 

(jiy^'"'^- hi)' -■'■■' 

whence   («  +  ;j— )   w  ■■  c""  [ — )   €"'w. 
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This  rusult  is  of  great   use  in   (he  integration   uf  Ijni 
differential  equations. 


(12)      If  we 


wc  have 

Now    E"" 
or  expanding  the  exponential 


„.  £"'-1,.    d        It'    l<l\'       h'     i<l\' 

Apply  these  equivalent  operations  to  f{,x),  and  indicate 
the  successive  differentials  by  accents  affixed  to  the/;   then 


Ef-  1 

Therefore,  writing  these  in  an  inverse  order  and  effecting 
the  operations  indicated,  we  ffnd 
y(*  +  «A)-/(*)  =  A[/'M+/>+A)  +  &c.+/'ja  +  («-I)A}] 

+  ^\  [/"(»)  ^■f"i^  +  A)  +  &c.  +/"{*  +  (n  -  l)j  AJ 

+  &c.  +  &c. 

(13)     Since  we  have 

I  +£*  +  £"+  &c.  +  £'-'>*  =  ;^L£^  -  (£■"-  l)(/^'-  I)-, 

we  may  expand  the  factor  {t  '' -  1)~'  ^y  means  of  Ber- 
noulli's Numbers;  (see  Chap.  V.  Sect.  iv.  Ex-  9)  when  it 
becomes 


lf/*J 


2       t  .  S     rf.B       1.2. 
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Applying  these  equivalent  operatimis  to  -r-/(«)  or  /*(•)» 
multiplying  by  h  and  transposing,  we  have 
(JB"»  -  1) /(»)  -  *  li  +  £*  +  &c.  +  £<•-«»  +  i  £;"*}  /'(«) 

That  is 
/(a  +  nh)  -/(»)  -  A  [4/'(«)  +/'(*  +  *)  +  &c.  + 

The  results  in  the  two  preceding  examples  are  of  great  lise 
in  the  approximate  evaluation  of  definite  integrals. 

Poisson,  MSmaires  de  rinatUui,  1823. 
(14)     Having  given  the  transcendental  equation 

a?  =  C€     , 

we  can  expand  of  in  terms  of  c  by  means  of  the  logarith- 
mic method  of  solving  equations:  for  the  root  of  the  pre- 
ceding equation  is  the  coefficient  of  -    in   the  expansion  of 

(           *'\  *^ 

1 j.     This  is  easily  found  to  be 

2A     ,       (Shy    ,         (4A)«       ^      ^ 

c  + c^  +  -^ — —  &  +  — ^^ — - —  &  +  &c. 

1.2  1.2.3  1.2.3.4 

d  *i^  d 

Instead  of  x  substitute  -— ;  then  c     =  jE*  and  c  =  —  £'*. 

Hence  we  have 

d         d   ,,  ,      2A  /d\*      ,.      (3AV   /d\'^ 
d.v       dcv  J  .  2  \d.t7  1.2.3  Vdti?/ 
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Applying  these  equivalent  operations  to  jd.vfix)  we  find 

1.8.3 

This  very  remarkable  tlieorem   is  given  by  Mr  Murphy  in 
the  Philosophical  Transactions. 

(15)  In  a  similar  manner  we  may  prove  the  mure  general 
theorem, 

/(.r)  -f{.v-nh)  +  nhf{w  -  (n  +  l)Ai 

|+«{«+a)^/"{,z-(«+8)A{+7i(n  +  3)*^/"'{^-(»+3)A}+&c. 

(16)  We  know  by  the  Calculus  of  angular  functions  that 

-  0  =  sin  0 sin  3(*  +  --  sin  5$  -  8tc. 

4  3*  5* 

Putting  for  the  sines  their  exponential  values  and  replacing 

(-)*fl  by   (a  J-)   we  have 

■■  d  *—  -''?-  1  '*rr  -**A 

i'di"  -  -J-'-  -•   '^«"- 

Applying  these  equivalent  operations  to  <p{x),  we  find 


-  -  }^(*+  3A)  -^(j,'  -sA)}  +  &c. 

Fran^ais,  Annates  des  Mathimaiiques,  Vol.  ill.  p.  258. 

(17)     In  the  same  manner  from  the  equation 
4  =  cos  d- cos  29  +  cos  30  -  &c., 
WG  obtain   the  theom, 

tp  i")  =  ^  i'  +h)-<p  {.V  +  ^A)  +  0  {.T  +  lih)  -  Bic. 
+  ^ (r  -  A)  -  <p (.F  -  2A)  +  qi (.r  -  3A)  -  Stc. 


^MtS    hmmam  tsbcmuew  'in  thb  bivfbumtim« 

(ib)  '  Likewite  .by  meaiis  of  the  equation*. 

0 

-  i- sin 0 -'Irin  2£^ -f- 4 idn39  -  &c. 
2  X  s 

'  welfi^  that 

-|^(»-A)  -i0(«  -2*)  +i^(»-  3*)  -  &cj 


•  * 


-♦ 


INTEGRAL  CALCULUS. 


CHAPTER   L 


INTEGRATION    OF    FUNCTIONS    OF    ONE    VARIABLE. 


The    fundamental   formulae    to    which    all    integrals   are 
reduced  are  the  following. 


(a)     Jdx  a^  = 


a--*' 


n  +  1 
except  when  n  =  -  1,  in   which  case 

—  -log^, 

w 

(c)      r^^lun-f.     (d)/-^,--Llogf^\ 

dm  *     y^  1     r    "  dx  w 


a 


dw  1        _^  0? 


/dw  1  r  «r  1 

(f)      fdxar^j^,     or/da^6"=— , 
^  ^     •'  log  a  •'  a 

(Ap)    fdiVsmmw^ cosmos,  and  [dxcosmx^—  sinnt^, 

'   fit  I9t 

(^)     /d«  (sec  ivy  a  tan  «v. 


260       ninoRATiON  of  funotions  of  onb  varxablb. 

By  simple  algebraic  transformations  we  may  frequently 
put  an  integral  into  a  shape  in  which  one  or  other  of  the 
preceding  formulsB  is  at  once  applicable. 

^^-z— -—  / t::=- --r  log  (« +  *•")• 

r       dd?  /•  dm  C     ^  (a— «) 

,  a  -  #r  •  ir 

■I  cos"' —  vers**  -  . 

a  a 

r    dmm  r      d  (»■)  ,    .     ,  o^ 

{(«»-o»)(6^-«»)J*"y  J6^-a»-(«»-a»)|* 


sin  '  '  ' 


I 


dot 


(" + i^) 


+ 


4c* 


which  is  integrated  by  (c)  or  by  (d)  according  as  4ac-&'>0 
or  <0.     Hence  we  have 

dw  2  ,  /2ar  + 1 


^  ^       /•       dJ?  1  ,      /2ir  - 1  +  5h 

,   ^    r       dx  -     r  2<v  + 1  1 
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The  inteetral    / ; t-t  is  reduced  to 

\     f  dx  \     r  d.v 

according  as  the  upper  or  lower  sign  of  e  ie  taken;   and  these 
arc  of  the  forms  (/)  or  (e)  respectively.     Hence 

/.-^     r       ***  -  ..sj'  +  i 

mi      .  1     r^'^i"-"'  +  *)  .  .-     ■ 

The  integral    /  — — i ~  may  be  spht  into 

•'    ar  +  pcB  +  7 

V         S  }   J  a/'  +  px  +  q      ^  J  X*  +  px  +  q' 
the  first  of  which  is  intcgrable  by  (c)  and  the  second  by  (b). 
Hence 

6         ,  \    x  +  b    '\ 


^      '       J    I  -8«  CO8  0  +  .r*  V      B1D0       / 

-  eosO  log  (I  -  2x  COB0  +  i^)i. 

Id  thib  example   the  numerator  may  be  readily  split  by 
ohstTving  thill    i  =  cos"0  +  sin'0. 


By  muUiiiLjSg  the  numerator  and  denominator  (^  a 
fraction  by  tbe  nme  qumtity  it  m4y  frequently  be  Bfl&t 
into  integrable  parts  or  reduced  to  an  integrable  shape. 

(20)      /d#  ^fLlf5:  «  («»  -  a*)J  -  a  Bec-»  - . 

(«)    /rf.  i;!ll^^  ,  (^  ^  o^i  ^  a  log  {^^  ^  ;^^  ^  J . 

m 

^**^     J  (l-a»0»  "  -^  («-»  -  1)»  "  (1-aO*  ■ 
(o  +  6a^)l  "  o  (a  +  6«»)i  ' 


(27)     / 


w 
dx  X 


n-H  1  • 


(a  +  hxY  *•        o  (a  +  6«t?") 


(28)     /d.(„.-^J  =  a«/^^^— ^j-/^^ 


a)»)i 


^  a*  sin"'  -  +  ^  a?  (o*  -  .»*)*. 
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r  dx  r  dw  0?"* 


which  is  of  the  same  form  as  f- ; ^tt  •     Therefore 

J  (a  +  o<v  + 


dw 


(SO 


(31 


(52 


(33 


(3* 


/div  (  w  \ 

^  (1  +  0?  +  .if*)i  *  ^^  \2  +  a?  +  2(H-ar  +  «*)*/  ' 

r  dor  ^   .  ^1  /g^-  1\ 

do?  2  (2e^  +  6) 


/UtV 
(a  +  6j?  + 


{a+baf  + 


c^)t      (4a  c  -  6*)  (a  +  6^  +  car*)i ' 
<rdj?  2  (2a  +  6^) 


cj7*)t         (^ac  -  *')(«  +  fc^  +  ca;')^  * 


The  integral  /do; -^  can  be  split  into 

*^       •'       (1  +  a?)^  '^ 


^''^''{rb-oT^r 


and  as  the  second  term  within  the  brackets  is  the  differential 

of  the  first,  it  is  equivalent  to  fdw  •—  c^. ;  and  therefore 

dw       1  +  /r 

Jdw 


(l+wy      1  +  or 
{35)     In  the  same  way   we  shall  find 

(36)     /d*c-/±l=«'(^. 
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,  .  -    _  y.    _  8ln     ^  1  , 

(38)     fax  tan  a^  Jaw -  log  (cos w)  =  log  (sec  »r). 

cos  tJO 

cos  w 
(S9)     jdw  cot  a?  =  fdw  — «  loff  (sin  tt?). 

(40)  Since  — ; — r-  =  (sec  aO% 

da? 

r       da?  -,     (seco?)'      ,      . 

/  -: =  /da?  ^^ =  log  (tan  a?). 

^  sm  a?  cos  a?  tan  a? 

(41)  Hence  also  as  sin  a? «  2  sin  ^  a?  cos  ^  a;,  we  have 

dx 


/dx  I       a?\ 

-; =  log    tan  - 1  ,     and 
sma?        ^V       2/ 


as 


cos  a?  B  sin  (^  ^  -  a?)  =  sin  (^  tt  4  a?), 

^  cosa?**  ^*  I     "U"*"!//' 

(42)  As     1  +  (tan  a?)'  =  (sec  a?)*, 

fdx  (tan  a?)'  =  /da;  { (sec  a?)*  —  1 }  =  tan  .r  -  .t?. 

(43)  As     (sin  a?)*  +  (cos  tr)'  =  1, 

/dx  .       (sin  a?)*  +  (cos  ti?)' 

(sin  a?)*  (cos  a?)*  (sin  a?)*  (cos  a?)* 


=  /^^  It ^  •♦•  7": ^f  =  tan  a?  -  cot  a?  =  - 

((cos  a?)        (sin  a?)'* J 


2  cot  2  a?. 


,     .       r         dx  ^     r  di^x)         1         - 

(44)  /  — =  -    \—!<^>    =  -  tan  Aa?. 

J  a{\  +cosa?)       a  J  (cos^a?)*      a         * 

,     ^       r   da?  sin  .r  1  ,      ,        , 

(45)  /  ; «=  —  r  loff  (a  +  6  cos  x). 

^  /  a  +  6  cos  ct?  fe      ^  ^  ^ 

The  integral    / -^ may  be   reduced   to  the  form 

•/  a  +  6  cos  X 

(c) ;   for  as 

cos  X  =  (cos  ^  xY  -  (sin  ^  .r)*,    and    1  =  (cos  ^  xY  +  (sin  ^  a?)*, 
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it  is  equivalent  to 


J  (a 


dx  .  (sec  ^a^y 

+6)(co8^^)«+(a-6)(8in^«)«  "•'   "^a+fc+Ca-fcXtan^^y ' 


which  if  tan  ^w  ■>  %  takes  the  form 

/dz 

a  +  6  +  (a  -  6)  jif* 

and  may  therefore  be  integrated  by  (c).     The  result  is 

/ ; =  T-: — Tiin  tan"*  { tan  AOf} 

1  .  (b  -^  a  cos  j?\ 

=  r  COS"     I I  ; 

(a*  -  6*)*  Va  +  6  cos  wl 

or  r_^!i! '    log  p-^^);Mfe-a);tan^^| 

^  a  +  6  COS  or      (6«  -  o«)i     ^  \(6  +  a)i  -  (6  -  a)l  tan  ^a?r 
according  as  a>  or  <b, 

(46)      r-J^^  itan->f^^?^U-cos-^fl±^^^l 
•/ 2+cosar      si  \     si     /      si  V^+cosa?/ 

f    X       r      ^^  ^1       /S*  +  tan  ^d:\ 

^     ^  1  +  2  cosa?  "  si   ^^  VS*  -  tan |W  * 

In  the  same  way  we  find 

/dw  2  ,  (aiSLuXw -^b]     , 
IT-' —  "71 — — T  ten"'  {    .  ,      .,.  1    ]  whena>6, 
a  +  bsmof      (a»  -  fi")9  \  (a*  -  6*)*   J 

,  1  ,      ^       fa  tan^a?  +  6  -  (6«  -  a«)*l     ,  . 

*n<*     *  ;t^ n.  loff  < ? r — TTT ^)  when  a  <  6. 

(6>  -  a^)i     »  \a  tensor  +  6  +  (6«  -  a*)i j 

.       /•       da?  o         ^/5'ten^a?  +  4\ 

^    ^     y  r+Trin^ '^  *  *"      V  S  )' 

r    ^      r        dw  ,  ,       /2  tan  iar  + 1\ 

do?  r  dw  (sec  or)* 


a  (cosor)*  +  b  (sin  ar)»  "  ^  o  +  6  (tan  a)' 


ten"*<l-i  tanj^ 


(a6)*  \\a, 


}■ 
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,    ^       r       da  1  ,  /tan^\ 

r({<rsinjr(co8^)*      1     /•da7sina?{l+a*(cosj?)'- 1 J 
^^^^     J    l+a*(co8a^)»  "  tf^  7  1  +  o«  (cos  ir)* 

1    .  _      .  1     /•      d<r  sin  «r 

=  -Z   \dX  sin  .r /    r-; rr 

a*  or  J  \  '\^  cr  (cos  «r)* 

COS  df         1 

« r—  +  —,  tan"*  (a  coso?). 

a*         a' 

(53)      / m  / J—, — . 

*/  a  +  o  tan  w      J  a  cos  «r  +  6  sin  «r 

Adding  and  subtracting  — — —  this  becomes 

b        rda  {h  cosd7  —  a  sin  ^)  a        ^, 

/ : H- [dw ; 

a*  ^  t^  J      a  cos  ^  +  6  sin  07  o*  +  6* "' 

and  therefore 

; « -— — -  law  +  6  loir  (a  coso?  +  b  sin  or)i . 

a  +  6tano?      a*  +  6«  *  *^  ^^ 

/*        d/ff  tan  a  r  da  sin  or 

^^^^     ^  {a  +  6(tano7)'*}i  "  V  {a  (coso?)»+ 6  (sino?)'}* 

/do?  sin  07  1  1  f /^  ~  ^^^         1 

{6-(6-a)(co8^y}J  =  (6:r^*=°''  \\-b-)  ^'^r 

By  means  of  the  formulae  for  expressing  the  products  of 
sines  and  cosines  of  angles,  in  terms  of  sums  and  differences 
of  sines  and  cosines  of  angles,  we  easily  find 

,^^.      /..  ,  fcos(w+n)o?      cos(m-n)o?l 

(55)     /ao?sinmo?cosno7a-^{ + ^— >. 

\      tn-^n  m—n      j 

fn^\     r^^«n«.-r«n«^       1  f8in(fii-fn)07      sin(fii-n)ort 

(5o)     /ao7Sinfiio7  sinno?gs— *<  — >. 

"^     "^  ^[      m+n  m-w      j 

(sin  (m+n)  0?      sin(fii-n)o7l 

(57)  /do?cosfwo?cosn«r«=    *< +  — \ >. 

•'  ^[      m+n  m-^n      j 

,    V      r       .        .  if  cos4o?      cos 6o?| 

(58)  /do?sino?8in2o?sinSo7  =  -^<cos2o?+ —  — - — >. 
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,    ^      r^  ^         ^        1  f8in6»     sin^of    singo?      ) 

(59)  /diFCosj?cos2a7cos3«r  =  ^^ — - —  + + +a?>. 

.^  .      .,  .  ,  f       sinSj;    81044?    sind^l 

(60)  /a^cos«rsin2<rsin3a7»^<<r+ >. 


Integration  by  Parts. 

Integration  by  parts  often  decomposes  a  function  into  an 
integrated  part  and  one  easily  integrated.  The  general  for- 
mula is 

dv  .        du 

fdw  tt  -;—  ns  W«  -  jdx  V  -r-  . 

^  dw  ^  dx 

(2)     fdx  log  »T  «  cP  (log  w  -  !)• 

(S)     /d  j;  w  log  ^  =  —  (log  J?  -  ^). 

2 

(4)  /d»  «•  log  »  -  ^-j-j^  (^log  J7  -  ^-j-^  J . 

(5)  /d«  on"' «  =  »  sin"' jr  +  (1  —  **)*• 

rdww  sin"*  ar  ^  •  -    .     , 

(8)    /rf-'«a-(„-^)*-(»  +  «)«in-'(^)  *-(«*)*. 

««  ,     ,/2o-»\4     a*  .     .  a       «,,  .     ^, 
17 


B&8      KisoRATioM  OP  vimmONs.  OF  Qnm  maaaiMi 

(M))    fd»  taxr^  m  m  m  tan~^  a^  -  log  (1  +  «•)*. 

-■   -'     '  •  ) 

(U)     /"— — jtan->i»-(d?-^tan-"flf)taii-*«-log(l+«^i 

"  .  -  -  '■ 

Bjr  two  integrations  by  parts  we  find  - 

Abo  by  a  double  fntq^tioa  by  parts  ive  obtain 

(14)  /cl^€    oosii^«e    — ^ ^  ^    • 

(15)  fda  €*'  sin  «iflf  «  e"  ^ -j 1 . 

iir  «^  fi  J 

On  comparing  these  expressions  with  the  formulie  in 
Ex.  ClO)  of  Chap.  II.  Sec.  1^  of  the  Dfff.  Cdi^  it  wfll  bejseen 
that  they  may  be  deduced  from  the  latter  by  making  r «  - 1. 

R€tiional  FraeHoria. 

If  —  be  a  rational  fraction,  in  which  the  numerator  is 

of  lower  dimensions  than  the  denominator,  it  may  always  be 
decomposed  into  a  sum  of  simpler  fractions  differing  according 
to  the  form  of  F. 

V  may  consist  of  factors  of  the  forms 
I.         /»— o,  II.     (^  — o)", 

HI.     w^+  aw  +  b,  IV.    (a;*+  a^  +  b)\ 

I.     To  every  factor  of  the  form  d?  —  a  corresponds  a 

M 

partial  fraction  of  the  form  ,  where 

/r  —  o 

M  =  -7—  when  *r  =  a. 
a  V 

dw 
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II.     To   every  factor  of  the  form  [ar  —  o)'   corresponds 
a  series  of  partial  fractions  of  the  form 

M  My  „  M.., 

-. ii  +  ; ^TT  +  &c-  + 

(*  —  ay      {x  —  ay  x~a 

Any  one  of  the  coeflicicnts  as  M^  is  given  by  the  e(]Uation   ' 


vhere  Q  — 


<j,  -  ay 


:)'© 


vhen  i 


III.  To   every   factor   of  tlie   form   a?  +  aiv  -^  b  corre- 
,       .  jtf«+JV         ^     ,  .        , 

sponde  a  fraction  ■—, :  .     lo  uetermnie  the  constants  i 

'  or  +  a.v  +  b  ' 

M  and  JV,  the  expression 

dV 
(2*  +  a)  -  {Mx  +  AT)  —  =  0 

is  reduced  by  successive  substitutions  of  —  {ax  +  A)   for  ,i" 
to  the  form 

^a-  +  fi  =  0, 
and  from  the  conditions  ^  =»o,  S  =  0,  J/ and  N  are  found. 

IV.  To  every  factor  of  the  form  (.r*  +  aa-  +  ft)'  cor- 
responds a  scries  of  fractions  of  the  form 

M.V  +  N  M,iv  +  N,  M,.\x  +  Jy,., 

{a^+  a.T  +  by      (a;*+  a.v  +  6)"-'  '     .■c'+  a.v  +  b 

To  determine  M  and  A'  let  K=  Q  (jr'+ nd!  +  A)';  iheti 
if  by  the  successive  substitutions  of  —  {ax  +  i)  for  x*  the 
equation 

IJ  -  (M.V  +  X)Q  =  o 

be  reduced  to  the  form 

Jx  +  B=  0, 

the  equations  AaO,  B  =  f>  me  conditions  fur  liuding  M  nnd   I 
N.     If  now  we  put 

.-b"  +  o  *  +  A 

17— s 
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where  (7i  is  neoe»»rilj  an  int^al  fanctioD,  we  can,  from 
the  equation 

J7|  -  (M^w  +  A^i)  Q  -  0, 

determine'  Mi  and  JNT]  as  before^  and  so  in  succession  for 
all  the  other  partial  fractions^ 

The  fraction  having  l)een  thus,  by  one  or  other  of  these 
methods,  decomposed  into  a  sum  of  simpler  fractions,  each 
of  them  may  be  integrated  separatdy  4>y  known  processes, 
and  so  the  whole  integral  is  found. 

M 

If  the  partial  fraction  be  of  the  form ,  we  have 

W  —  Q  ^ 

M  J— — -If  log (^- a)  slog (« -a)''. 

M 

If  the  partial  fraction  be  of  the  Ibrm r  i  we  Imvc 

{a  --ay 

If  the  partial  fraction  be  of  the  form -j — ^  y  we 

have 

•  »  - 

If  the  partial  fraction  be  of  the  form 


r  dx  {Mai  +  N)  M  1 

The  expression  for  the  last  integral  will   be  found   in 
the  following  Chapter  on  formulae  of  reduction. 

In  this  case  the  factors  of  Kare  <r^  or  —  1,  a?  +  2,  and  as 

---  =s  3ar  +  2tr  -  2, 
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the  coefficient   corresponding  to  ^  is     —  ^ » 
0-*  -  1   is  ^, 


tr  +  2  is      -  ^. 


U      5       1  11  3   1 

Hence  --  = , 

V      3  Of-  1      6  0?  +  2      2  a? 

,       r  (207  +  3)  d.v  (.r  -  1)* 

J  a;*  +  0?*  -  2.r  *"  °^  a:»7a'  +  2)*  * 

(2)  Let  —  «  — — ^- ,    then 

/(a?  -  1)  dtV  (w  +  4)« 

^  +~6^'8  "*  °^  (j?  +  2)i  * 

^  X     X  ^       0?*- .r  +  2 

(3)  Let  TF-r •—    »    then 

^  ^  F      d?*-5a?*+4 

/•(j?*- a?  4-2)  del?  f(ar+  l)-(.r- 2)1* 

^      a?*  -  5a?*  +  4     ""   °^  1(^-1)  (a? +2)- J  ' 

(4)  Let  the  fraction  be  of  the  form 

(of  -  a,)  (a?  -  Og)  ...  (a?  -  a,)  ' 
where  r <n;   then 

/Of'  do?  a,"  log  (x  —  Oi) 

(or  -  ai)  (a?  -  a,). ..(a?  -  a.)  '"  (a,  -  a.)  (a^  -  as)...(a,  -  aj 

^  g/  log  (^-flhf)  a/  log  (a?-.a.) 

.XT  ^  1 

(5)  Let 


F      a;*-a;*-a?  +  l' 

Here  the  denominator  contains  two  equal  factors  («r  -  1)% 
and  the  partial  fractions  arising  from  these  equal  roots  are 

«(«-!)''      *  ar  -  r 
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and  the  fraction  corresponding  to  the  other  factor  (ar+ 1)  is 

^  W+  1 

The  roots  of  the  denominator  are  -2,-1  and  two  equal 
to  0. 

Therefore  /^-^     .,.-h3..3^2,.-     =log|..Cr-M)  ^— j  }  -  -  . 
/•  zi7*da?  4  _      ,  ^ 

/  -r r = +  log  (a?  +  1). 

U  1 

(8)     Let    --  =  --7 r:  5  w  being  even  ; 

^  ^  r      0?"  (a?  -  1)"  ^ 

^1  1  (1  I         1 

V      a?**      (1  -  a?)»         \a?»-»       (1  -  a^y'i 


n  (n  +  1)  f  1  1        I 

7^(;^+ 1)...2  (/^  -  1)  fl  1    1 

1 .2...(n-  1)        \.r      1  -cTj  ' 


Therefore 


n(n  +  1)  ...2  (fi  -  1)  f    ^    \ 

1  .2...  (w-  1)  ^^  U  -W' 

Murphy,  Camb.  Transactions y  Vol.  vi. 
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U  ai^ 

(9)  Let  --  =  -T — -z — - . 

The  factors  of  V  are  j?  +  1,  a^  -  l,  and  .r*  -f  2.     Hence 

/oFdof  1         /ar  -  1\       2^        ^^  a? 

a?*  4-  a?«  -  2  ■"  6  ^^  U+  1/  '*'¥*'*     2^  * 

(10)  Let  -  =  -i 5 ; 


t7                 ar« 
(11)      Let  -  «  -5 — -^ -; 

ardw 


/^  +  a^^^H.l-'^^°g^<^-^^><^'-"^>*^-^^'^''^- 


(12)     Let  — - 


F     (^-l)'»(a^*  +  l)' 

/(S#'  +  ^  -  2)  d^       3  ,        «*  +  I  , 

7 ^,  .  ,  — -  =■  -  log  7 —  -  tan"*  w 


2  (.r  -  1)«      2^-1 

d^  1   , (tv* -«»  +  3)  («  + 1)*®        I 

13  ,2«-I 
tan-* 


.r*  +  2 J?*  +  SiP*  ""90     ^ 


45  Hi  11* 


Here  there  are  in  the  denominator  two  equal  quadratic  factors 
(«*  +  !);  the  fractions  arising  from  them  are 

1     ar  -  1  1  cr  -  1 


2  (or*  +  1)»      4  ^  -f  1 
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Hence 


r  "     dof  1    a?  + 1       1  , 

/ = s = ^ +  ~  ^^"~  ^ 

J  07*  +  a?*  +  2a?*'  +  2a?*  +  a?+l      4a?*+l      2 

1  -         0?+  1 

U               0?^  +  So?  -  2  , 

(15)     Let  —  «  T-. -iT^-T —\    then 


-(50? -7) 


•/   F  3  (o?^  -  0?  +  1)      0?  -  1  " 


25 

-r  tan 
si 


.1 


2a?-  1 


-log 


si 
(a^«  -  or  +  l)i 


Sa   °^  U  +  6of"j  * 


'^     J  07  (a  +  607*) 

/ClOf 
0?*  (tf  +  6< 


19) 


J  a?  (a  +  6o^^)*  ""  3aJaTT^  *"  3a^    °^  V     o?»      j  ' 

/•do?         ,       / 1  +  o?\  i      ,  , 

rordw  /I  +a?\i     , 

r  dx  _  ^      1         /^  +  ^*'^^^ 

r    dx         1  ,       1  +  ^   /I  +  ti?  +  ^^\  ^ 


2.3-} 


tan 


S^m 
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.  ^       /•^•d«r       1  ,       /I  -hx\ 


Rationalization. 

t 
Integrals  of  the  form  fdx  «'P*(a  +  bofy  can  be  rationalized, 

when  is  an  integer,    by  assuming    a  +  6a?"  «  «^,  and, 

n 

,        m  +  1      p  ,         ,  . 

when h  -  IS  an  integer,  by  assuming  a  +  bx^  siofz^. 

n         a 


(1 


(2 


(3 


(5 


(6 


(7 


(8 


(9 


xdx  2 


/xax  z 
-— ^  =  __  (o  +  6,r)i  (bx  -  2a). 
(o  +  bx)i      36*  ^  ^    ^  ' 

/dd^  1  j(a  +  6^)i  —  ail 

x(a  +  bx)i  ^  a^         l(«  +  fr^)^  +  «M  * 

r        dx  2        _i/6.i?-a\*     2        .i/«\* 

J  ^  (bx  -  a)i      ai  V     a     /       ai  \bxl  * 

r       dx  ,  xx  /3a?  +  2\       3  ,  /l\i 

(a  +  bx)i  "  fc^  \(a  +  fc«)i/ ' 
./ix.(,+».)l.i(^'(^-?). 

/ 


dcr  X'  2    3  (o  +  6*r)-  +  6a  (a  +  bx)  -  a^ 


(a +  6,)*      »^  («  +  **)* 
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^    ^     •/  (a  +  6a?)4      6^  ^  V     5  2/ 

(12)     /d^a,(«  +  ^)*=i^^'(l^'). 

(IS)     /dcr  .ir»  (a  +  o?)^  =  3  (a  +  ci?)^  ^^^ ^ ^^ 

3d^(a-\'ai)      a^\ 

—  —  —  >  . 

8  5  J 


I 


/ 


+ 


(,5)      /--^^  =  f^Zi  (I  +  ,.)J. 
^  ^^  (1  +  Of^)^         3ar^      ^  ^ 

^^^'     J  (a  +  ba>y  "  6«  (a  +  bw^i ' 

(m\      f         ^^  (g  +  85d>«) 

da>  w  (2  a-*  +  S) 


(20)  J 

(21)  / 


(1+^)^       3(1  +  ^)1- 


(a+6^)^      3a(a  +  6^)»- 


If  an  integral  be  a  function  of  several  fractional  powers 
of .  Xj  it  may  be  rationalized  by  assuming  w  ^  z'^^  r  being 
equal  to  the  product  of  the  denominators  of  the  indices. 
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by  assuming  w  ^s^.     This  is  equivalent  to 

^L''       or*       J      Of^       Of^        J      ,       ,  Ivl 

=  6  1—  + + +  0^'  -  log  (1  +  J7  )  > . 

I7        5       4        3        2  ®^  ''J 

i  11  a  7  1  1 

(23)     /rf.r  ^  =  _+       -_-       + 

l+a;»       ^^       ®        '^        *       ^ 


When  the  integral  involves  also  fractional  powers  of 
binomials,  such  as  a  +  bw^  it  can  be  rationalized  by  assuming 
a  +  &J7  a  jv%  r  being  the  product  of  the  denominators  of  the 
indices.  If  the  binomials  be  of  the  form  a  -f  baf^  they  may 
be  reduced  to  the  preceding  form  by  assuming  ^  «  y. 

/dw 
(1  -  a?)  (1  -f  0?)* 

Assume  (l  +  J7)"i  »  ar,  then 

/dw  r     dz  1  f2i  z  + 1\ 

(1  -  j7)  (1  4-  af)i  ""J  2J8f«-  1  "  2*    ^^  U*«-l/ 

1  /2i  +  (l+ 07)^1 

"i'r''«l2i-(i  +  ^)ij- 

(25)      Tt TT a  «  2  tan-*  (l  +  or)*. 

r  d«  If       f  1  -  a?  -  2*  (1  +  d?*)il 

,    ^       /•  dof  1  J    2iar    )  i/l-A* 


268         INTEGRATION    OP    FUNCTIONS    OF   ONE    VARIABLE. 

(''>  y(i,..o(iH-a;')^^i^^"M  (1-^^  r 

^^^^     •/ (1  +  A>^)  (or*  -  l)i  "  2i  ^""^  I      (1+0^0*      J 

(so)      /-^ — — ; ^-— T-sin"*a? ,  ae>bc 

1  ,      c(o  +  6a?')i  +  a7(6c*  —  acc)i 

log — r ^,  ae<bc 


(6c'  -  acc)^  (c  +  Ctr^)i 

if  ae  =  be. 


c  (a  +  6a^)i 
^         d^p 2     -       (a  +  6tt?*)i  -  ai 

If  the  function  to  be  integrated  involve  {a  +  baf^cw^)i 
it  may  be  reduced  to  the  preceding  forms,   as 

(a  +  6«  +  ca^)i  -«*{(*  +  -)  +^''^^^}. 
.    .       /•  d.v  ,       fl -57-2(1 +.r  +  47')i) 

(''>  /(i;.)(i....H.-)r^°g{ —  }• 

(    \       r  dw        '  ^fl  +  Sarl 

^^^^     7  (TT^HTT^T^  "  ^''''"   \2(l+a^-a?^)iJ- 

^''>     /(l+^)(l-ar-^')^  =  ^"g| TT^ }• 

Various  functions  can  be  rationalized  by  assumptions  for 
which  no  general  rule  can  be  given :  familiarity  with  the 
transformations  to  which  different  substitutions  lead  is  the 
best  way  of  acquiring  a  knowledge  of  the  most  convenient 
assumption  in  particular  cases. 
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m 

(36)  Let   the  integral   be   fd.v     ^t      tj!/       '      % 
assaming  «  +  (l  +  or^)*}  »  isr",  the  transformed  integral  becomes 

Ill  m 

(l  +  »r^)  c^»p 

(37)  If  du^- oz-j iTT*  we  have  by  assuming 

2^  J? 
1  —  O?" 

(1  +  <r*)  da:  If      dz 


r      (1  +  <r)  da:  If      dz 

J  (1  -  a?")  (1  +  a?^)i  "  ii  J  (1  +  sf«)i 


1  ,       ((1  +.v*)i  +  2iw] 


,    ^     _-    -  (l  —  J?') d.i?  /»    1  1 

(38)     If  du«»-z 5;-- tttj  we  find  by  assuming 

(1  +  a/")  (I  +  ar')i  -^  ^ 


1+w^' 


r      daf(l  -a')  1     .   ^^  /  2*0?  \ 

•/  (TT^oinn^  "  iJ  ®"    Vi  +  ^v ' 

•    V     -Ti.    ,        d<r(l+cr^)i  2*.i? 

(39)     If  du  = 1 —  ,  assume  z  ■ r-r; 

^  1  -  J?*  (1  +  ar*)i 

therefore  (i  +  «'=)1 .  ^— ^j- ,  and  (,-««)i-^-^; 

do?  1        dz 

and 


(1  +  ar*)i      2*  (I  -  z*)^ ' 
Dividing  both  sides  of  this  equation  by 

1    +  kV 


STOt      nmoB^TioN  OF  FUNcnnoMs  of  onb  ▼ariabmk 

we  hav^ 

,  -  -^ 

/dw(l  +«*)*       I     r  dx         ^    (  r  ^*  r  dz  \ 

(40)    Bj  the  same  assumption  we  find  that 

«  s  nr  (8/v^  —  l)ij  when  it  becomes 

i  -  du^-T ;  and  therefore 

»  -  1 

assuming 

a? 

W  =  tan~^   -p- j-T -r-r  . 

(4S)     In  like  manner  by  assuming  a?  =  jir  {(l  +  o?^)*  -  a?*} *, 
we  find 

/dx  _i  ^ 

These  transformations  are  taken  from  Euler,   C<Uc.  Int 
Vol.  IV.  Sup.  I. 


CHAPTER  TI. 


INTEtiRATION    U*    SlirCESSIVE    RBDUCTION. 


Thk  melhod  of  integration  by  successive'  reduction  is 
appb'cable  to  a  great  Dumber  of  functions,  and  is  the  process 
which  in  practice  is  generally  the  most  convenient.  I  shall 
here  only  give  the  principal  formulie  of  reduction  with  a  few 
examples  of  each,  taken  chiefly  from  those  integrals  which 
more  commonly  occur  in  analysis.  The  reader  who  withes 
for  more  numerous  examples  of  the  formula;  is  referred  to 
the  Integral  Tables  compiled  by  Meyer  Hirsch,  from  which 
work  a  great  number  of  the  examples  in  this  and  the  pre- 
ceding Chapter  have  been  taken. 

Ex.  (l)     Let  the  function   to  be  integrated  be 


(a*  -  ^)i  ■ 
The  formula  of  reduction  is 
f-    dx.-t-  .e--'(*^-a^*      «- 

By  this  the  integral  is  reduced  to 


■■A" 


V)*' 


J  (a'  -  .1^1 

f.      xds 
and  to     /  —i — -— -, 


'hen  n  is  even. 


=  —(«*—. it')'  when  M  i 


a^dir 


f    arao!  {a'  -  .x'y  ,  .  _ 


Let  R 


_(.._^l(^^ 


-ST" 


5.341* «\        &.i     .  ,      ,« 

— 1+  — o*«i)-'-. 

6MS  J     6.i.e  a 
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(2)  Let  the  function  be 

(2047  —  »*)* 

The  formula  of  reduction  is 

/ufdw     ^        af'^CSa^-**)*      2n-l      /•    t^^^da 
(ftaa  -  j^)*  ""  n  n         7  (2oaf  -^)* 

'    By  means  of  this  the  integral  h  made  to  depend  on 

/dw  w 
.  ^  vers""*  -"  • 

Let  ii««2; 
-  Let  nf"54 

5.4.8.2  5.4.3.2.1       /      5.4.8.2  a 

(3)  Let  the  function  be 


The  formula  of  reduction  i» 
d^  1  x  2n^3  1    r       daf 


/dsB  1  X  Zn^S  1    r       a 

(a»+a^)"  "*  2n-2  a*(o»+af*)-i  "*■  2«^  a^jJi^al'Y'^ 

By  this  the  integral  is  reduced  to 

/dof         ]  or 

-^— -^--tan-»-. 
a*  +  or      a  a 

Let  n  =  4 ; 

/(fa?  1  ^  5  07 

5.3              w                   5.3      1  , » 

-I* 4. tfln*"'  — 

6.4.2  a«(«*  +  ^)       6.4.2  a^  a 

(4)     Let  the  function  be  -r-- ---. 

(a*  +  cT*)* 
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The  formula  of  reduction  is 

Let  n  =  2,  mad; 

^  __  4. . 4. tan"   — 

(aJ'  +  ar'y         4(a»+a?«)»      4.2o»(o«+a^)       4.2  o*  o* 

Let  n  B  4,  m  B  2  ; 

/a?*  do?  !»*  3  f  x\ 

n 

(5)     Let  the  function  be  (a*  -  ar*)*,  n  being  odd ; 

''^  ^  «  +  l  w  +  l''  '^ 

Let  n  8  1 ; 

X  fa*  —  ^)i      a*  X 

/(a«  -  /pO*  do?  =  -^^^^ ^  +  -  sin->  -  . 

Let  n  B  5 ; 

ft 

[(of  --a^^dx^  —^-— +  r—  a*^  (o«  -  a;')* 

"'  O  0.4 

-f ax  Icr  -  ar)a  + a*  sin  *  -  . 

6.4.2  ^  ^        6.4.2  a 

1 


(6)     Let  the  function  be    ,  .  , -.; 

^  ^  a;*  (or  —  l)fl 

r       dx  1       («•— l)i      w  -  2    /•         d.T 

/  ^(a^-l)i  "^  n-1      a?--'      ■*■  w-  1  ^  a?"-«(^-l)i 

By  this  means  the  integral  is  reduced  to 

dx 

r       dx            (a^  -  1)^     1 
and  to    /  -r-—z r-i  «  ^^ —  ^^^^  ^  ^^  ®^^°- 

18 


r«sec"*a?  when  n  is  odd, 

a?rr»- 1 
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Let  n=^S; 

/dor  (a?*—  l)i  . 

Let  91  s  4 ; 

(7)     If  the  function  be  — ; --,  the  formula  of  re- 
ar" (l  +  ar)5 

duction  is  the  same,  excepting  that  both  terms  are  negative. 
The  final  integrals  to  which  it  is  reduced  are 

/— 7 r-r  =s  loff  < >  whcu  u  is  odd. 


and    f—^ 


dw  (1  +  a?)^ 


Let  n  s  6 ; 


when  n  is  even. 


/•       dor         __i(*+'^)*      J_0+a?')*      4.2  (1  +0;^)^ 


(8)      Let  the  function  be -——. ; 

"^  (a  +  buvp 

/ai^do}         2x^  {a -\- hcc)^         2m      a    r  ai^^^  dx 
(a  +  6a?)^  ^     (2m  +  l)  6         2m  +  1  fe  ^  (a  +  fej?)^ ' 

Let  m  =i  3'y 

/•   jr^dtt?        /a?^        6    ax^       6 A    d^w      6.4'.2  a-\     ,       ,    . , 
(o  +  feA)i     V76      7.5    6^   ^  7.5.3    6'        7.5.3  67     ^  ^ 

Let  m  =  4,  6=1; 

J  (a  +  a?)i        "^         '^  \9       9.7  9-7.5  9.7.5.3 

8.6.4         1 

+ 2a*>. 

9.7.5.3        j 
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(9)  Let  the  function  be  —-7 tt*!? 

/dw  1        (a+6^)i       6    2n-3   r       da: 

^(a+6^)i"""(n-l)a      o;""^         2a    n-1  ^dr-»(a+6a?)i' 

By  means  of  this  the  integral  is  reduced  to 

/dof  ^   I      (®  +  ^^)*  "  ®* 

47  (a  +  6«)i      a^         (a  +  6af)i  +  a*  * 

Let     n  B  3 ; 

»'(a  +  6«)4"l"2^'^4^j^""*'   "^^  ■*"8^J^(a  +  6^)r 

(10)  Let  the  function  be r— rrJ 

(o  +  o^)» 

/a;*d*  307*  (a  +  6a?)*         3n      a   r  af'^  dx 

(a  +  fca?)*  ^    {Sn  +  2)  6        Sn  +  2  6  •/  (a  +  6a?)* ' 

If    n«l; 

/a?d*  3  (a  +  bai)^  /  a\ 

(a  +  6^)»  "         5«?         \      "  2 /  * 
If     n  «  2 ; 
.     ^do;         3(a4-6^)U(a.f6^)^   _  a*! 

y  (a  +  6«)i  6»  18  *    ^    ^      ^^  2/ 

(11)  Let  the  function  be  -\ 


/dx  1  X  n^S       r      dx 


If    ft- 5; 


.^  ^  ^vt  "  \^»T^  "•■  aV  Sa*  (a*  +  *»)» ' 


If     f»-7; 


/.    d«  J       1  4  11  X 


18—2 
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of 

(12)     Let  the  function  be  ; —r\ ; 

^  (o  -+-  Oti?  +  car)^ 

(a+6a?+Cci?*)^  nc  n     cJ  {a-^bw-^cx^)^' 

2n  -  1  6    r        ixi^'^daf 


—  i  o    /•        or  'ax 
n      c  J  (a  -\-hx  '\^  c«r*)^ 


2 
By  this  the  integral  is  made  to  depend  on 

/doD  -     r  codw 


h 


If     w  ■=  2,  o  =  6  =  c  =  1 ; 

^^^^«x^  =  ^^(l+cr+ci7^)i-^log{2^+l+2(l+^p+cr^i}. 

If    w  =  S,   a«l,  6  =  0=  -  1; 

, STT*  -  ^^ ^(8ar«-10^+Sl)-«sin-» — j- . 

(l-.a7-.r)i  24         "^  '^     T^  5i 

(IS)     Let  the  function  be  e**'a?*; 

•'  a         a'' 

If     71  =  4; 

r  fl.    .   ,  «r  f«^*       ^^^       4.3.a?^       4.3.2c2?       4.3.2.1] 

/e"\x^  d.i?  =  €"' { +  ^ -p-  + ^—  }. 

\a        a"  a^  a*  a*       j 

If     w  =  5,   a  =  —  1  ; 
fe-'v^dx^  -e"'(a?*+  5.f^+ 20arV  60a?^+  120a?  +  120). 


ax 
€ 


(14)      Let  the  function  be  — ;j-. 
The  formula  of  reduction  is 

OS    t  ^  ax  ax 

/€    dx                  6                     are. 
= 1 /  a.r, 
.r"              (n-  \)x^-^      n-l  J  of-' 

by  means  of  which  the  integral  is  reduced  to 

/g"  dx                              a^x*         a^x^ 
=  log  ,17  +  ax  + 0  +  — — „  +  &c. 
.r              ^                    1.2-1.2.32 
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If     n  *^  3f     as]; 

(15)     Let  the  function  be    of  (log  w)' ; 

IW  +  1  911+1 

If    m  B  3,     n  B  2  ; 

0?* 

/a?»(loga?ydaf=  J  {Oogamy  ^:j^\ogaf  +  ^]. 


4 
If     m»l,     nsS; 


/4^(log^)»da.  =  *^  {(log^)^-f  (log ^)^  +  f  (logo?)  -^,}. 

(16)     Let  the  function  be    (sin  a?)**  (cos  a?)". 

We  may  use  any  of  the  following  formulae  of  reduction  : 
Jd»  (sin  w)r  (cos  ai)* 

(sin«)'"'*'^(coScT)""^       n-1    -,    ,.      ^.^^ ,         ,    . 

«i^ '- ^^ —  + /da?(sina?)'"+*(cos^p)'-«...(l) 

m  +  l  ni  +  l"^  ^  ^  ^ 

fda  (sin  a?)*  (cos  a?)" 

(sin  a?)""^  (cos  J?)""*"*      ♦w-^r,.. 
--^^ ^ ^ ^—  + /djr(sina?)"-«(cosj?V+«...(2) 

/da?  (sin  a?)*"  (cos  a?)* 

(sin  a?)""*  (cosa?)""*"*      »w  -  1   . .    ,  .      ,     . 
--^^ ^^ ^—  + /da?(8ina?)— «(cosa?)\..(3) 

/d.v  (sin  a?)"  (cos  a?)" 

(sin  «)"•"♦•*  (cos  a?)"" *       n  -  i 
« h /da?  (sin  a?)*  (cos  a?)""* ...  (4) 

fds  (sin  a?)"  (cos  a?)* 

(sin  «)"•+*  (cos  «?)•+*      in  +  n  +  2  . 
= ;j^^^ +  -^^^^^Jdx{sina;)'^^^(cos.v)\..{5) 

fd»  (sin  «y"  (cos  a?)* 

(sina7)*+Vcosa?y+*      m+n+2  ^ 
-  -  \,^.\     ^      +  -^:p^/<^«  (8in«)-(co»*)-+«...  (6) 
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COS  sn 

fdw  (sin ay  -  -  -—  {(sin  wf  +  2}  by  (3) 


,  f cos  3a  \ 

^J^\-—^3cosaj. 

fd,v(sinwy  = {(sin^y  + 1-  sin  a?}  + —  by  (3) 

,   /sin  4a?       .         \       3a 

fda  (cos  ay  =  ^  (sin  a  cos  jf  +  *)  by  (4) 

,  /        sin  2i»\ 

R1T1  17 

/da?  (cos  ay  = {  (cos  ay  +  ^  (cos  ay  +  f }  by  (4) 

.  fsin5^      5  sin  3(3?  .      ] 

/d«  (sin  «)«  (cos  .r)»  =  l!J^  |  (cos  «)«  +  f }  by  (4), 

=  —  1^  (4-  sin  5.1?  +  4  sin  3j?  —  2  sin  a;). 

I  Sin  T*  I 

fd.v  (sin  .r)^  (cos  ^r)^  =  ^^ [  (cos  ay  +  f }  • 

/dtV  (sin  ay  (cos tv)^  =  — ^  (^  cos  10a?  -  ^  cos  6a;  +  5  cos  2^?). 

fda  (sin  a?)'  (cos  .r)^ 

=  "8  (^  cos  9ci?  —  ^  cos  7cr  +  1^  cos  5tr  -  14  cos  a). 

f     da,     ^      cosa,  f      1  1  «     O  t„  /gx 

^  (sin-r)"  5      \(sin.r)'^3(sin.v)»     ^sin^J     /   V  ^• 


/dx  cos*'         1  1       /        •'''\ 

(li^=-i7S;^-'*^°s(tan-j. 
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/da         sinw  f      1  ^    \  h     (fi\ 

(cos  4?)*         3      |(co8a?)'      COS  or/     ^  ^  ^* 

=  tan  J?  -*•  ^  (tan  ^^)^ 

r    dx         sin^  f      l  8       \      «,  /^      «\ 

J  (coswY''     4      ((cosa?)*"*"2(co8a?)«j  "^^^         i*  ■*"2J' 


/dd7(6in«r  ,  ((sin  a?)*      ,.      ^1 

«x>8a>      =-^{^-^  +  (8in.r)'|  +  log(8ec^)  by  (3). 

/dw(cosJorY      (cos  wY  _      /       a?\    , 

-A— ^  +  co8*  +  log^tan-j  by  (4). 


dw  (sin  or)' 

B  COS  a;  +  sec  <r. 


(cos  ay 

/da  (cos  aY          i       r,        v.  ^      • 

— ri rr^  -  — ^^ UCOSO?)'  -  3  COS.r}  -  |  AT. 
(sintT)*         Ssmo?  ^  j       a 

/e{«(cosa7y           1        r(co8a?)*        )         ,      ^.      v 
—ri — zr-  =  Ti — ^  i^^ ^  -  1  >  -  2  log  (sin  «f). 
(sin J?)'         (sin.r)*  \      2  J  sv        y 

/•  dar  (dn  cr)^      .  1 

/  -T^ — ^r"=  {(Bin a?)*-  |{ -. 

J      (cos  ay         *  ^^  (cosar)* 

/•d«(sinary  1  c/ •      xa      q) 

J     (cos ay         5  (cos ay  *^         ^       ^* 

-; 7 r;  "  —7 r;  +  log  (tan  tr). 

.   siQ  a  (cos  ay      2  (cos  a?)* 

e  — ; —  ■§■  cot  2d:^. 

(sin  /»)*  (cos  tr)*      3  sin  a?  (cos  ay      ^ 

/do"  8cos2cr  f       1  2     ) 

(sin  ay  (cos  ay  3        | (sin  2  a)  *      sin  2  J7j  ' 

/__ » . — -  +  log  (tan  a). 
(sm  ay  cos  a?         4  (sin  «r)       2  (sm  a?)' 

(17)     If  the  function  be  (tan/r)"  the  formula  of  reduc- 
tion is 

Jda  (tan  aY  =  ^^"  "^^^     -  /d  J?  (tan  ay-. 


n  -  1 
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If  the  function  be ;-  the  formula  of  reduction  is 

(tan  xy 

/dx  1  ^  rw  ^ 

(tan  a:)"  ^  "  (n  -  1)  (tan  a?)""*  "  ^   ^  (tan  x)*'^ ' 

fdx  (tan  xy  =  ^  (tan  xy  -  tan  aj  +  x. 

fdx  (tan  xf  =  ^  (tan  xy  -  J^  (tan  xy  +  ^  (tan  a?)*  +  log  (cos  a?). 

/dx 
=  -  ^  (cot a;)'  +  i  (cota?)*  +  log(sina;). 
(tan  X) 

(18)  If  the  function  be  af  cosa;,  the  formula  of  reduc- 
tion is 

fdx  of*  cos  a:  =  aj"  sin  a;  +  naf*'^  cos  a?  —  n  (n  -  1)  fdx  a""*  cos  a?. 

fdx  0?  cos  a;  a  a^  sin  a;  +  2a;  cos  a;  -  2  sin  a;. 

fdxar^cosx'B  a?  sinx  +  Sa?  cos  a?  —  6a?  sin  a?  —  6  cos  a:. 

In  the  same  way  we  find 
/({a;a;8ina;s— a;co8a;  +  sin  x. 
fdx  x^  sina;s=  -a;*  cos  x  +  4a?sinaj  +  12a:*cosa?  —  24a;  sin  a?  -  24  cosai^ 

(19)  If    the    function    be    e'*'(cosa;)"    the   formula    of 

reduction  is 

/da;€'"(cosa;)" 

e"'(cosa;)''~Vacosa;  +  n  sina?)       n(n-l)  ^.^      „_ ,         ..  « 
=  — ^^ — \ i +  -\ r  /^^  €    (^^s  a;)-* ; 

a  similar  formula  exists  for  e**'  (sin  xy. 

-_      «,/         X2      ox           (a  cos  a;  +  2  sin  a?)  Se"" 

/da;e"'(cosa;)^  =  e    cosa:  ^ -^ + 


a'*  +  4  a  {or  +  4) 

r,     n^r'      x^      «,/ .     .o(«sina;-3cosa;)     66"  (a  sin  a? -cos  a?) 

fdx  6^'  (sin  a;)^  =  e^'  (sin  a?)^  ^^ ; +  — — ^^ — — — ^ 

^  ^        ^  a' +  9  (a^  +  l)(o'  +  9) 

—  7  cos  7a; 
49 


r^     a*/  .      x5/         xc      €"'   fasin7a;- 

/aa;e    (sin a;)   (cos a?)   =—-  < z — 

''  ^        ^  '^       64   \  a^  + 


3  (a  sin  5a;-5  cos  5a;)      a  sin  3a;— 3  cos  3a;     5  (a  sin  a;— cos  a;) 

^1 _— 1     JL.  ^    -      ^ 

a^  +  25  a*  +  9 


dna;— cosa;)) 
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(20)     If   the  function  be    7 ; ;-    the  formula  of 

(a  +  6  cos  xy 

reduction  is 

/dx  —  6  sin  a;  • 

(a  +  6  COS  xy      (n  —  l)  (o*  —  fc*)  (a  +  6  cos x)*'^ 

(2n-3)o      p         dx  (w-2)         r         dx 

■*■  (n-l)(a«-6V (o+6cosa?)-»  ""(w-l)(o«-6V  (a+6co8a:)-»* 

Let   n  i«  2,    then 

/dx 
(a  -f  6  cos  a;)' 

1        r -6  sin  a?  2a  i//^®"*^V        ^ll 

^  ?Tfei  La  +  6  coso;  "^  (a»  -  6')*  *''°"   \V^J   ^°  2  J  J  ' 

Hence  also  we  find 

Jf  do;  coso; 
(0  +  6  cos  xy 

1       r    a  sin  a;  26  *.if/®""^\^        ^l"| 

"  a'-ft*  Lo  +  6cosa;  "  (o*-6*)i  lU  +  */       °  2j J  * 


CHAPTER  III. 

INTEGRATION    OF    DIFFERENTIAL    FUNCTIONS    OF    TWO    OR    MORE 

VARIABLES. 


Sect.  1.     Functions  of  the  first  order. 

In  order  that  a  differential  function  of  two  variables  of 
the  first  order,  such  as 

Pdx  +  Qdy, 

should  be  the  differential  of  a  function   u^  it  is  necessary 
that  the  condition 

dJP      dQ 

dy       dx 

should   exist*     When    this    criterion   of   integrability  holds 
good,  we  find 

u  -  fPdx  +  jdy  (Q  -  ^  fPdx) ; 

d 
or     u^fQdy-\-fdxiP-  —  fQdy). 

ax 

The  application  of  these  formula)  may  be  generally 
facilitated  by  observing  that  in  the  second  term  of  the 
former  it  is  only  necessary  to  integrate  the  terms  in  Q 
which  involve  x  only,  and  in  the  latter  those  terms  of  P 
which  involve  y  only. 

dx 
Ex,   (I)       Let — T  +  adx  +  2hydy  =  du; 

,       r        dP  dQ 

therefore   — —  =  0  =  — . 
dy  dx 
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Integrating  with  respect  to  y, 

therefore  the  integral  is 

1^  s  &y*  +  a<v  +  log  C  {cv  +  (1  +  ci?*)^}. 

Integrating  with  respect  to  y^  and  observing  that  there 
18  no  term  in  P  involving  y  only,  we  find 

dx           dy  xdy 

(S)      Let   7-0— -in +  -^ /^       :i\k  *=  ^^> 

1         D  -  M  -     ^    1 

(^  +  s^)*'     ^'yV''{<^^y'W 

dP  y  dQ 

dy  {a^  +  y*)*      rfa? ' 

Since  P  does  not  contain  any  term  independent  of  tr, 
/d*  (P  -  3-  /Qdy)  =  const. ; 
therefore,  integrating  with  respect  to  y, 

w  o  log  y  +  log ^ ^-^  +  C ; 

whence     u  «=  log  C  {at  +  (a?'  +  y*)^}. 

(4)  Let    (a*y  +  ar^)  dw  +  (ft'*  +  a^w)  dy  ^  du. 

The  integral  of  this  is 

a?* 
?i  =  ~  +  o^«ry  +  fi'y  +  C 

4 

(5)  Let    (3a?y*  -  «»)  do?  -  (1  +  6y«  -  So;*y)  dy^du; 

then    -— «6a7y  =  -j-. 
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The  integral  is 

2  S        ^  ^ 

(6)  Let  -Vi hr^  +  ^—5 r^  +  6y*dy  =  dw. 

Integrating  with  respect  to  y  we  find  as  the  integral, 

fin 

u  ^a(a^  +  y«)i  +  tan"^  -  +  6y*  +  C. 

(7)  Let  ?!-^^— zr^—  =  dw. 

(y  -  wy 

The  integral  of  this  function  is 

u  =  log  (y  -  ^)  -  -^  +  C. 

y  -  ^ 

(8)  Let   (sin  y  +  y  cos  w)  dx  4  (sin  «r  +  ^  cosy)  dy  =  du; 

then    ~—  =  cos  y  +  cob  x  »  -3—  . 
dy  dw 

The  integral  is 

w  =  ct?  sin  y  +  y  sin  a?  +  C 

The  conditions  of  integrability  of  a  diflFerential  function 
of  the  first  order  between  three  variables  such  as 


Pd.v  + 

Qdy  -^ 

Rdz 

are 

the 

three 

following, 

dP 

dQ 

dQ 

dR 

dR 

dP 

dy 

dw  ' 

dz 

dy' 

dx 

dz 

The  integral  will  then  be  found  by  adding  together  the 
integral  of  P  with  respect  to  x^  the  integral  with  respect  to 
y  of  the  terms  in  Q  which  do  not  contain  a?,  and  the  integral 
with  respect  to  %  of  the  terms  in  R  which  contain  z  only. 
If  we  begin  to  integrate  with  respect  to  y  or  «r  instead  of  a?, 
a  corresponding  change  must  be  made  in   the  process. 

^  ^      ^  ,  ydx        xdy         xydz 

(9)     Let     du  =  ^ +  — ~  +  7-^—^  , 

a  --z      a  "  z      (a  -  zy 
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dP         1  dQ 

then      —  « =  -p, 

ay      a  —  X      aw 

dP  y  dR 

d%       (a  -  «y      dw  ' 

dQ  _        w       _  dR 
dz      (o  —  xY       dy  ' 

tftt 

Also   (Pdw  = ,  and  as  w  and  y  enter  into  both  the 

a  —  «f 

Other  terms,  we  have  simply 

w  =  — ^  +  C. 
o  —  » 

,    .      T  ,        wdw  +  ydy  -{-xdz      xda  ^  wdz 

(10)  Let     dw  =  — — — — T—  + — -— -  +  xd«. 

This  satisfies  the  criteria  of  integrability,  and 

fPdw  =  (x^  +  y*  +  O*  +  tan-*  -  ; 

z 

fQdy  =  C, 
taking  only  the  terms  not  involving  w; 

taking  the  terms  involving  x  only.     Hence 

«*  =  («•  +  y*  +  ^)^  +  tan-'  -  +  -  +  C. 

(1 1)  Let     dt^  B  (y  +  x)  da?  +  («  +  .r)  dy  +  {v  +  y)  dir. 
Then    u^wy  ■\-  yx  -{- xof  ^  C. 

(1«)     Let    du  = ^  +  -^ djy. 

• 

Then    w  = ^  +  C. 

Theoretically  all  differential  equations  between  two  varia- 
bles may  be  rendered  differential  functions  by  being  multi- 
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plied  by  an  integrating  factor,  but  the  investigation  of  the 
proper  factor  is  a  problem  of  as  high  an  order  of  difficulty 
as  the  solution  of  the  equations,  and  no  general  method  can 
be  given  for  finding  it.  In  some  cases,  however,  the  factor 
is  seen  without  difficulty  on  a  consideration  of  the  form  of 
the  equation,  and  in  these  cases  the  method  may  be  used  with 
advantage.     A  few  examples  of  such  equations  are  subjoined. 

^    ,     ^               adx      hdy      coT  dee 
(IS)     Let  +  — ^  = y—  . 

a  y  \f 

If  this  be  multiplied  by  af^y^'^  it  becomes 

both  sides  of  which  are  differential  functions ;  and  the  in- 
tegral is 

ary  =  +  C. 

o  +  m  +  1 

(14)  Let        aa^y^dy^^cody-ydx. 

The  integrating  factor  is  —  ,  and  the  integral  is 

n  +  2       cc 

(15)  Let        a  (jcdy  +  2y  dx)  =  wy  dy. 
Dividing  by  wy  we  have 

dy      2dcV\ 


(dy      2doD\ 
—  +  —     I  =  ay ; 
y         ^^'  / 


y 

whence  a^y^C^. 

(16)  Let     dos  +  (ada:  +  2by  dy)  (1  +  cr^)*. 

The  integrating  factor  is  (l  +  x^)''K  and  the  integral  is 

07  +  (1  +  a7«)i  =  Ce-^'^+^y'^. 

(17)  Let     (2a?  -  y)  dy  +  (2a  -^y)  dx-  0. 

The  factor  is  (2a -y)"^;  multiplying  by  it  we  have 
(2a?-y)dy+(2a-y)rfcr      {^a-y){dX'-dy)-\'2{a-\-X'-y)dy 
(2o-y)'  "  (2a-y)'  " 
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Integrating  this  we  find 

(18)     Let        yds  ~  xdyi"  ardx  +  ydtf. 
The  factor  is  (•£*■(■  ^)~'i  and  the  integral  is 
tan-'  -  =log(j;'+y')l  +  C. 


(19)     Let     ydy  -  .rrfj  - 


W         af  }      "' 
The  integrating  factor  is  (y*-  a;")',  and  tlie  integral  is 
(y*-**)'      ft  g*      26^ 
6  S  s^        3    sr 


-b^  =C. 


When  the  equation  is  between  three  variables  and  of  the  form 

Pdx  +  Qdy  +  Rdx  =  0, 
the  condition  that  it   should  be  made  a  diflerential  function 
hy  means  of  a  multiplier,  i» 


Uar       dyj 


fdR      dP\ 


\dy       dx) 


The  method  of  integration  is  to  assume  one  of  the 
variables  aa  constant,  and  then  to  integrate  the  remaining 
terms  as  on  equation  between  two  variables,  adding,  instead 
of  a  constant,  a  functioti  of  the  third  variable,  which  is  de- 
termined by  comparing  the  diflerential  of  the  integral  with 
the  given  equation- 

(80)      Let    2(/,r(y+»)+dy(ar+Sy+2«)+d*(.r+y)-0. 

Making  y  constant,  and  therefore  dy  =>  0,  wc  have 
idx         dx 


whtnce     2  log  (*  +  y)  +  log  (y  +  jb)  -  ^  (y). 


Differentiating 


2((ijr  +  rfy)       dy-i-dx 


fp'iy)  rfff. 


or,    S<lr(y  +  «)  +  dy(.t +  3y +  2a)  +  d«(.r +  y)o  ^'(s)dy; 
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comparing  this  with  the  given  equation  we  find 

(f}(y)  .=  0,  and  therefore  (J)  (y)  =  C 
Hence  the  integral  is 

(^  +  yY  (y  +  «^)  =  C. 

(21)  Let  daf(ay-bz)  +  dy(cz^aaf)-\-dz(bw~'Cy)  ^  0. 

ay  —  b« 

The  intef^ral  is  =  C 

c% —  ax 

(22)  Let 

(y*+y»  +  «*)da?+  (tT*+a?sf +  »*)dy +  (a?'+ary  +^)d»  =  0. 
The  integral  is     of^  +  ^i^r  +  i^r^r  «=  a  (a?  +  ^  +  jjr). 

(28)     Let     do;  +  dy  +  d»  +  (j?  +  y  +  «)  d)jf  =  0. 

The  integral  is     (a?  +  y  +  »)  c*  =  C 

(24)     Let     z  {wdw  +  ydy)  +  {{a?  •^' y^) z  -  l}  dz  ^  0. 

The  integral  is     e'  ^"^^  "*"  ^^*  «  C. 

Sect.  2.     Functions  of  an  order  higher  than  the  first. 

Let  V  =  d^u  be  a  differential  function  involving  w,  y, 
and  their  differentials,  and  let  ^p,,  ^2»  ^^'s?  &C'  Viy  y29  Vsj  &c. 
be  put  for  d.i?,  d^j?,  d^«r,  &c.  dy,  d'y,  d'y,  &c.  Then  the 
conditions  that  v  should  be  the  differential  of  a  function 
d'^'^Uy  are 

dv        ,    dv        ,^    d«         ,,    dv 

3 d  .  -—  +dK- d^  -  -  +  &c.  =  0  ...  (1), 

o.r  dcTj  diVg  dtra 

dv  dv  dv  dv 

and d  . 1-  d^. d'.  — —  +  &c.  =  0  ...  (2). 

dy  dyi  dy^  dy^ 

The  conditions  that  v  should  be  the  second  differential 
of  a  function  dl^'^u^  are 

dv  ^    dv  ^    dv  ^  , 

2d.  --—  +3d^. &c.  «:0  (3), 

d^i  dtTg  dii?3 

,     dv  ,    dv  ,o  ^^ 

and 2d.-—  +  3d^ &c.  =  0  (4). 

dy,  dy2  dy^ 
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The  conditions  that  i 
a  function  d*""«,  are 


s)ioult)  be  t)ie  ihiri)  difTerential  of 


dw. 


d>. 


dr 


-Sd.- 


dy. 


+  6rf' lOd' 

dfl. 


Hic 


■(=). 


.(e)- 


I 


ds. 

In  a  similar  manner  are  found  the  conditions  that  v 
should  be  a  diflerenlial  of  any  order :  the  numerical  co- 
rfficienls  follow  the  law  of  those  of  the  Binomial  Theorem 
in  the  case  of  a  negative  index. 

These  remarkable  formulae  were  first  discovered  by  Euler 
{Comm.  Petrop.  Vol.  viii.)  in  his  investigations  concerning 
maxima  and  minima.  A  more  direct  demonstration  is  given 
hy  Condorcet.  in  his  Calcui.  Integral. 

Ex.   (1)     Let  «  =  d'«»  .Trf'y-yd'». 


Then 


dv 


dv  dp 


d.v         "     ""     d.v, 

Therefore  the  first  equation  of  condition  becomes 

y,  -  rf'y  =  0, 

and   is    therefore    satisfied.      In   the    same    way    the   second 

condition  is  also  satisfied,  and   we  find 

du  "  xdy  —  yd*  +  C- 

(2)  I.et  (^-d*M 

=  .ti'd'y  +  (a  +  2)  ,r  dy  dm  +  {ay  +  2«)  d.»*  +  {amy  +  *')d*.r. 
Both  the  conditions  (I)  and  <2)  are  satisfied  in  this  case, 
and  we  find 

d«  =  ■"'di/  +  axydm  +  a^dm  +  C. 

(3)  Let 

n  =d'«  =  («.r  -  iy)  d*y  -  2di/*+2a  dydm  +  ayd^x. 
In  this  case  the  condition*  (3)  and  (4)  are  both  satisfied, 
so  that  V   is  the  second  difTerential  of  a   function,   which  is 
found  to  l>c 

u-ojj  -y'  +  C. 
19 
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(4)      To  find  the  condition  that 

Rdai"^  Sdafdy+  Tdf 

should  admit  of  a  first  integral.      If  we  assume  S  ^  Si  +  S> 
this  may  be  put  under  the  form 

(Rda  +  Sidy)  da  +  (S^da  +  Tdy)  dy ; 

and  in  order  that  it  may  admit  of  a  first  integral,  we  must 

have 

d  d 

3-  (i?d^  +  Sidy)  =  — -  {S^dw  +  Tdy), 
dy  diV 

dR  ^         dSi  ^         dS2  ,        d7' 
or  -r—  da  +  — —  dy  =  -- — da  +  --—  dy. 

dy  dy  da  da 

But  from  the  indeterminateness  of  da,  and  dy  this  in- 
volves the  conditions 

dR      dSi 


Whence 


dy       da  ' 
d*fl       d«^, 


dT 

dS, 

dx 

dy- 

d'T 

d*S^ 

dm' 

dmdy' 

d'S, 

d^S 

d^       dady^ 

and  therefore 

d'R      d^'T       d'S, 

df^        dx^       dxdy      dxdy      dxdy 

which  is  the  required  condition. 

The  complication  of  the  formulae  when  the  order  of  the 
differentials  rises  above  the  second  renders  their  application 
almost  impracticable,  and  as  the  subject  is  not  one  of  any 
practical  importance,  it  is  unnecessary  to  adduce  other  ex- 
amples. 


CHAPTKR    IV. 


fflTEORATlON    OF    DIFFBKKNTIAL    EUUATIONS. 


Sbct.  1.     Linear  Eqnafions  tvith  constant  eoefficienta. 

These  form  the  largest  class  of  Differential  Equations 
whicli  are  integrable  by  one  inethoi],  and  they  are  of  great 
importance,  as  many  of  the  equations  which  arc  met  with 
in  the  application  of  the  Calculus  to  physics  are  either  in 
this  shape  or  may  be  reduced  to  it. 

Let 

da*  Ortf"  '  d**  '  dd/ 

I  be  the  general  form  of  a  linear  differential  equation  with 
constant  coefficients;  Ai,  Af,,.A,  being  constants,  and  X 
being  any  function  of  .v-  On  separating  the  symbols  of 
operation  from  those  of  quantity   this  becomes 


I 


{^S*^.(~) 


^■hc....^■A^y-Xor/[ 


|.y.-r,  (s) 


IS  we   may   write   it    for   shortness.      Now   by    the   theorem 
g^'ven   in   Ex.   5   of  Chap.   xv.   of  (he   Differential  Calculus, 


a,. ..a.  being  the  roots  of  the  equation  /{w)  "0 {S). 

Hence  performing  on  both  sides  of  (3)   the  inverse  pro- 


f[ii\  •"  [t,'")  (i -"■)••■  (I, -"■)■ "' '"" 
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The  result  of  this  transformation  is  different  accordingj 
to  the  nature  of  the  roots  of  (3). 

1st.  Let  all  the  roots  be  unequal;  then  by  the  theorem  1 
given  in  Ex.  6.  Chap.  xv.  of  the  Differential  Calculus,  theJ 
equation  (4)  becomes 


^K,\ 


Vii» 


.{Si 


where    N,  > 


and  similarly  for  the  other  coefBcietits. 

But  by  the  theort;tn  in   Ex.  1 1  of  the   same  Chapter 


X^t 


\dirj 


'X-t 


•  fd.T 


A  similar  transformation  being  made  of  the  other  terms.  ^ 
'  find 


y~N,e'''fdxt 


^N.,•■'fd.r,-■'X.. 


■  (6). 


It  is  to  be  observed  that  each  of  the  signs  of  integration  I 
would  give  rise  to  an  arbitrary  constant ;  and  that  this  must  I 
be  added  in  each  of  the  terms  when  the  integrations  are  effected.  1 
The  value  of  y  would  then  appear  under  the  form 

+  iV.e"-'(/d*e-''-'^+C,) (7).'J 

C,,   Ct...C,  being  the  arbitrary  coastants. 

The  functions  Ce°'  which  arise  in  the  integration  are  j 
called  complementary  functions. 

Snd.     Let  r  of  the  roots  of  the  equation   (4)   be   equal 
to  a.     Then  by  the  Theory  of  the  decomposition  of  partial  J 


M. 
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fractions  we  know  that   the  factor   (-- a]    will  give  rise 

to  a  series  of  r  terms  in  (5)  of  the  form 

''ir.-')"-- 

m 

the  coefficient  Mp  being  equal  to 

-. ^  I T~ I  ^^  V     when  «  =  a. 

1.2...  (p  -  1)  \d»J  /{«) 

Now    (^-a)   'jT^c^'/'^da^Cf-^JT) 

or,  introducing  the  arbitrary  constants  which  arise  from  the 
integration, 

+  e»'(C'o  +  C',«  +  &c.  +  C',-1  *'-'). 
Therefore  the  complete  value  of  y  is 
Sf  -  «•*  {Mrpdaf  (e-'JT)  +  if,.,  /'">  (i«'->  (e-^'^T)  +  &c. 

+  if,  /d»  (e-«'Jr) } 
+  Nit'^'/daie-'^'X)  +  JV,e«»'/d»(e-«»*Jr)  +  &c. 

+  J\r..,e«-'/dar(e-*-'*Jr) 
+  e"'  (C,  +  C, «  +  C,  «»  +  &c.  +  C",_, «'-') 
+  C,  e"* '  +  C,  e««'  +  &c.  +  C,.,  e«-'.  (8) 

There  are  in  all  exactly  n  arbitrary  constants  as  there 
ought  to  be. 

3rd.     Let    there  be  a   pair   of  impossible  roots,  which 
must  be  of  the  form 

a  +  i-)ifi   and  a-(-)»/3; 

then   the  coefficients  of  the  corresponding   terms  in  (6)  «re 
of  the  forms 

and 


A  +  (-)iB  A-(-)^B' 
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And  as  el"*l-)'^i'  =  e"  Icos/3.r  +  (-)Uin/3,.}, 

and  el''-(-)*^l'  =  p'"  jco9/3.T-(-)iBin/3.D}. 

The  Euin  of  the  two  corresponding  terms  in  (6)  is 

Se"(Acosfla!  +  B  sin  fiai)  fdaiie'"' cos ^■v.X)\ 

J'  +  B'~  I 

This  may  be  put  under  a  simpler  form,  for  if 
J  » 

sin0, 


the  Hum  of  the  terras  becouii 


{A"  +  S')J 


.*i^J)  +  .in(/)^-ti)/rfj(e- 


(•* 


,.). 


(a)- 


(■•il 


The  sum  of  the  complementary  functions 

may  evidently  be  put  under  t)ie  form 

e"'  (C  cos  ^  J  +  C  sin  /3 1)  =  Ce"  cos  {(ix  +  a).  (u)  J 

If  there  be  a  number  of  equal  pairs  of  impossible  rootsJ 

in   the  equation   (3),  the  general  expression  for  the  value  of'l 

y  becomes  so   complicated  as   to  be  of  little   use,    and  it  n.g 

therefore   unnecessary    to  insert  it  here. 

The   preceding  process   may  frequently   he   simpli6ed   tn^ 

its  application    to  particular  cases,  by  means  of  the  following 

considerations.      The   inverse  operations  are  always  reduced 

I  rf 

"     ■ '  may 


to  tile  sum  of  several  of  the  form  [ 


\d.v 


X  where  r 


be  1  or  any  positive  integer. 
a  different    effect   according   ; 

or   descending    powers    of    — 

considered    to   be 


Now  this  operation  will   have 
%    it    is   expanded    in    ascending 

,    that   is,    according   as    it 


it   will  involve  integrals,  while  j 
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in   the  other  it  will  involve  differentials 
relation  connects  the  two,  for 
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But  a  BiiiiplL* 


(^.=)-.=(».^y..(^.„)-„. 


Now  the  latter  term 


0  =  e'"  f'dafo 


[°*T^ 


*(Co+ Ci«  +  C,ar*  +  &c.  +  C,..i«"').  and  the  former  term 

a  +  3~  ]     X,  being  expanded   in  ascending  powers  of  -— , 

will  give  rise  to  a  aeries  of  differentials  which  arc  always 
easily  found,  and  which,  when  A*  is  a  rational  and  integral 
function    of  d7   of   n    dimensions,    always  breaks   off  at   the 

(«  +  l)"*  term.     But  since  each  factor  of  the  form  I;;-  +  «) 

gives  rise  to  a  separate  complementary  function,  while  A  is 
operated  on   by  all  in   succession,    it   is  sufficient  to  expand 

in  descending  powers  of  A",  without  splitting  it 

into  its  binomial  factors,  and  then  to  add  the  complementary 
functions  corresponding  to  each  of  these  factors. 

If  the   function   X  he    of   the   form   e"',    the    result    of 


'-X 


the  operation  / 


4'J 


a  series  of  the  form 


'  takes  a  very  simple  shape.     For  if 
scending  powers  of  •-—   so  as  tii  have 

I  d\ 


\dx] 


-D\ 


\d3'l 


8ic.}e"', 


and  then  operate  on  s"'  with  each  term  separately,  we  find, 

as   (-— I    ^'  =  m'e'",  that  the  series  becomes 
\dMl 

{^  +  B«j  +  Cm*  +  ZJm'+8ic.}  e—=/(m)e"'. 

Hence   for  example,   wo  have    [- a)    «"' ■=  ^ -■ 

\d.v         I  (m  -a) 

If  the   function   -V  be   of  the   form   coswi.r    or    sinm.r. 
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and  if  the  operadng  function  be  /i^^)  >  >^  ^^  ^^J  to  ^^ 
by  the  same  method  that,    as  (^)  cos  sii4r  s  -  m' cos  m«, 
— j  sin  mdf  —  -  Hi*  sin  mdr, 


/© 


cos  m«  »  /  (*- m*)  COS  iii«, 


and    /  t'T^  mm»  « /  (-  m»)  sin  mm. 

The  preceding  theory   may  be   stated  in  the  form   of  the 
following:  ptopositicm:   if  the  integral  of  an  equation 


{^a 


IfmO 
be  giren,  that  of  the  equation 

can  be  found  from  it  by  differentiation  only. 

Ex.  (1)     Let   -p^-ay-«*; 

die 


therefore     ( — a]  «  =  a?* 


af\       a  \daf)      a'  \daf)      «'  \daf)      a*  \daf)  j  ^    ' 

the  differentials  after  the  fourth  being  neglected.     Effecting 
the  differentiations 

^*       4jr*       4. 3. AT*       4.3.2.<]r       4.3.2.1 

y  B  Cs*' . 

a        a*  a^  o*  a* 

(2)      Let     l^^  +  ay^e*-'; 
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therefore     »  =    j- +  «      e~' « +  Cc"". 

(3)     Let     -i  -  ay  -  €"•  cos  r*, 

\dx       I 

i  (w»  -  o)  cos  r«  +  r  sin  rail      ^  -_ 

efore     y  -  6—  ^^ r ^F-^5 '  +  ^«   • 

^  (m  -  a)*  +  r* 


therefore     y 


(*)      Let     ^  +  3  3^  +  2y«;r rj. 

^  '  rfj>"        da?  (1  +^p)* 

Hence    (-r--*-^)  (:7"  +  My  =  7; ^' 

\dx       I   \da       I         (1  +  obY 
therefore     y  «  -  €"*'  /d^  7; r^  +  c"  /rfa? r- . 

But     /d^  7 — ^  -  /da?  6^  I- Y. ^1  ■  ; ? 

and  integrating  by  parts,  we  find 

/da?  7 r-, (dm ; 

therefore     y  «  e'^'  (dw +  C,  6"  +  Cte'*'. 


d*i/        df/ 
This  is  equivalent  to 


therefore     «■(-: 2|    a^ 

-  (2  -  — ]     «»  +  e*'(C  +  C,  jr) 

^{•*?d^+2'yr-^*''(^+^'*>- 
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Hence,  performing  the  differentiations, 

y =^«  +  ^  +  ^  +  e*'(C+ C,»). 

d*y  dy 

(6)  Let    -r-^-2m -— +  iw*y  =  sinna?. 

Ocir  da? 

This  gives    (- m)  yssinn^; 

Id  \-« 

and  therefore   y  =  ( m  J     sin  no; 

\dx         I 

=  e'^'pdaj^  (€-""  sin  n^)  +  e*'  (C  +  Ci  of). 
Let     m  =  (m*  +  w*)^  cos  0,     n  =  (m*  +  n*ji  sin  6 ;     then 

rsj  «/  -«.   •         X  „,  sin  (no? +  20) 

/*d*r*(e  '"•sinna^)  =  6""*'  — ~ o— ^; 

m  +  n 

1     1       ^  sin  (war +  20)  ..^      ^     , 

and  therefore    y  =  — ^ r— ^  +  c"'  (C  +  C,  a:). 

fw  +  n 

(7)  Let     ^  +  n«y  =  0. 

This  contains  two  impossible  factors 

therefore  by  the  formula  (ll) 

y  ^  C  cos  nof  -^  C'  sin  n^  =  Ci  cos  (nof  +  a). 

The  same  result  may  be  obtained  by  a  different  process, 
which  is  subjoined  as  it  points  out  very  distinctly  the  reason 
why  these  circular  functions  appear  in  the  integral. 

It  is  indifferent  in  which  order  we  perform  the  operations ; 

fd\-^  /d\-^ 

takinir  then  ( -—  1      first,  we  have,  as  I  — -  1     0  =  C  +  Ci  .r, 

\da;/  \diV/ 


^-{'^"'(i)  T^''^'''"^- 
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Expanding  the  operative  symbol, 

»-{'-»'(r.)'"*»*(^)"*-"*(&)""*''4''-^'^'" 

\         1 .S        1 .S.3.4       1.2.3.4.5.6  J 

+  C,  <a? +  — — +  &c.> 

I  1.2.3       1.2.3.4.5       1.2.3.4.5.6.7  j 

(J 

—  C co&nx  +  — sin  nw  «  Ccosn^  +  C'sin  n«r, 

n 

as  the  constant  is  arbitrary. 

As  operating  factors  of  the  form  ( j-  )  +  n*  very  fre- 
quently occur  in  differential  equations,  it  is  convenient  to 
keep  in  mind  that  the  complementary  function  due  to  it  is 
of  the  form  C  cos  no?  +  C  sin  nx, 

cPy 
(8)      Let  — ^  +  rry  =  cos  ma;, 
dar 


Then     y  *  1 1;?-  )    +  w*[     cos  ma?  +  Ccos  n.v  +  C*  sin  n.u 

cosm^r       _  _,   , 

as  -  —      "i  +  C  cos  HiV  +  C7  sin  war. 
fir  -  m" 

(9)      Let     -p^.  +  5  — ^<  +  6y  =  sm  ma?. 

therefore 

sin  mx  ^        ^  i  «.       ^         ^  i         ^v 

y  =  — i -— i — -  +  C  cos  (2*0?  -^a)  -^  Cj  cos  (aict?  +  /3). 

m  —  5  m   +  o 

00)     Let      -^^  +  y  =  a?". 


Then  y  =  |l  +(-7-)  >    a?"  +  Ccosa?  +  Cisina? 

y  =  .r'*-n(n-l).i?"-H»(n-l)(«-2)(n-3),i?"-^-&c. 

+  C  cos  .r  +  C|  sin  .r. 
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(11)     Let   ^-oV-^- 

The  roots  of    z*  ^  a^  m  o,    are 
«— -fa,     «--a,     «-i  +  (-)*a»     *«-(-)*«; 

therefore    y  «  -  —  +  Ce*'  +  Cic"*'  -f  C,  cos  (aa  +  /3). 

(18)     Let^  +  2o«^  +  ««y-«>8*. 
This  is  equivalent  to 

From  which  we  find 

9  m  —- +  (C  +  C|4r)  006  a4r  -f  (C'  -f  £7/^)  sin  aor. 

(cr  —  I)" 

(IS)     Let 

When  the  differential  expression  is  divided  into  factors, 
this  may  be  put  under  the  form 


{i-')'{i^'){{i)'^']^ 


€      • 


Whence  we  find 


€"" 


The  integral  of  this  is 

a?        2dr  28 

*' "  15 ''■  (15)*  ~  (ri)5  +  *'(^"°**+  C,C08  2«)  +  C,e-". 


DIFFERENTIAL    KQUATIONS. 


301 


The  rontfl  of  the  equatiun 
are  iDcluded  in  the  formula 

where  </>  ■>  —  ,   X  receiving  all   values   from   0  to  n ; 

"^        M 

the  roots  corresponding  to  X  =  0  and  \^n  being   -i-  a  and 
-  a. 

If  now  we  talie  a  pair  of  the  impossible  roots,  which 
we  may  call  a  and  0,  the  corresponding  terras  in  the  general 
value  of  y  are 

But  by  the  theory  of  the  decomposition  of  rational  frac- 
tions  we  know  that 


co8^  +  (— )1  sin^ 


Similarly, 


^T  __coB0-(-)Uin.j> 


[- a)     A'  =  B'""'*{cos(a.'P8in  ^)  +  (-)t  8in(a«sin  <pi)\ 

X  fditXe-"^*  {cos  {ax  sin  (p)  -  (-)*  sin  (aa>  sin  <p)} , 


\d.r 


f -«"■"»*  {cos  (o,c sin  ^)  -  (-)i  sin  (a,r  »iii  ^){ 

x/dirXe-"'™*  {cos  (a* sin  0)  +  (-)l  sin  (a*'sin^){. 
Therefore   substituting  these  expressions,  the  two  terms 
in  the  value  of  y  become  after  reduction, 

— ^-«"***cO8(o3:sin^  +  (P)/dj^{A'e-"'™'*cos{ff.rsin0)l 
+  —-,,—,  «"'"** 3in(o.TBin0+^)/(i^  {A'«-'"'""*Mn(n*sin^)J. 
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Also  the  two  roots  +  a  and  —  a  give  rise  to  the  terms 

Hence  we  put  the  expression  for  y  under  the  form 

1 


+  —4—1  2  [e"'^^*  cos  (o^  sin  0  +  0)  x 

fdx {Xe-'"^* cos  (a» sin  <f>)}\ 
+  ^^  2[e"«»*  sin  (ax  sin  ^  +  0)  x 

/diT  {JTe-""***  sin  (ax  sin  <^)}  ]. 

The  symbol  S  implies  the  sum  of  terms  derived  from 
assigning  to  <b  in  the  preceding  expression  all  values  from 

ZT  to  (n-l)-. 
n     '  n 

The  complementary  functions  are,  for  the  sake  of  shortness, 
supposed  to  be  included  in  the  signs  of  integration  ;  but  if  we 
wish  to  see  their  form,  we  have  only  to  make  ^s  o  in  the  pre- 
ceding expression  when  it  becomes 

+  e««>»i;' JCaCos  ( oa?sin-  +  -  J  +  C^  sin  jaj^sin-  +  -)  } 


+  6«~»T 


'iCsCos  [aw sin —  +  —    +  Cesm    ad7Sin —  +  —  )  > 
I  V  n       n  I  \  n       n  I] 

+  &c.  +  &c. 

This  is  evidently  the  solution  of  the  equation 

Euler,  Calc,  Integ,  Vol.  ii.  Sect.  2,  Cap.  iv. 

(Py 

(16)     Let   — -  —  a^y  =  cos  mo?. 
dor 
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COS  ma 


then     y  =  -  — +  C,6"*"  +  Cge 


ajr 


a*  +  m* 


+  €**'|C8C08  law  —  +  -]+  d  sin  law  —  +  -)  > 

+  e'**"<C5C08  (ajy—  +  — j+  Cc  sin  law—  +  —  I  >. 

(17)  Let  a'y  +  nar-^  £  +  -^  a-  ^  +  &c.  -^; 
n  being  a  positive  integer. 

Here  the  operating  function  is  (a  +  't~')  »  which  is  com- 
posed of  n  equal  factors;   consequently 

The  term  e'^'  f*  daf  €^' X  may  either  be  integrated  by 
successive  steps,  or  by  the  general  formula  for  integration  by 
parts ;  or  what  will  generally  be  more  convenient,  the  function 

[a  +  —  J     may  be  expanded  in  ascending  powers  of  — . 

If  n  were  negative  or  fractional,  the  first  term  would  retain 
the  same  form,  but  the  form  of- the  complementary  function 
would  be  different  from  the  difference  between  the  roots  of 

{w  +  a)"  =  0, 

when  n  is  integer  and  when  it  is  fractional  or  negative.  I 
cannot  however  here  enter  into  a  discussion  of  the  difficulties 
of  this  subject,  which  is  closely  connected  with  that  of  General 
Differentiation.     Euler,  Calc.  Integ.  lb. 

d*v      d*~^v  dy 
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This  may  be  put  under  the  form 


y  -■  ^ 


d 

dw 


1 


Now  the  factors  of  ■  are  the  same  as  those 

d 

dof 

/  d  \"+^                   .         d 
of  It")       "  ^>  omittinff i ;  therefore  if  n  +  1  be  odd, 

\dxJ  °   da; 

the  integral  of  the  preceding  equation  consists  of  a  number 
of  terms  of  the  form 

— sinie^'^^ cos  1(30 -^  2afsin0)  fdx  €'"^^XBin(wsin0) 
fi+l 

^8ini0€'«»^sin^(S0+2^8in0)/d.Tc-*^^A"cos(.rsin0); 

where   0  receives  all   values  ,  , ,   &c.    which 

n+1     n+1     n+l 

are  less  than  ir. 

If  n  +  1  be  even  we  must  add  the  term 

2 


e"  fdxe'X. 


n  +  1 

Euler,  Calc,  Integ,  lb. 

(19)     Let    y -^  + :r^  -  &c.  =  JT, 

^  ^  ^      1.2  da^      1  .2.3.4  d^ 

or     cos  ( ——  1  v  =  -^. 


U)^ 


The  roots  of  the  equation 

cos    X     SS     Oy 

IT  Sir  57r 

are      i  - ,      =•»  "r  >      ^  T  ^  ^^"> 
2  2  2 
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(il  \ 
—  I  are  therefore 


\        IT  awl   \        IT  dwj  \        Sir  daj   \       Sir  dx) 


Hence  decomposing  jcos  [ — j  >     into  partial  fractions, 
find 

'-(i-r.)"'-*(i^/.)"'--(¥-^)"'- 


*'     ''^";i'+&c 


\  2        da) 
and  therefore 

33  3<F  3ir  air 

+  €  «  '  /d.r  €"T'*A"  -  e"T'  /d^  cT*  A^ 

*'"•  Air  AW  5ir 

-  € «  '  /d J?  c"  T*  A'  +  €~T'  yd.r  € «  '  A' 

+  &C.  -  fee- 

Sir  bir 


+  C,  6«    +  C3  6 1  '  4  Cj  e  «  '  +  &c. 


wjr  Sir  3W 


Euler,  C/i/e.  /n/6^.   lb. 

(20)     Let  the  equation  be 

w(n-l)  d'y  ^  n(n-1)(n-2)(n-8)  d^y 
^  1.2        da?'  1.2.8.4  da^ 

The  factors  of  the  operating  function  in   this   case  are 
the  same  as  those  of  the  algebraical  function 

i{(i  +  *r  +  (i-*r|. 
20 


I 


.S09  vMwuanuL  iqoaiwnm. 


The  quadratic  factors  of  this  eicpfession  are  givc»i  by 
the  fonDid| 

(1  ^.«y  - «(l  -  «*)  OOS80  4-  (1  -  «)% 
(«r  + 1)  IT 


where    0  « 


9n 


4    n^MB  this  we  cisify  fiii4  the  dvofSie  foctors  of  the  i^rating 
functioii  to  be 

Therefcve  deocmipodng  it  into  partial  fractioiis,  as  in  the 
prefious  Examplef^  we  find  that  y  consists  of  a  numbmr  of 
terns  of  the  iblnn 

ft         i-cos(#tan0)/ci4r^8in(#tan^J* 

0  reoeiTing  the  values  ^»  — .   ^>  &c.»  ao  kmg  as  they 

are  less  than  ^.     EulcTf  Cak.  Integ.  lb. 

It  sometimes  happens  that  the  inverse  processes,  such  as 

[-- a]      JTy  fail,  from   the  coefficients  becoming  infinite, 

in  the  same  way  as  the  formula  for  integrating  ^"  fails  when 
n  «B  -  1 .     Thus  for  instance, 

[^ a  I      e*'  « =  CO  when  m  =  a. 

\dw        /  m  —  a 

The  method  to  be  adopted   in  such  cases  is   the  same 

/Ocir 
w 
It  is  this:   since  the  function  becomes  infinite  in  these  cases, 
we  so  assume  the  arbitrary  constant  in   the  complementary 
function  as  to  make  the  formula  assume  the  indeterminate 

0 
form    -,  the  true  value  of  which  may  be  easily  determined 
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by  the  ordinary  rules.  The  assumption  made  with  respect 
to  the  arbitrary  constant  is  that  it  shall  be  negative  and 
infinite,  so  that  the  difierence  of  the  two  infinite  quantities 
may  be  finite. 

(21)     Let  the  equation  be 

The  solution  of  this  by  the  usual  formula  would  be 


a  ^  a 


+  Ce*'. 


To  determine  the  real  value  of  this,   let   us   take    the 
equation 

dy 

ax 
the  int^al  of  which  is 


m  ^  a 


Now  C  being  an  arbitrary  constant,  we  may  assume  it 
to  be  equal  to 

1 

C. , 

m  -  a 

€"'  -  e"' 

so  that  y +  C,  e*"- 

m  —  a 

When  if>  -s  a,  the  first  term  of  this  becomes  - ;  and  its 

0 

true  vidue  is  easily  seen,   by  difierentiating   numerator  and 

denominator  with  respect   to  m,   to   be  4^6*"   when   m  *i  a. 

Therefore 


.fl' 


is  the  solution  of  the  equation 


dy 

d/c        ^ 


20—2 
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(£2)     Let  the  equation  be 

-7-^4*  fi^y  «■  ooBfi^r. 


The  solution  of  this  by  the  usual  rule  would  be 

COSIUV 

M» T -i-Cqosn^-f  Ci8inn4r. 

1 
.   If  we  assume  C»C ; i  we  have  to  find  the  true 


value  of  the  function 

cosm4r  —  cosndT 


^-■■Ai 


This  is  easily  seen  to  be 

a  sin  nw 


g> 


en  m  a  fi< 


2n      ' 


so  that  the  solution  of  the  given  equation  is 

w  sin  fi^      -^  • 

y  • +  C  cos  n4r  +  Ci  sin  nm. 

fin 

.This  example  is  one  of  great  importance,  for  in  the 
application  of  analysis  to  physics,  equations  of  this  form 
frequently  occur ;  and  as  the  value  of  y  is  not  simply 
periodic,  but  admits  of  indefinite  increase,  it  indicates  a 
change  in  the  physical  circumstances  of  the  problem.  Cases 
of  this  kind  occur  in  the  theory  of  the  disturbed  motions 
of  pendulums  and  of  the  Lunar  perturbations. 

Sect.  2.  Equations  in  which  the  coefficients  are  func- 
tions of  the  independent  variable. 

Equations  of  this  class  cannot  be  generally  integrated 
by  one  method,  but  a  considerable  number  may  be  reduced 
to  the  class  discussed  in  the  preceding  section. 

I.  In  the  first  place,  all  equations  of  the  first  order 
may  be  reduced  to  equations  with  constant  coefficients  by   a 
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change  of  the  independent  variable,  or  by  some  equivalent 
process.  The  general  form  of  a  linear  equation  of  the  first 
order  is 

dof 

P  and  X  being  functions  of  or.     Assume 

dt^  Pdw,  so  that  i  m  fPda ; 

then  the  equation  becomes 

dy  X 

the  integral  of  which  is  by  the  preceding  section, 

y  «  «"*  /^^  f  «*  +  Ce-*, 

or  putting  for  t  its  value 

y  -  e'fPd^  fdw  Xef^^'  +  C  €'f^^' ; 
which  is  the  complete  solution  of  the  equation. 

(1)  Let  the  equation  be 

(1  -  ar)  3-  +  a?y  -  ace. 
dw 

Here     Pdw  -         ^,  and  fPd^v  »  -  log  (l  -  ^)i. 
Therefore     y  =  a  +  C  (l  -  «*)*. 

(2)  Let     (I  -h  ar*)i  -^  +  ny  »  a  (1  +  j^)*. 

Here     Pdx  -  .  ^  ^, . ,  /Pdor  =  n  log  {ar  +  (l  +  ««)*}» 

(1  +  arj% 

and  the  solution  is 

ym     ^  ^     ^  {(i+a^)4  +  ar|+  -^ — r  {(l  +a^*-.r} 
^      2(n  + 1)  ^^  ^         *      2(n-  1)  *^  * 

+  C{(l+J^)*-ar|-. 


S19  mmaoymAb  awamtam 


4 


t  .-4 


The  integral  of  this  is 

(4)    Let    (i-4O*5j-«y-«(i-/0*. 

The  int^pnl  of  this  is 

IL    Eqoationq  of  aU  ^rdeti  <tf  thfi  f<Mrm 

(a -f  *«)•  ^  +  Ji (a  +  *«)•-»  2^4^&e.4il4^»  jr» 

where  Ai,  A^f.m.An  face  constants,  can  always  he  Inlqpited 
by  a  change  of  die  indep^dent  Taridbiik 

In  the  first  place,  if  we  assume 
the  equation  evidently  ti^lces  the  form 

V 

where  Z  is  what  X  becomes,  wh^p  we  substitute  in  it  «  — 

6 

for  m^     As  &",  {C^f  &c.  are  constants,  this  ^qation  may, 

by  dividing  by  ft",  be  put  under  the  forin 

^  where    Ai'n,—^     ^,'«_f^  &c.  and  2*  =  — . 
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dx 
In    this   equation   make  —  »  d^,    or   z  ^  6^     Then   by 

Ex.  6.  of  Chap.  III.  of  the  Diff.  Calc.  we  bkffe 

d'y       d    fd        \  /d        \         id  \ 

so  that  the  substitution  of  t  for  z  will  give  rise  to  an 
equation  of  the  form 

dr         dr-^         dr-*  ^ 

where  T  is  what  Z'  becomes  when  we  substitute  in  it  e*  for 
z.  The  coefficients  Bi^  B^^  &c.  are  constant,  so  that  this 
equation  is  integrable  by  the  method  given  in  the  last  section. 
This  transformation  was  first  given  by  Legendre,  Mimoires 
de  VAcadimie^  1787,  p.  336. 

d^ij        dv 
(5)     Let         4^_Z+^-^_y«ar. 

Slaking  w  ^t  the  transfonned  equation  is 


the  integral  td  which  is 

^  c 

or    y«— r +  C^  +  — . 

•  d^y           dy                 1 
(6)      Let  ^T^  +  5'»'3^+y-7^ 7f 

Changing  the   independent   variable   from   w   to  /,  and 
making  w  »  cS  this  becomes 


(d        \"  1 


p   #  * 


tli«  int^iral  of  whidi  is 


• 


I.  1  « 

f§       Thereftm   y-bf  (^)'  + j  (C  +  C»log«), 

(7)  Let  '  ' 

I^el  -^ —  «i  dl«  and  tber^cvre  i  4^  4r  ->  V*  Thf  l^'^'^ 
ferined  equatlcm  Is 

the  integral  of  wbidi  is 

^      85(l-i-.4r)i      51^         '     •     -^       /     ' 
4  Ci  cos  log  (1  +  aiy  +  Ct  an  log  (l  +  a?)*. 

(8)  Let     0^  --^  -  sa;»  -4  +  707  -^  -  8^  -  ^. 
^  ^  dof^  da^  da       ^ 

When  the  independent  variable  is  changed,  the  operating 
function  is  found  to  contain  three  equal  factors,  hence  the 
integral  is 

A    rdw      rd*V      r  dCB   Jl  t 

y^ai*  f—   f—   /  — -5-  +  *»{C,+  C,logar+C,(Iog«)M- 

J      W     J      W     J      (S     (k 

In  other  cases  the  reduction  may  be  made  by  artifices 
suggested  by  the  form  of  the  equation. 
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Now  .  ^     =  ^  t:^  +  2  r^-  . 

dar  dor         dot 

rru      r  d'y      2  dy      I  d'(wy) 

Therefore         T:^  +  "  IT  "  ;;  ""^w»"- 

The  given  equation  may  therefore  be  put  under  the  form 

which   is  a  linear  equation  with  constant  coefficients.     The 
integral  of  this  is  evidently 

and  therefore  y  -  -  (C6"+  Cie-"*) 

w 

is  the  integral  of  the  given  equation. 

This  may  be  put  under  the  form 

—  {—      ^\  • 

dx  \dx      x] 

Integrating  with  respect  to  Xy  that  is,  operating  on  both 

(^    V      -I 
— j     ,  we  have 

C  being  an  arbitrary  constant. 
Multiplying  by  <v, 

Now        (.^  +  2)j,.(^y{.(^)    "yj. 

If  therefore  we  put  atsj?  f  —  j     y^  the  equation  becomes 

3-.  +  n^ar «  Co? ; 
dx^ 
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iitegral  c 


-  .t  +  J  COS  (tio!  +  a). 


A  and  a  being  arbitrary  constants.      Therefor 


s  (n 


")- 


-  sin  (nx  +  a). 


The  integrals  of  other  equations  with  variable  coefficients 
will  be  found  in  the  following  chapter  on  Integration  by 
Series, 

After  alt  however,  when  these  equations  are  of  the 
or  higher  orders,  the  number  of  cases  in  which  they  are 
tegrable  is  very  limited,  and  there  seems  to  be  no  great 
prospect  of  the  number  being  much  increased.  A  little 
consideration  will  point  out  the  reason  of  this.  When  we 
speak  of  an  equation  being  integrable,  we  mean  that  the 
dependent  variable  can  be  expressed  in  terms  of  tbe  inde- 
pendent variable  by  means  of  a  finite  series  of  functions  of 
that  quantity,  the  forms  of  such  functions  being  limited  to 
those  known  as  algebraical  and  transcendental.  Now  it  has 
been  seen  that  the  simplest  forms  of  difi*erenti&I  equations 
involve  the  highest  transcendents  which  we  recognize  as 
known  functions,  such  as  e"'  or  cosn.r,  and  it  is  to  be  ex- 
pected that  when  the  equations  become  more  complicated 
their  integrals  must  involve  higher  transcendents  to  which 
we  have  not  affixed  particular  names,  and  which  we  do 
look  on  as  known  forms.  This  indeed  is  found  to  be  tl 
case,  as  for  example  in  the  equation 


Hcients 

are  ii>^HP 
crent        Tl 


rf** 


'±^i'  =  ''' 


which  in  its  integral  involves  the  transcendent 

I'.a'     I'. 2'. 3* 


^  {'■»)  = 


1».2'. 


It  would  appear  then   thai  before  we  are  able  to  i 
any  farther  progress  in  the  solution  of  diflerential  equatioi 
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I 


we  must  create  new  traoscendents  in  the  earae  way  as  the 
ordinary  transcendents  «',  cos  a;,  log^,  &c.  have  been  created, 
we  must  study  their  properties,  and  endeavour  to  express 
tlie  integrals  of  differential  equations  by  means  of  them. 
The  first  part  of  this  task  has  for  some  time  past  occupied 
liie  attention  of  mathematicians,  and  great  progress  has  l>een 
made  in  it  though  much  still  remains  to  be  done.  The 
second  part  has  also  been  the  object  of  study,  though  not 
to  the  same  extent  as  the  other,  and  several  mathematicians 
have  applied  themselves  with  success  to  the  expression  of 
the  integrals  of  differential  equations  by  means  of  definite 
integrals  which  are  the  representatives  of  new  transcendents. 
Thus  for  instance  in  the  case  cited  above,  the  transcendent 

-T—, ^.+  .    !'^      -8ic.=-X'decos(2sing,in. 


Bxamples  of  such  integrals  will  be  found  in  Crelle^a  Journal, 
Vol.  X.  p.  92;    Vol.  XII.  p.  144;    Vol.  xvii.  p.  36^. 

As  it  appears  then  that  the  number  of  linear  differential 
equations,  which  are  integrable  by  means  by  the  ordinary 
transcendents,  is  not  very  great,  it  becomes  a  matter  of  some 
importance  to  enquire  under  what  circumstances  they  are  so 
integrable,  and  to  classify  them  accordingly.  This  enquiry 
tun  been  untlertaken  by  M.  Liouville,  whose  researches  on 
the  subject  will  be  found  in  the  Jour,  de  fEmh  Polyt. 
xxu'.  Cahier,  p.  149,  and  in  the  Mlmoirea  des  Sao.  Etran. 
Vol.  V,  p.  108. 

There  are  however  some  general  properties  of  these  equa- 
tions which  may  be  studied  without  a  knowledge  of  their 
complete  solution,  and  which  are  of  importance  in  the  absence 
of  more  direct  ways  of  attacking  them.  Such  is  the  theorem 
of  Lagrange,  that  if  we  have  a  linear  equation  of  the 
form 


daf 


■r-'y 


*  !"•  j-r?,  +  &C.  +  P.s  -  *  W  ■ 


(1). 


'  and  if  we   know  r  values  of  y   which   iatisfy  it,   when   the 
second  side  vanishett,  the  equation  can  always  be  reduced  lo 
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the  integration  of  a  linear  equation  of  the  order  n  —  r.  Thq 
following  demonstration  is  due  to  Libri.  * 

Let  ^1  be  the  value  of  y  which  satisfies  the  given  equation, 
when  the  second  side  becomes  zero. 

Assume  t/=y,  Jxtix,  ss  being  a  new  variable.  Thead 
observing  that  by   the  theorem  of  Leibnitz, 

d'fuw)  =  w#M  +  pdvdr-*u  +^^^—  d'vdi-'u  +  &c. 

the  given   equation   takes   the  form 
d'-'x 


^(Sl^'''£^'^^''-*''-^')>''"-  =  * 


(■»■). 
Now  since  y,  satisfies  the  equation 
dry      „  d-' 
djp"  dx' 

the  term  involving  Jzdai  disappears,  and  on  dividing  by  y^m 
we  have  an  equation  of  the  form 

ddT  d^  y^ 

and  the  equation  is  thus  reduced  to  one  of  an  order  lowei 
by  unity.      Again,  if  y„  be  another  value  of  y  which  satisfiel 


-+&€.+   />.. 


(=) 


•(») 


equation  (2),  and   since  z ' 
a.s  3  particular  integral  of 
d— «      „  d-'i 
dw  dx* 

If  therefore  we  assume  x  = 
shall  be  able  as  before  to  redi 


,  we  have  s 


d-'g 


Q". 


I-  8ic. +  Q,.,ar  =  o. 

■'  dar  Vj/,/ 

'  the  equation   (S)   to 


frhich  ia  of  an  order  inferior  to  (l)  by  two  unities.  Proceed- 
ing in  this  manner  we  can  reduce  tlie  equation  to  one  of  tlic 
order  «  —  r. 

In  the  same  memoir  M.  Libri  has  shewn  that  linear 
differential  equations  possess  various  properties  analogous  to 
,  those  of  ordinary  equations.  Thus,  for  instance,  we  can 
I  always  cause  to  disappear  the  (r  —  1)"'  term  of  such  an  cqua- 
Ltion,  by  the  aid  of  the  solution  of  an  equation  of  the  r"' 
l.order.     Let  the  equation   he 

rand  let  ua  aasume  y~zu:    it  then  becomes 

d"«       /     du  \   d'~'a 

-  +  P,u] 


t-  &e.  ■ 


dx' 


d^'' 


.  njn-l) jn-r+i) 


rjr'l)   , 


\d'u 

\dai'  "^ 

i  +  &c. 


1  d-'z 


dar-' 

+  &c.  ■ 


&C  =  0. 


n(n-l) 
The  (i*  +  l)""  term  of  this  transformed  equation  will  dis- 
I  Appear  if 

d'u      r       d'-'w       r(r  -  I)   d" 


which 


,   linear   e(|untii 


n   of  the 


)  dx"' 
r""  order 


r  &c.  -  O, 


y  P,u^  0. 


tlu- 


call  always  be  solvctl,  it  appears  that  we  can  nlwa\ 
second  term  of  a  linear  equation  disappear. 

Some  equations  which  are  not  linear  may  be  redutml   to 
that  form   by   a  change  of  the  variable. 

Let      rfy  +  Pij  d.c  =  ^lY*'  dv  : 
assume    y"  =  —  ,  when   the  equation   becomes 

du  -  n  Pudx  =  -  nXd^, 
which   is   linear  with  respect  to  m. 

See  .Tac  Bernoulli,   Opera,  pp.  Wis  and  7.91, 
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(11)  Let    dy-^ydm^aj^dm. 

The  equation  in  u  is 

du-2udm^  -^  ^a  da ; 
from  which 

*  ay  dw         X 

(12)  Let     dy  + -^—j r  ■  4?y«  rf«. 

The  integral  is 

(18)    Let     ay  dy  -  bf^da  «i  ea  dm. 

Assuming    ^>-<i    this  becomes 

adu  -  26f»  dor  B  ^ew  da^ 

which  is  linear  in  u.     The  integral  is 

c         ao      ^  2i^ 

(14)  Let     w^dy  +  y*d/p  « . 

w 

By  assuming     f^  ^u^    we  find 

,     So'      C 

ay'*  6 

(15)  Let     ydy^—  da^-. 


The  integral  found  by  assuming  j^  » ti  is 

y«  =  e     ' +  — ,  . 

aw      2  a* 

(l6)     Let     da  -  wydy  *=  a^y^dy. 

Putting     «  =  - ,    this  becomes 

dv 

—  +  y  V  =  -  y3, 
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iwhicli  is  linear  with  respect  to  v.     The  integral  is 


Sbct.  3.      Equatiof 


integrable  by  separating  the 
variables. 


I.  Homogeneous  equations  of  the  first  order  and  degree 
I  can  always  be  integrated  by  means  of  the  separation  of  the 
I  van'ables.      If  the  two  variables  l>e  .v  and   ■ 


and  by  means  of  one  of  these  equations  and  its  differential 
eliminate  one  of  the  variables  and  its  differential  from  the 
given  equation.  The  resulting  equation  involving  x  and  the 
other  variable  always  admits  of  the  variables  being  separated. 

This  method  of  integrating  homogeneous  differential  equa- 
tions of  the  first  order  was  first  given  by  John  Bernoulli.  See 
the  Comm.  Epis.  of  Leibnitz  and  Bernoulli,  Vol.  i.  p.  7- 

Ex.  (l)     Let  the   equation  be 

.rd;v  +  ydy  =  myd-r. 


Assuming 


=  X,   the 


transformed  equation  is 
xda 


SB        *  1  -  m»r  +  «•       *  I 


mdK 


fBK  +  a* 


=  0; 


»-c- 


t  integral  of  which  is 
l„g.,  +  il.6(.-m^4.^)  +  ^/-___^^^ 
If  m>2,  the  denominator  of  the  part  under  the  sign  of 
tolegration  is  of  the  form  (»  -  a)  l«--|,  and  therefore 
mdz 


-  m«  +  «* 


a'  +  I,       /g-«\ 
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and    log#4|log(l-.mjir4-«0  +  i^i3Y^|"~^ 

Substittttiiig  for  0  ito  value  ^1  we  have 

a'  -f  1  (ay  —  ii^^\ 

log  (-^  -  «•,  +  j^)»  +  ^-^^-^  log  ^-^^j^-^  J  -  C. . 

Let  in<S,  to  that  we  may  assuiiie  m  « S  ipota.     Then 

/Ak                    1            ,  /    jv  sin  a    \ 
B  -_ —  taA*'  I 1 ; 
1  -  8006a.  »-!-«*      fin  a            Vl^jirooaa/ 

and  therefore  the  integral  of  the  equation  i# 

log(«* -  iii#jf  +  jf*)J  +  oota  tan'*  ( — =- )  *i  C. 

Vdr  — yeoea/      * 

« 

Let  ffifliSy  or  1  -  iRiV4-VB^l -»)*.     Then  the  inte- 
gral f^  the  equation  beeomai 


log(4r-y)-C- 


m 


or     w  —  y^  Ce  '"•' . 

(2)     Let     xdy  —  ydw  ^  (.r*  +  y*)i  da. 

Making   y  »  o^jir,    this  becomes 

dw  dx 


w       (1  +  «»)i ' 
whence     a?  =  C  {«r  +  (1  +  »')i  J , 
from  which    a^  ^zCy  •¥  C*. 
(3)     Let     (ci?*y  -¥  ^)dx  ^  Soff^dy. 
Assuming   y  s  ofXy  we  find 

an  equation  which  is  easily  integrable,  since  the  second  side  is 
a  rational  fraction.  The  final  integral  may  be  put  under  the 
form  (.r«  -  2y»f  =  C.r*. 
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■9 

(4)  Let     f^dx  +  {wy  -¥  ^)  dy  ^  0. 

Assume  x  ^  yz^  when  the  transformed  equation  becomes 

dy  dx 

y       2x  -^-sfT 

and  the  final  integral  is   y^cl— )  . 

(5)  Let     ofdx  +  ydy  —  m  {xdy  -  ydw). 
Assuming  y  » wx^  we  find  the  integral  to  be 

log  (j?*  +  y^i  =  m  tan"'  -  +  C 

(6)  Let     i^dx  +  ,r*dy  «=  ^y  dy. 

Assuming  cV  «  yx^  we  find  as  the  integral  y  »  Cc'  . 

(7)  Let     y^dy  +  Sy'^xdx  +  StaPdw  «  0. 

The  integral  of  this  is  y*  +  2ar'  =  CCr"  +  y*)*. 

(8)  Let     sfydx  -  y'dy  «  ^dy. 


The  integral  is         y^Ce^^. 

(9)     Let     wy  dy  -y'^dx  ^{w  •¥  yY  e  '  dx. 

The  transformed  equation  is 

dx       X€^dx 


X        (1  +  xY  ' 

and  the  integral  is 

X  * 

{x  +  y)  log  -  =  j?6' . 

(10)     Let  the  equation  be 

a^dy  —  sfydx  +  y'dcX*  -  xt^dy  =  0. 

In  this  case  the  transformed  equation  is  reduced  to 

.r  (1  ^si^)dx  '^iO^ 

m 

which  may  be  satisfied  by 

.r  «  0,      1  -  »*  =■  0,     or    d^  «  0. 
21 
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This  last  is  the  only  differential  equa^fm,  and  thmpafare  is 
the  solution  c^  the  equation.     It  gives  as  the  integral 

stbc,    or  p mew. 

The  other  two  solutions  correspond  to  particular  values 
of  the  arUtrary  constant  The  first  or  #  «  0  gives  c  «  oo  » 
the  second  or  sr*  « l  gives  C  «  «&>  !• 

II.  Equatimis  m  which  the  variables  can  be  separated 
by  particular  assumpdojis, 

(11)  Let     (m« -I- ny -f  p)  €l4r  +  (a# -I- &f -I- e)  ily  «  0. 
Assume     a#4-&3f -f  c«sr,      m» -t-nf-^p^ui 

whence    adm  +  bdf  m  dn^     mdm  -f  ndy  •»  du^ 

and  therefore 

mdm-adu       ^       hdu-^ndm 
mb-^na  mo-na 

by  means  of  which  the  proposed  equation  becomes 

(msr  -  nu)  dn  -k-  (&«*  -  asr)  du  »  0, 

which  is  a  homogeneous  equation  intq^rable  by  the  usual 
assumption. 

m        h 

If    —  «  -    this   method  fails,  but  the  given   equation  is 

then  easily  integrable:    for  eliminating  m  it  becomes 
h  (cdy  +  pdw)  +  {ax  +  by)  (bdy  +  ndw)  =  0 ; 

and  by  assuming  aat  -^hy  ^  «   whence  bdy  ^d«  -  adw^  the 
equation  becomes 

{ac  -  ftp  +  (a  -  n)  x}  da  ^  (c  +  z)  dxy 

in  which  the  variables  are  separated. 

Euler,  Calc.  Integ.  Vol.  i.  p.  26 1. 

(12)  Let  dy  B  (a  +  b/r  +  cy)  dw. 

By  assuming  bx  -^  cy  ^  x  we  find  the  integral  to  be 

6  +  c  (a  +  6^  +  cy)  =  Ce*. 

Euler,  lb.  p.  262. 
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(13)      Let  dy  +  Vf^dx  =  a^oTdx. 

Assume  y  ■■  iv%  by  which  the  equation  becomes 
Tx'^'^dx  +  b^s^^dw  =  €?ardx. 

In  order  that  this  may  be  homogeneous  we  must  have 

r  -  1  =  2r  ss  m; 

whence  r  ^  -  \^  m«-2,  so  that  the  transformed  equation  is 

dz  d/v      a^dw 

»*  x^         a^    ^ 

a  homogeneous  equation  in  which  the  variables  are  separable. 

This  equation  was  first  considered  by  Riccati  in  the  Acta 
Eruditorum^  Sup.  viii.  p.  66,  and  it  usually  bears  his  name* 
It  may  be  converted  into  a  linear  equation  by  assuming 

_    1    dz 

^"¥1  d^' 
when  it  becomes 

d'» 


dot' 


-  a^l^x'^z  «  0. 


(14)     If  in  the  equation  of  Riccati  m—0,  the  variables 
are  immediately  separable.     It  becomes  then 

dy 
dy  +  b^y^dw  =  a^dx     or     dw  «  -r — r—r , 

o'  —  b^ff 

the  integral  of  which  is 

«  +  ^y      ^  •  I. 

; —  =  U  6 

a  "by 

The  assumption  y  ^  s^  h  not  the  only  one  which  renders 
the  equation  of  Riccati  integrable.     If  we  assume 

y  =  Ax^  +  x'^x^ 

the  equation  becomes 

afldx  +  {qafl'^^Zb'AxP^^^  6W0  xdx  +  {pAx^"^-^  VA^'a^P)  dx 

m  a^x'^dx. 

This  will  be  reduced  to  an  equation  of  three  terms,  if 
wc  have 

p  -  1  =  2p,  q-l^p-^^q, 

pA  +  VA^  =  0,  9  +  ^VA  =  0. 

21—2 
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The  6rst  and  second,  conditions  agree  in  giving  p  a^—  i, 
and  from  the  second  ^d  third  we  find 


so  thai  the  assumption  is 


1        sr 


and  the  equation  is  then  reduced  to 

(15)     If  m  «  -  4,  the  equation  becomes 

or  (Kr 

in  which  the  variables  are  separated.     The  integral  is 


gft^^-y^y       ^¥ 


If  in  tlie  equation 

dz  '{'h^sr  —--ss  a^a/^-^^dx  we  assume  2f  =  — , 
a?*  w 

we  have  du  •\'  a^u^a^^^dx  ^ — r- ; 

or 

and  in  this  equation  making    (m  +  S)  j?"+*  d.p  =  dw,    and  for 
shortness  putting 

a!"         ^  h^  -       >w  +  4 


it  is  reduced  to 

du  +  (yu^dv  =  a*v*dv^ 

which  is  similar  to  the  proposed  equation,  and  is  therefore 
integrable  if  n  =  -  4,  or  nn  =  -  ^.  If  n  be  not  equal  to 
—  4,  we  may  transform  this  equation  by  the  same  assumptions 
as  before,  when  we  shall  obtain  an  equation  of  the  form 

du  +  /3'*w'*dv'=  a^f)"'  dv\ 
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which  is  integrable  if  n' «  -  4,  furnishing  a  corresponding 
value  for  m.  In  this  way  we  may  proceed,  continually 
transforming  the  equation  and  finding  values  of  m  which 
render  Riccati^s  equation  integrable.  It  will  be  found  that 
these  values  are  included  in  the  fra'mula 

4r 

2r-  1 
r  being  an  integer. 

Another  series  of  values  for  m  may  be  found  by  making 

y  a  -  in  the  original  equation,  when  it  becomes 

du  +  av^dd^  dx  =  Vdai ; 
and  this  being  transformed  by  the  assumptions 

we  find  du  +  ^^u^dv  «a*t>"di?, 

which  is  similar  to  the  proposed   equation  and  integrable  if 

4r 

n  be  of  the  form ,  that  is,  if 

2r  -  1 

tn  4fT  4r 

or   m  «  — 


m  +  1       2r  -  1  2r  +  1 

« 

Hence  all  the  values  of  m  are  included   in  the  formula 

4r 

»w  = . 

2r  i  1 

d'T 

(16)  Let     rfy  +  y'd.T  =  — ^ . 

Then     yC^';-^^^;)^^^Cc<-.^ 

yv»  >  «>  2a  <1? 

(17)  Let     ay-y*a.i= — ^    . 

mi-  '^^  -^yJ-e  (3. 2*  \ 

Then      — j-f- =  tan    — 3- +  C    . 

3.2*^*(l  +  «ry)  V  **  / 

(18)  The  equation 

rfy  +  fiy"  x^  rf.r  +  ft.r*"  y^  rf.r  «  0 


rf-. 
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can  be  made  hoiiK^peneotM  if 

(P  +  1)  (1  -?)-(«•  +  1)  (1  -  «), 
bjr  the  a*umption 

y-ir*-*   or  -**-•. 

Tli«:«  is  an  exoeptkiD  to  this  if  n  «  1  and  9  «  1 ;  but  in 
this  case  the  equatioD  becomes 

dy  +  jf  (a#' <!-&«")  d#  ••  0, 

in  which  the  yariables  are  ahready  separated. 

(19)  Let  ayim  ^  bwdp  -1-  a^jf^  (epdM  ^  eady)  «  0 ; 
dividing  by  »9  we  have 

a —  +  6-^  +  4»*j*(e —  +  e  — I  «  0. 
«  y  V     «         y/ 

From  this  it  appears  that  the  assumptions 

win  simplify  the  equation.     It  becomes  after  these  substi- 
tutions 

du  a  dv 

—  +  tt«  t>p  —  «  0, 

U  V 

,  me "  nc        ^      na-mfe 

where    a  =» ,      3  » . 

ae  "he  ac  —  he 

The  integral  of  this  is  evidently 

If    o  =  0    and    j3  =  0,    i.  e.    if    —«--«-,    the  integral 

n      h      e 

takes  the  form 

log  u  +  log  «  =s  C ; 

or  ttv  =  C; 

or  cr^+'y^+'rrC. 

(20)  Let      (.r  +  y)-  dy  =  a'dof. 
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Assume  a;  -f  y  »  t^, 

a^du 

whence  dy  =  -r , 

or  -^  ur 

in  which  the  variables  are  separated.     The  integral  is 

t#  +  07  8  a  tan . 

^  a 

(21)     Let     (y  -  0?)  (1  +  a;*)*  dy^n(l+f)^  dx. 

To  separate  the  variables  assume 

0?  —  f* 

when  the  equation  becomes 

dx  udu 


1  +  ^      (1  +  1*0  {w  4.  n  (1  +  uOH  ' 
To  integrate  this  put  1  +  w*  =  /^,  which  gives 

dw  dt 

and  again  putting   t  ^  ,  we  find 

dx  2ds  2nd8 


which  is  easily  intcgrable. 

Euler,  Calc,  Integ.  Vol.  i.  p.  270. 

Sect.  4.     Equations  which  involve  y  and  its  differen- 
tials in  powers  and  products. 

I.     Equations  of  the  form 

are  to  be  resolved  (when  possible)  into  the  simple  factors 

\d.r  /   \dx        '/  Kdof        "/ 

and  each  of  these  is  to  be  integrated  separately.  Any  one  of 
these  integrals,  or  the  product  of  any  numl>er  of  them,  will 
he  an  integral  of  the  proposed  equation. 
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0)     L«     (g)'-  ••  .0. 

Here  -^-a.»0,         — -  +  a-Oj 


therefore  jfaa^H-Cy         ya  — a#4-ei, 

are  both  iDtegrak:   alsa 

(^  -  ofciP  —  c)  (y  +  a»  -  Ci)  -p. 

If  we  suppose  c  and  C|  to  be  -the  same,  this  may  be  put 
under  the  form 


^*>  ^*  ^(S)'- **"-"• 


The  integrals  are 

y*  «  ^aw  +  c,  s*  «■  —  4o»  +  C|, 

and  (s*  -  4a^  -  c)  (y*  +  4a^  -  c,)  «  0; 

or  (y^  -,  c)*  —  i6ii?«*,       when  «i  —  c. 


(*>    ^*  '{^'""''T.'^' 


The  integrals  are 

(a?*  +  y^)\ «  a?  +  c,  (J7*  +  y*)i  =  -  a?  +  c,, 

and         {(o?^  +  y')i  -  ^r  -  c}  {(j?*  +y')*  +  .r  -  c,}  =  0; 
or  y*  =  2c«r +c?*,    when   Cj  -  c. 

(4)      I^t 

f-T^ )  -  ('^  +  *'«'y + y*)  ( 3- )  +  C^y  +  •'«^'y*  +  ^y")  3^  -  ^^y" «  0. 

\da?/  \diV/  da; 

The  factors  in  this  case  are 

(^-«')(^--)(S-")- 

and  the  integrals  are 

3  dT 


07  —  1 

and  (y  -  -  -  c)  (y  -  e^  -  c,)  (y  +  -  -  c^)  «=  0 

3  «• 
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•     ■ 

(5)     Let 

\o^/  Vao?/       a.r 

The  integrals  are 

and  (y  -  c)'  =  —  (sin"*  -I    if  c,  =  c,  =  c. 

^  V  ^^/   \dwl       w    dw      w 


or 


Kdw)        X    dof      ar^     \         a^l  \dx. 


Extracting  the  square  root  on  both  sides  and  multiplying 
by  /p, 

dy  .     ,  „      «.i  dy 


whence    y  =  .r  cot  [C  ^  —  1 . 


II.  If  the  equation  be  of  the  first  order  and  homo- 
geneous in  X  and  y,  and  if  we  assume  y^uw  or  w^uy  we 
shall  obtain  by  the  elimination  of  the  variables  an  equation 

between  u  and   -p-,   which  combined  with  the  differential  of 

dx 

ux   or    uy   will   give   us  the   means  of  finding  the  relation 

between  x  and  y. 

(7)     Let      y-.g=„.{.  +  (g)]^. 

Put    -p-Bsp,  and  y^uxy  then 

f^  s  p  +  n  (l  +  p^)i  ; 

but     dy  =  prf.r  =  udx  +  rd?/ ; 

dtT         du 

therefore     — . 

.r        p  —  u 


* 
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npdp 

But  dtt«=do+  — — — ^— r » 

^      (1  +p»)r 


therefore 


and     p-tt=  -n(l  +  |>'*)i ; 
dof  dp  pdp 


X  n  (1  +  p*)i      1  +  |>*  * 


and     log ci?  = log  {p  +  (l  +  p^)*}  -  ^  log  (l  +  p^)  +  C ; 

whence  if     C  «  log  a, 

whence  we  find 

X-n'  "     L  (l-«)a^  J   ■ 

(8)     Let     j,g+„^  =  {i+(g)y(y«  +  „^0». 
The  integral  is 


(3 


(9)       Let      y{,^g)y=„,(..y^^). 

This  equation  is  homogeneous  in  x-  and  y,  and   may  be 

treated  like  the  preceding  examples,  but  it  is  more  convenient 

to    proceed   as   follows.      Square   both    sides,    and   solve    the 

dy 
equation  with  respect  to  y  — ,   which  gives 

dx 

dy        ri'w  {(n^-  l)y-  +  nV^|^ 

Whence,  dividing  by  the  second  side  of  the  equation  and 
integrating, 

\{n'  -  1)  /r+  ira}^^  i  .r -f  C 
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III.     Equations  integrable  by  Differentiation. 

If  y-ofp  +/  (p)      ^ where  P  «  J^)  > 

we  have,  on  differentiating,     0  »  \,v  +/'(p)}  dp. 

This  is  satisfied  by  dp  «  0,  or  y  ^  Cw  •{-  Cf^  where 
Cf  B  f{C).  The  singular  solution  is  found  by  eliminating 
p  between  the  given  equation  and  w^f{p)^0. 

This  equation  is  known  by  the  name  of  Clairaufa  form, 
having  been  first  integrated  by  him.  See  Mimoires  de  FAca- 
dimie  dee  Sciences ,  1734,  p.  196. 

(10)  Let  y  a  p.v  +  n  (1  +  p*)i. 

The  general  integral  is     y  =  Co;  +  n  (1  +  C^)^ ; 
the  singular  solution  is     .v*  +  ^^ «  n'^. 

(11)  Let  y  =  pa?  +  p  —  p^ 

The  general  integral  is     y  =  C  (or  +  1  -  C) ; 
the  singular  solution  is     4y  -  (l  +  ai)'*. 

(12)  Let  y  -  pa?  =  a  (1  -  p^)*. 

The  general  integral  is     y  =  Ca?  +  a  (1  -  C*)* ; 
the  singular  solution  is     y^  -  ^t  s  a^. 

(IS)     Let  y -/'•''- (7^)j  • 

The  general  integral  is     y  ^  Civ 7«ni ' 

the  singular  solution  is     o?^  +  y)  «  a^. 

Sometimes  an  equation  which  is  not  of  Clairaut^s  form 
may  be  reduced  to  it  by  being  multiplied  by  a  factor. 

(14)     Let     ay  L^  +  (2.r  -  6)  ^  -  y  =  0. 

Multiply   by  4y,  and  let  y^=Uy  and  2ydaf  =  du. 

Then         «    -r-  I  +  (^^  -  2h) 4w  =  0, 

\aaff  die 
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or      U 


du       ih  du      a  (du\'\ 
dx       l2  dx       4  \dxl  /' 


n 


which  is  of  Clairaut's  form.      The  general  integral  is 

\2  4        / 

The  singular  solution  is     4oy*  +  (2^?  -  6)  =  0. 

fdy\'^  dy 

(15)  Let    awy\-—\    -^  (bw^- ay^  -  ab) —^  -  bxy  =  0. 

\diJDj  dx 

On  multiplying  by  4<r^,  and  taking  x^  and  y^  as  the  new 
variables,  the  equation  becomes  of  Clairaut^s  form,  and  the 
integral  is 

y-^"^  t  +  ac- 

The  singular  solution  is     ay^  +  &  (iT^  -  a^)*  =  0. 

If  y  =  P^  +  Q, 

where  P  and  Q  are  both  functions  of  p,  we  have  by  dif- 
ferentiation 

/     dP      dQ\ 
dy  ^pdx  =  Pdx  +  Ix  —-  +  -—1  dp, 

/     dP      dQ     . 
whence  (p  -  P)  dx  =     .x?  -i-  —  1  ap, 

\     dp       dp  I 

which  being  a  linear  equation  in  .v  may  be  integrated,  so  that 
we  have  .r  expressed  in  terms  of  />,  and  as  y  =  fpdx^  we  can 
eliminate  p  and   so  obtain  a  relation  between  .r  and  y, 

(16)  Let  y  =  dp'  -\-  p'. 
The  integral  is     y^  =  (,r  +  1)^  +  C. 

(17)  Let  y  =  (1  +  p)  i? +p'- 
Then  !/  =  2  (l  -  p)  -\-  Ce'K 

Substituting  in  this  the  value  of  p  derived  from  the 
equation,   we   have  the  required   integral. 

(18)  Let  // -  2pr  =  a  (l  +  p^)'^. 


n 


Wc  find  p'.v=  -  -\p{\  +;/)i-log{p  +  (l  +/>')i|]  +  C. 
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By  eliminating  p  between  this  and  the  given  equation, 
the  integral  is  determined. 

(19)     Let  y  =  a?{p-(l+p-)J}. 

In  this  case  Q  «  0,  and   we  have  to  integrate 

dOf  _   (1   -k-  p^)^  "^  /7 

T  "      (I  +  pO^        ^' 
and  then  to  eliminate  p.      The  result  is 

IV.     Homogeneous  equations  of  the  second  order. 

dy     d^y 
If  an  equation  involve  a?,  y,  ---  ,    — , ,  and  if  we  assume 

X  and  y  to  be  both  of  one  dimension,  -7-  will  be  of  0  dimen- 

d  y 
sions,   and    — —  will   be  of   -  1    dimensions.      The  equation 

dx 

then   is   said  to  be  hombgeueous   when,  adopting  this   scale, 

the    sum    of   the    indices    in    each    term    is    the    same.      To 

integrate  an   equation  of  this   form,    let    —^  =  p,    —-7  =  q ; 

dx  d'V 

then    by  assuming  y  ^  uofy   9a—,    the  quantity   a;  can  be 

eliminated   so   as    to   give   a   relation    between   u,   v,  and  p. 
But  aa  dy  ^  pdco  »  udx  -f  wdu^  we  have 

dx        du 
X       p  ^  u^ 

and  as  dp  ^  qdx^  we  have  also  vdx  ts  xdp. 

Whence  vdu  =  (p  ^  u)  dp. 

From  this  v  may  be  eliminated  by  means  of  the  given 
equation,  and  we  have  a  differential  equation  of  the  first 
order  between  p  and  u :  by  integrating  this  we  obtain  p 
in  terms  of  r^,  and  then  x  in   terms  of  f^  from 

dx        du 
X       p  "  u 
in   which   the  variables  are  separated. 
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(.0)     Let         ..g  =  (,..£|)^ 

put  y  ■=  uw^  q  ts  -  ,  then 

w 

»  =  (w  -  p)%    and    dp  ^  (p~  u)  du. 

This  being  a   linear  equation   is   easily   integrated,   and 
we  find 

p  =  «  +  I  +  Cc*. 

dof  du  €'*du 


Then 


^        1  +  Ce«      C  +  6— ' 


and  log  —  =  log  (C  +  6"")  or  c""  = ; 

whence  y  =  *  log  [ J , 

which  is  the  required  integral. 

(21)  Let       .r^-fl  ^-^-£+^  =  0. 

dw  dx*        dw 

The  integral  is 

(C-l)a7U{2y+(e-l)^}^ 
^     "  (C+  l)a7i-{2y  +  (C^-  l)cr|r 

There  is  also  a  singular  solution  y  =  Cx. 

Sometimes  an  equation  may  be  considered  homogeneous 

by  reckoning  w  as  of  one  dimension,  y  oi  n  dimensions,  and 

dy  ,  d^y 

consequently  -—-  of  (n  -  1)  dimensions,  and  -j-z  of  (w  -  2) 

dx  dor 

dimensions.       In    such    cases    assume   y  ^  of  u^    jo  =  w^'^t, 

q  =  of^v ;    then   by  steps   similar  to   those  in   the  last  case 

we  arrive  at  a  differential  equation  of  the  first  order,  between 

t  and  w,  which  being  integrated  will  enable  us  to  determine 

the  relation  between  w  and  y. 

d^V  dy 

(22)  Let     x'  — ^  =  (r'  +  2.r.v)  -^  -  4y\ 

dx'  '     diV 

Assume     y  =  .r'^?/,     p  =  ,vt^     q  =  v.      Then 

V  =  t(l  -f-  2?/>)  -  4.W*. 


DIFFERENTIAL    EQUATIONS.  336 

But  we  have 

du(v  -  0  ■=  ^^(^  -  2w),     and  therefore 
2udu(t~2u)  =  d^(/-  2w). 

This  is  satisfied  by 

2udu^dt,     or  by     /-2tt  =  0. 

The  first  gives     w*  +  C  =  /,     and  therefore 

d«r  du 

w       u*  —  2u  'k'  C 

When     C«=l,     this  gives 

cP*  =  (^-y)log-. 

a 
When     C  =  1  -  »',     this  gives 

or'  =  a — -r . 

(n  -  1)  ar  +  y 

When     C  =  1  +  n*,     this  gives 

y  =  a?*|l  +n  tan  (nlog-j  >. 

The  other  factor     /  —  2w  —  0,     gives 

as  a  singular  solution. 

If  .V  be  reckoned  of  0  dimensions  so  that  y,   -^^ ,     ... 

div     d*v 

are  of  the  same  dimensions,  a  homogeneous  equation  may  be 

integratjed  by  assuming 

p  s  wy,     q  SB  wy ;      whence  as 

dy^uydx     and     udy  ^^ydu^vydx^ 

dy 

—  «■  udx     and     du  +  w'do?  —  vdx. 

y 

From  this  last  if  we  eliminate  v  by  means  of  the  given 
equation,  we  have  to  find  u  in  terms  of  Xy  by  integrating  an 
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equation  of  the  first  order,  and  then  by  means  of  —  «  udm^ 

y 

w^  can  determine  the  relation  between  9  and  y. 

m   Let  .^-(^i) .--_,. 

From  this  we  $nd 

v-tr+r-s ^1    and 


therefore  ti »  C  {^r  +  (a*  4-  41^^}  ; 

whence  log(Cy)«Cfl^log{#  +  (c^-«.^i|4-C^{«  +  (<^+flO*|. 

The  integral  is 

(«*  -  **)*    f^,     e{nb+W^^i\ 
-        n       "      »  «>y  '       ^ 

A  and  c  being  arbitrary  constants. 

V.     Equations  of  the  second  ordain  which  one  or  other 

of  the  variables  is  wanting. 

If  the  deficient  variable  be  the  dependent  variable  y,  by 

cPy      dp  ,  - 

putting  — -  =  — -   we  have  an   equation    of   the    first    order 
diXr      dx 

between  p  and  .r,  by  the  integration  of  which  we  obtain  p  in 

terms  of  .r,  or  w  in  terms  of  p ;  and  then  by  means  of  the 

equation 

y  ^  fpdx  ^  .vp  ^  fwdp, 

we  can  find  the  relation  between  .r  and  y. 


(25)      Let 


putting  -2  =  0    and  —■  «  -f-  this  becomes 
'  ^  dx     ^  day"      dx 

2,r  dj? 


therefore 
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dp  2afdw 


(1  +  p«)t         a' 


whence  -- — -— .  «  -  +  C $ — , 

(1  +p*)*      or  or 

This  is  the  equation  to  the  elastic  curve. 

Jac.  Bernoulli,  Opera^  p.  576. 

(«6)     Let     (,^.«)g^,+  (g)*.o. 

The  integral  is 

Cr'y  =  (1  +  CO  log  (1  +  Cw)  -Cw-k-C 

<")  «■«  -(S)*-gS-"S{-(li)T- 

The  equation  between  p  and  «r  is 

a  A'         ad? 
which  is  integrable  when  divided  by  (l  +  p*)l. 

The  complete  integral  is 

y-(a*+6«-^)i-  ftlog ^'.  . — ^  , 

c^a?  —  a) 

where  b  and  c  are  the  arbitrary  constants. 

(88)  Let     «*jJ,(«*  +  **)*  +  «''f^-**- 
The  integral  is 

aV  -----  — -  +  ^     ^     ^    -  Cai^ 

9  3  9 

+  Cw(a*  +  ^r»)i  +  q'Clog     ^^  ^   . 

(89)  Let     (x..a)g..(gy4^ 
22 
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The  equation 


becomes  linear  by  assuming  p  «  -9  and  the  complete  integral  is 

y  +  c'-log(jr*-c')-^log(^^)  , 

e  and  </  being  arbitrary  constants. 

If    the  independent    variable   (w)  be   wanting,   we   put 

--^  ■»-;—•  -;^  =»  P  --7-  5  ^^^  then  we  have  an  equation  be- 
dar      dw    dy  dy 

tween   p    and  y   from   which   by  integration    we   find  p  in 

terms  of  y^  or  y  in  terms  of  p,  and  then  a  is  known  from 

the  equation 

dy  mpdx. 

dp 
From  this  —  (py  +  1)  =  1  +  p% 

ay 

P  cff> 

and     dy ydp  =  — ^ , 

^      l+p»  ^   ^      1+p*' 

a  linear  equation  in  y,  which  being  integrated  gives 

y-p  +  C(l+p«)i, 

^=/  — -logp  +  Clog{p  +  (i+p«)iJ  +  C", 

whence   by   eliminating  p  we   obtain   a  relation   between  or 
and  y. 

The  integral  is  t 

^  s  C  +     -^ I    +  COS^  ' , 


r-^") 


y 

where  C  and  a  are  arbitrary  constants. 
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(3«)     Let     y:g+(^*-,.    or,pg  +  p*.,. 
Putting  this  under  the  form 

multiplying  by  y  and  integrating,  we  have 

whence    j?  +  c  «  (a*  +  y*)i. 

d}y         dp 
Putting    -—^  «=  P  T"  f  this  becomes 
dar         dy 

which  is  of  Clairaut^s  form.     The  general  integral  is  there- 
fore 

p«Cy  +  n(l  +0*0*, 

whence     Car  +  C- log  {Cy +  n(l  +o*C")*}. 

The  singular  solution  is 


P- 


whence     y  «  na  sin 


a 


The  examples  in  this  section  are  taken  chiefly  from 
Euler,  Calc.  Integ,  Vol.  i.  Sect.  iii.  and  Vol.  ii*  Sect.  i. 
Cap.  2  and  3. 


CHAPTER  V. 


INTEGRATION    OF    DIFFERENTIAL    EQUATIONS    BY    SERIES. 


The  method  employed  for  integrating  Differential 
Equations  by  series,  is  to  assume  an  expression  for  the 
dependent  variable  in  terms  of  the  independent  variable 
with  indeterminate  coefficients  and  indices,  and  then  to 
determine  them  by  the  condition  of  the  given  equation. 

(1)     Let     --^+aflfy  =  0. 

Assume     y  ^  o!^  (J  +  J^  a/^*^  +  J2  a?*"+*  +  A^  «*"+®  +  &c.) 

Whence  we  find 

d^y 

— ^=r  a(a-l)-ia?«-*  +  (a  +  w  +  2)(a  +  n  +  l)-iia?«+"  +  &c. 

a  or 

and  ag^y^  o -4a?" +■  + a -4,  «""*"•"+*  + &c. 

Substituting  these  values  in  the  equation,  and  equating 
to  zero  the  coefficients  of  the  powers  of  w^  we  have 

a  (a  -  1)  -4  =  0,      (a  +  n  +  2)  (a  +  n  +  1)  J|  +  a  J  =  0, 

{a-^^n-^-  4)  (a  +  2n  +  S)  A^  +  aA^  =  0,  &c. 

The  first  of  these  is  satisfied  either  by  a»0  or  a^  1. 
Taking  a  «=  0  and  substituting  it  in  the  other  equations,  we 
find 

J ^^  ^  «'^ 


^3  =  —  : — r — TZ rr— 7: tt-ti rr— : -rs  &C.  &C. 


(n  +  1)  (n  +  2) '  1 . 2  (n  ^-  1)  (2»  +  s)  (n  -f  2)*' 

cPA 

1  . 2 .  S  (n  +  1)  (2n  +  3)  (3n  +  5)  (n  -1^)' 
so  that 

^"      *^""(n+l)(n  +  2)  "*■  1 . 2  (n  + 1)  (2n  +  S)  (n  +  2)»  "  ^^'^ 
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Bul  us  this  cuntains  unly  one  arbitrary  constant  A, 
it  is  not  the  complete  solution.  Let  us  take  a  >  1  and 
call  A\  At,  A^\  &c.  the  corresponding  coefficientB ;  we 
then  find  in  the  same  way  as  before 

"  '        (n  +  3){M  +  2)       l.2{n  +  3)(««  +  5)(n  +  2)=  ' 

which  is  another  incomplete  integral  with  one  arbitrary  con- 
stant. The  sum  of  these  two  series  is  the  complete  integral 
of  the  equation. 

When  n  =  —  2  both  the  scries  fail,  as  the  denominators 
are  then  infinite :  but  the  true  integral  is  easily  found. 

For  if  -r^.  +  -r  =  0, 


and  we  assume  if  =  A3f,  we  have 

a(a-  ])  +  0  =  0. 
This  is  a  quadratic  equation,   which  gives  tw 
If  these  be  oi,  oj  the  integral   is 
V«  .ill  J^'  +  Atx": 


The  first  of  the  precetiing  sei 

(2r 

and  the  second  when  « 


es  will  fail  when  »  = 
I) 


T  being  any  whole  num- 
ber :    the  complete  integral   may   however  be  found  by   the 
I  following  process.     Assume 

y  =  «  +  B  logcr, 
I  vbere    r    is    the  particular    integral    furnished    by    the    series 
j  vhich  does  not  fail.     On  substituting  this  value  of  y  in  the 
I  original  equation  we  obtain   the  system  of  equations 

—  +  aa^n  =  0, 

d*u      z  dv       V 

_  + +  a  Ma."  =  0; 

I  the  second   of  which   serves   to   determine  i*.      Eider,    Cah. 
%Int«g.  Vol.  It.  Chap.  VII. 
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d*y    oy 

Then     v  ta  J  \{v + ,    ,     +  feet 

The  equation  to  determine  u  is 

d^u      2  dv       V      au 
da^      w  dx      of"       w 

Assume     u  ^  B  -^  B^uo  ■\'  B^sf  -^  B^sf  j^  &c. 
Then  we  find  B^ ;   £|  is  left  undetermined  and 

So  J      aBi 

""pr2«"Tr2* 


1".2».S»       1*.2*       1.2^.8' 

But  since  we  have  introduced  the  arbitrary  constant  c 
in  log  CiV)  we  may  assume  for  B^  the  value  zero,  and  then 
we  have 

Wl         Sa      ,        14a*       ,      „     \ 

y  =  -  -fl  I ; — I  iir  +  — — - — -  cr  —  &c.  j 

^  Va      1'.2*  1^2^3'  / 

Oct?*         o^o;*  d^x^  „     .  , 

^         1.2       1  .  2*.  3       1  .  2*.  3*.  4  ^     ^ 

Euler,  76.  p.  156. 
,  ,      -         d'y      ay 


Here  «  « -rf  (a? x^  + ar ,  «  +  &c.) 


and 


4a     .  l6a«       _^  64a^  * 

^t  +    ■  ar  — 

1.3  1.2.3.4  1.2.  3*.  4. 5 

x^       8  .  4 .  a     .      100  .  16  .  a* 


/I        x^      8  .  4 .  a     -      100  .  lb  .  a*    _      „     \ 

y  =  -^  te  -^  a  -  l^F-^'*^ l^8^2^4»  ^-^"J 


4a      ,  16a-  64a' 


^■0      .  iba-         .,  b4a^  |      «     v  , 

^'  Aix .T»  + a?- r .r*  +  &c.)  log  c«r. 

"^         1.3  1.2.3.4  1.2.3^4.5  ^ 

Euler,  76.  p.  159- 
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(4)  From  the  equation 

d^y      dy 

we  easily  obtain  a  particular  integral.     For  if  we  differen- 
tiate the  equation  r  times,  we  have 

w +  fr  +  1) +  — -  m  0. 

and  when  w^sO 

d'^^y  1      d'y 

dar^^  "  ""  r  +  1  dcf' 

Thus  any  one  of  the  coefficients  in  Maclaurin^s  Theorem 
is  derived  from  the  preceding  one.  Let  the  first  coefficient, 
or  the  value  of  y  when  ^  » 0,  be  A^  then  we  find  as  the 
particular  integral 

00  tf  of  01^ 

Let  this  be  put  equal  to  o:   then  assuming 

y  B  t^  +  o  log  coo  J 

and     u  ^  B  -k-  Bxoo  J^  B^oi^  -^  B^o?  J^  &c., 

we  find  by  substitution  in  the  given  equation 

Hence  we  have 

Sa^      Wof         5ljr*        ^     , 
y.8^(^-— +  — -^j^^-^  +  &c.) 

the  constant  -j  being  included  in  c. 

Fourier,  Traite  de  la  Ckaleur^  p.  372. 

(5)  Let  ^'  j~  -  <?'y  -  0- 

ax 


% 
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The  assumption    y  =  2  (a.  of*)  gives 

{n  (n  -  I)  ...  (n  -  r  +  1)  —  c^J  a,  «  0. 

From  this  it  appears  that  a,  »  0  except  for  those  values 
of  h  which  cause  the  other  factor  to  vanish.  These  values 
of  n  are  r  in  number;  let  them  be  fii,  ti,...!!^  then,  the 
corresponding  values  of  a.  being  indeterminate,  we  have 

y  «  Ci^>  +  C,«^«  -f  &C.  +  Cr«^. 

Assume  y  —  S  (a,  jv*)  ; 

then    ^  =  2  {„  („  _  1)  o,,r--»}. 

Substituting  these  in  the  equation  and  equating  to  zero 
the  coefficients  of  a?*"*,  we  have 

n  («  -  1)  a,  «  (^a.^^. 

If  n  «  0,  or  i»  s  1 ,  a,  and  Oi  both  vanish,  and  so  con- 
sequently  do  all  the  superior  coefficients. 

If    ns-i,     1.2a_iec*a,        and  a_i  = , 

/  *  1.2 

n  B  —  2,     2 .  Sa.o  =  craa       and  a.,  = , 

«=-S,     S.4a_3«c*a.i     and  o«. 


1.2.3.4 


1                      ^  ^ 
n  =  —  4,     4 .  5a.4  a  cra_o     and  0.4  «= « 

*  '  1.2.8.4.5 

&c.  &c. 

Hence  we  have 

1.2  or       1.2.8.4  afl  ' 

\        (?  1  c* 

1.2.30?'       1  .  2  .  8  .  4  .  5  cr^  ^ 

ax  and  Oo  being  two  arbitrary  constants. 


Be- 


80** 
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This  may  obviously  be  put  under  the  form 

c  e 

ymie(Je'  +  Be"'), 

Euler,  lb.  p.  l66. 

y  m  a  { C  COS  -  -{-  Ct  An  -  |. 

Euler,  76.  p.  167. 

The  integral  is 

Euler,  76.  p.  168. 

(9)     Let  d^-^^    y"^- 

The  integral  is 

^      ^         5c     ^  5c  \         5cJ 

Generally,  the  integral  of 

d^y 

T 

will  be  expressed  in  finite  terms  when  X  = . 

Mr  Leslie  Ellis  has  given  (Cambridge  Mathematical 
Jaumaly  Vol.  11.  p.  169  and  p.  193)  some  remarkable  methods 
for  reducing  to  finite  functions  the  solutions  in  infinite  series 
of  certain  classes  of  Differential  Equations. 

Let  the  equation  be  of  the  form 

g  +  9-'y=p(p-l)J.  (1). 
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Then  on  assuming  y  a  2  (a«4r*),  and  substituting  in  the 
given  equation  we  obtain  as  the  condition  for  determining 
the  coefficients 

|n  (n  -  1)  -  p  (p  -  1)}  a.  +  g'a,.,  -  0 (2). 

Now  n  (n-  1)  -p(jp  -  l)  «  (n  -p)(n'{-p  -  l)...(S); 

therefore     (»  -  jp)  («  +  p  -  1)  a„  +  q^  a«-2  =  0. 

Assume       (»  +  p  —  1)  o«  =*  (n  -  p  +  2)  6, ; 

,                         n  -p     . 
then     o,_8  =  — ; 6._j, 

and     («  -  p  +  2)  (n  +  p  -  3)  6,  +  g'fe,.,  -  0...(4). 

Again  assume  (n  +  p  -  3)  &«  s  (n  -  p  +  4)  c«,  and  so  on 
in  succession.  We  shall  thus  obtain  a  series  of  equations 
of  which  the  type  is 

(n-'p  +  fi)  (n  +  p-;,x-i)/,  +  g«/,.,«  0 (5), 

fjL  being  an  even  number. 

If  p  be  even  let  p  ^  fit  then  p  -  /n  -  1  =  -  i. 
If  p  be  odd  let  p  ^  jul  -\- If  then  m  -  P  ■»  -  !• 
In  both  cases  the  equation  (5)  becomes 

n  (n  -  1)  /„  +  Q^/„_2  =  0. 

This  is  the  relation  between  the  coefficients  which  we 
should  obtain  from  the  equation 

j^'^^y-' <«>• 

Hence  ^  (l„x'')  =  C  sin  (q w  +  a)    (7)> 

that  being  the  integral  of  equation  (6). 

Now  suppose 

(n  -  p  +  M  -  2)  (w  +  p  -  /t  +  1)  i«  +  9-t..a  =  0, 
(n  -  p  +  /tx)  (n  +  j9  -  /tx  -  1)  A;«+  ^Ar^.s  =  0, 
to  be  any  two  consecutive  equations;  then 

(n  +  ;?  -  M  +  1)  »„  =  (n  -  p  +  m)  K (8), 

but  n~p+/x  =  n  +  p-/x+l-2(jp-/x)-l; 


sod B---(n  +  2-p  +  /Li)  *«+! ; 
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therefore  <..*._  iii^JL^iLtlll- , 

K _^l 

n  +  p-M  +  l  9* 

therefore 

Now  (n  -  p  +  m)  *•«*"*  =  ar^-'*-*  (n  -  p  4*  /u)  *,«■-'+'*-> 


therefore 

By  the  application  of  this  formula  y  or  2(0,47.)  may  be 
deduced  by  a  series  of  regular  operations  from  C  sin  (f  «+a). 

If  p  be  even  2  (p  -  ^ui)  +  1  gives  the  series  1,  5,  9 

If  p  be  odd  it  gives  the  series  3,  7>  11 

(10)     Let  B"^9*^-5' 

where    p  >•  S.     The  integral  is 

y  «  C  {sin  (go?  +  a)  +  —  cos  (qo!  +  a) } . 

(„)  Let      S+?*y4^■ 

where    p  »  3.     The  integral  is 

y=C{sin(qr.v  +  o)^l--^j  +  —  cos  (go?  +  a)  | . 
This  method  may  be  successfully  applied  to  reduce 

when  p  or  p  -  1  is  divisible  by  m. 
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d^fi  6   dfi 

aJT  Or  dot 

The  complete  integral  is 

This  equation  presents  a  peculiarity,  inasmuch  as  if  we 
neglect  a  factor,  which  apparently  disappears,  we  shall  have 
a  solution  which  is  erroneous  or  incomplete. 

Assume    y  «  2  {f^n^)^     then 

\n  (n  -  1)  -  «}  a^-^in-- 1)  qa.^^  -  0, 

or     (n  -  2)  (n  +  l)  a.  +  (n  -  1)  9o,_i  =  0 (l). 

Let     (fi  +  1)  a^^{n^  1)  6. (2), 

then      (n  -  2)  (n  -  1)  fi6,  +  (n  -  2)  (n  -  1)  gfc,.^  -  0...{S). 

The  factor  (n-2)  may  be  safely  neglected,  but  (»—  1) 
must  be  retained,  as  it  enters  into  the  solution  of  the  auxiliary 
equation 

d^«         dz 

^^  +9  3"  =^- 
dar         do) 

From   (2)  we  have 

26. 


«-  =  6-  - 


W  +  1 


and  as,  except  when  n  =  1,  we  have  n6^  +  ^^.-i  =  0, 

= o»4.M  except  when  w  =  0; 

w  +  1  ^   ^  '^ 

therefore  a„  «  6„  +  -  6,^., (4). 

The  solution  of  the  auxiliary  equation  is 
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and  from  (4)  it  appears  that 

This  appears  to  be  the  "^solution  of  the  equation,  but  it  does 
not  satisfy  it  unless  Ci  <=  0,  when  it  becomes 

which  is  only  a  particular  integral,  and  therefore  incomplete. 

This  arises  from  our  implying  in  the  use  of  equation  (4) 
that  n6.  +  qK^i  s  o  is  generally  true,  whereas  the  equation 

derived  from  the  auxiliary  equation 

d*z         dz 
daf         dw 

shews  that  bx  is  not  necessarily  connected  with  6^,  since  it  may 
be  satisfied  by  ft «-  1. 

To  complete  the  solution,   we  have  from   (9)   which   is 
always  true 

and  from  (4)  which  is  true  for  n^  -  1,  we  have 
or  as     6.1  «  0,     a.,  -  -  6o  — Ob- 

9  q 

These  quantities  are  independent  of  a^,  Of,  &c.,  therefore 
writing  C\  for  a^  as  it  is  an  arbitrary  constant, 

is  a  particular  integral  of  the  proposed  equation,   and  the 
complete  solution  is 

y  =  C,  (l  -  — )  +  C,  (l  +  — )  e-«'. 
\         9'V/  V         Qfof 
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(14)     To  integrate 

where  p  is  an  integer. 

Assume  y  «  2  (a^^a^)J  then  if 

2(aX)  -  «-^-'- (^  ^)' ^  2(5X). 

«!•■»(«-  JP««  +  J)  •..  (n  -  m  +  1)  6,. 
But  from  the  given  equation 
n  (n  -  1)  ...  (n  -  m  +  2)  {n  -  m  (p  +  1)  +  i}  a,  +  ifc"a«-«  =  0, 
from  which 

n  (n  -  I)  ...  (»  -  m  +  2)  ...  (n  -  m  +  1)  6.  +  ft"6,.,  «  a 

But  this  is  the  equation  which  would  result  from  sub- 
stituting 2(6«^)  in 

therefore  2(6.^;*)  is  the  solutioii  of  this  last  equation,  aod 
is  therefore  known.     Calling  it  JfT,  we  have 


Let  m  =  2,  p  =  2,  then  the  integral  of 

d^y      4  dy 


oT-'^ 


do^       X  dx 


^J^y^O 


is     y  =  a^    -  —    C 
\d7  a«r/ 


1     d\^            (kx  +  a) 
cos 


0? 

or    y  =  C  {(3  -  Ar^oT^)  cos  (A?a?  +  a)  +  3A?^  sin  {kx  +  a)}. 

Ellis,  Cam.  Math.  Jour,  Vol.  ii.  p.  202. 


CHAPTER   Vr. 

PARTiAL    DIFFERENTIAL    EQUATIONS. 


I 


Sect.  1.  Linear  EquatiotiB  with  Constant  Coefficients. 
By  the  inelhod  of  the  separation  of  symbols  the  inte- 
gration of  Linear  Partial  Differential  Equations  is  reduced  to 
the  same  processes  as  those  for  the  integration  of  ordinary 
differential  equations  of  the  same  class.  Hence  the  theory 
which  ia  given  in  the  beginning  of  Chap.  iv.  is  equally 
applicable  to  the  present  subject,  and  it  is  unnecessary  to 
repeat  it  here;  I  shall  therefore  content  myself  with  referring 
to  what  has  been  previously  said  in  the  Chapter  alluded  to, 
adding  that  every  differential  equation  of  this  class  between 
two  variables  has  an  exact  analogue  among  partial  differential 
equations  of  the  same  class,  and  that  the  form  of  the  solution 
of  the  latter  ia  the  same  as  that  of  the  former.  On  this  point 
one  remark  may  be  made  which  is  of  considerable  importance 
iu  (he  interpretation  of  our  results.  As  in  the  solution  of 
ordinary  differential  equations  we  continually  meet  with  ex- 
pressions of  the  form 


so  in  partial  differential  equations  we  shall  find  expressions  of 
the  form 

in  which  the  arbitrary  function  takes  the  place  of  the  arbitrary 
constant.  Now  as  the  preceding  formula  is  the  symbolical 
expression  for  Taylor's  Theorem,   we  know  that 


two  variables. 


t« '"'Xy)=•^(y  +  «•^)■ 
Hence,  in  the  solution  of  partial  differential  equations,  arbi- 
trary functions  of  binomials  play  the  same  parts  as  arbitrary 
constants  multiplied  by  exponentials  do  in  equations  between 
two  vai ' 
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(l)     Let  the  equation  be 

dz      ,  d» 
aof        ay 

This  may  be  put  under  the  form 

d       .    d 


\    dx         dyl 


whence  »=  (o -t" +*-r-|     ^• 

V    dw        dyj 


dy. 
Now  supposing  ^  to  be  the  independent  variable,  and 


d^ 

a  constant,  with  respect  to  it,  by  the  Theorem  given  in  Ex. 
(11),  Chap.  XV.  of  the  Di£r.  Calc.  this  is  equivalent  to 

b     d  h     d 

«  =  —  6  law  e       .  c» 

a 

or,  e£FectiDg  the  integration,  and  adding  an  arbitrary  function 
of  y,  instead  of  an  arbitrary  constant, 

a      a  ^ 


Now  by  Taylor's  Theorem 


or,  as  the  form  of  0  is  arbitrary,  we  may  for 

-  0  (y '^)    write    (p  (ay  -  bx)^    so  that 

ex 
z  ^  —  +0  (ay  —  6^?). 

It  is  obvious  that  if  we  had  taken  y  for  our  independent 

d 
variable,  and  considered  -—  as  a  constant  with  respect  to  it, 

do!  '^ 

we  should  have  had 

cy 
«r  =  —  +  0  (6.r  -  ay). 
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(2)  Let a  -—  =  e     cos  r  y, 

(  d         dy'  ^, 

«  = «  T~       €     COS  ry 

=  e   di  jdxe      di e     cosry. 

But  by  Taylor's  Theorem 

e~*'dF  cos  ry  «=  cos  r  (y  —  ati?)  ;    therefore 

z  =s  e*"5p  Jdxe^'  cosr(y  —  aa^)  ; 
and,  integrating  with  respect  to  x^ 

^,  (m cos  ry  —  ar  sin  rv) 
or,  z  =  e-'  ^^ J  ^  +  0(y  +  ax). 

The  same  method  is  applicable  to  any  number  of  inde- 
pendent variables. 

(3)  Let  the  equation  be 

du        du        du 
dx        dy        dz 

(  d  d  d\ 

or,  i__-4.6+c-—w  =  xyz ; 

\dx        dy        dzl 

whence 

[d  d  d\'^ 

tt«(—  +  6—  +  c  —  j      xyz  -k-  complementary  function. 


dy 

If  we  expand  the  operating  factor  in  ascending  powers  of 

d  d\ 

6  ——  +  c  -—      we  shall  have 
dy        dzl 

\dx)     \       \dx)      \    dy       dz)  \dx)     dy  dzj 

the  other  terms  being  neglected,  because  when  the  operations 
23 


( 


854  PARTIAL    DIFFBRBNTIAL    EQUATIONSi 

are  performed  they  vanish  of  themselves.    The  complementary 
function  in  this  case  is 

therefore,  effecting  the  operations  indicated, 

u  =  —  yz  -  —  (bz  +  cy)  +  be  —  +  <p(y  -  bXf  X  -  ex). 
,  ^     ^       dz        €pz  (d         f'dy] 

therefore  «  =  I  -; —  a  — — .       0. 

.    \dt       dirj  " 

If  we  integrate  with  respect  to  t  we  find 

ai^^,^      u.,  ^        .^<t>(^)      a^^d^d>(s)     , 

I 

If  we  integrate  with  respect  to  of  we  shall  have  two 
arbitrary  functions  of  t,  since  the  di£Ferential  with  respect 
to  the  former  variable  is  of  the  second  order. 

Writing  the  equation  in  the  form 

d^z      1  dz 
da^      a  dt 

we  may  divide  it  into  two  factors 

\dx  "^  as  \dt]  j  te  **"  ^  v5ij  r  "^* 

Whence     ^jr  =  €  ^«  ^'^  '  0  (^  +  e"  ^^  ^'^  '  >/r  (0  ; 
or,  if  we  put 

0(0  +  V'CO  =  ^(0,  and  {^  \<j>it)  -  v^(0}  -/(O, 

this  may  be  put  under  the  form 

„.^,      1    ai"  dF(t)       1         ^*        cPF(0      . 

z  =  F(0  + H-^  +  — « T-z-^  +  8cc. 

a  1.2     cf^  a*  1.2.3.4.     df* 

•'^^      al.2.S    d/         0M.2.S.4.5     ««* 
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It  seems  anomalous  that  the  same  equation  should  admit 
of  two  solutions  difTenng  so  essentiaUjr  in  character  that  the 
one  contains  two  arbitrary  functions  and  the  other  only  one: 
but  the  following  considerations  may  serve  to  explain  the 
difficulty.  Since  by  Maclaurin''s  theorem  any  function  of 
a  variable  may  he  expressed  by  means  of  its  differential 
coefficients,  taken  with  respt^t  to  that  variable,  we  know 
the  function  if  we  can  determine  its  successive  diSerential 
coefficients.     Now  from  the  equation 

we  can  determine  the  values  of  all  the  differential  coeffinentH 
with  respect  to  /,  when  (  =  o,  if  we  know  the  value  of  sr  when 
t  -Ml  0.  This  therefore  is  the  only  undetermined  quantity  in 
this  case,  and  it  corresponds  to  the  arbitrary  function  <^  (*). 
But  irom  the  equation 

fPz       I  ilz 

dx'      adt' 

we  can  only,  from  the  value  of  z  when  .r  -^  0,  determine  the 

values  of  the  alternate  differential  coefficients  :  and  in  order  to 

dx 
determiae  the  others  we  must  also  know  the  value  of  -— 

a« 
when  «  —  0.  Therefore  in  this  case  there  are  two  indeter- 
minate quantities  corresponding  to  the  arbitrary  functions 
F(l)  and  /(t). 

This  is  the  equation  for  determining  the  linear  trans- 
mission of  heat  in  an  infinite  solid. 

Fourier,  Traiti  de  la  Chaleur,  p.  471  and  p.  509. 


(5)      Let 


dx         ePx 

—  =  a  -7—  —  o»; 
dt  dx" 


Whence  « = 

This  is  the  equatic 
ui  a  ring. 


1  for  determining  the  motion  of  heat 


Fourier,  lb,  p.  266. 
S3— 4 
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(6)     Let  J^--'j^-0. 

The  operating  factor  in  this  case   may   be  decomposed 
into  two,  and  the  equation  then  becomes 

fd  d\  fd  d\ 

di        da;)  \dt        dx) 


at^_    .        .  ^ati- 


Whence    «  ^  e    '"0(0?)  +  €      ^'  >\f{ai)  ; 

or    «r  =  (p{a)  +  at)  +  y^f{x  —  at). 

This  is  one  of  the  most  important  equations  in  the 
application  of  Mathematics  to  Natural  Philosophy,  bein^ 
that  which  results  from  the  investigation  of  the  motion  of 
vibrating  chords,  and  of  the  pulses  produced  by  a  disturb* 
ance  in  a  small  cylindrical  column  of  air. 

(7)  Let  d:^.-«^dp  =  ^y- 

The  complementary  function  in  this  example  is  the  same 

as  the  integral   of  the  last,    and    the  result  of  the  inverse 

operation  on  xy  will  best  be  found  by  expanding  in  ascend- 

(  dy 
ing  powers  of   (jr— 1    j  when  it  is  easy   to  see  that  all  the 

terms   after    the   first   may   be  neglected.      We   find   accord- 
ingly 

(8)  Let  .--  H =  cos  mx  cos  w  v* 

^  ^  d.v'      dtf  ^ 

The  solution  of  this  is 

cos  VI X  cos  ny  (     ^^\   ^  r  ^        -     f     ^  \    ,  ^  ^ 

Compare  this  with  Chap.  iv.   Sect.  1,  Ex.  (8). 

(9)  The  equation 

d'z  drz  o^^ 

7-7- 2rt  +a^  ^   .,  =  0, 

dx'  dxdy  dy 
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\daf         dyl 


may  be  put  under  the  form 

d  d^\^ 

dy, 

50  that  the  two  factors  are  equal.     Hence,  integrating  with 
respect  to  w^ 

or     %m,  iv(p  (y  -I-  aa)  +  >|^  (y  +  aw). 

,    V      ^       d'«f        ^d^x  ,dz  *,  d« 

(10)      Let  3-r  -  a»— -  +  2a6  —-  +  2o*6— -  =  0. 
dor  dy*  dw  dy 

When  resolved  into  its  factors  this  becomes 
Integrating  with  respect  to  the  first  factor  we  have 


( 


d  d\  xia^^iab) 


The  effect  of  the  second  factor  on  the  second  side  of  the 
equation  will  be  simply  to  alter  the  function  of  y,  and  as  that 
is  arbitrary  we  may  leave  it  as  it  stands,  so  that  we  have,  on 
adding  the  complementary  function  due  to  the  second  factor, 


z^€    ''        0(y)+e      ''^{y), 


or     «  =  e"*"*'^  (y  +  ax)  +  >//  (y  -  ax). 

Euler,  Calc.  Integ.  Vol.  iii.  p.  210. 

d^x  d%         dx 

(11)     Let  -J— J-  +  o  -7-  +  6  -T-  +  «**  =  ^> 
dwdy         dx         dy 


°'b^'^)fc^*)*"''' 


4y 

Whence    «  -  e-<"'+*"/dy  e"  Jdx  i'V^- «— "0 {w)  +  e-'-'x/.  (y), 
If  F- «"»+•',  then 
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my  +  nx 

Euler,  lb.  p.  189. 

(n)     Let  - — ; a«f  =  0. 

ax  ay 

rr», .       .  I  d      d        \  -' 

This  gives        ^  =  ( T"  •  ^ ^  J      ^> 

\da)    dy       J 

or    ^  =  (^)  "  r^^^'^  <t>(y)-  r^^'^  f<p  iv)  dy. 

(IS)     Let  ^  -  a^)^  =  0. 

dor 

The  roots  of  the  equation 

o,  a  <cos  —  +  (-)i  sin  — >,  and  a  <cos (-)» sm  — > . 


are 

Therefore 


3ia\    ...         -~  .     /aSioT 


af  =  e"'^(y)  +  e    *  cos  ( -^j  >/.,(y)  +  6    *  sm  ( -^J  >|^, (y). 

(14)  Let 

d^z      ,  ,,    d^^        ,      ^        ,^     d'«  ,    d»«f      ^ 

In  this  case  two  of  the  operating  factors  are  equal,  and 
we  find 

ss^yl^iy  +  bw)  -^fiy  +  aai)  +  wfi  {y  +  aai). 

(15)  Let  the  equation  contain   three  independent  vari- 
ables, as  in 

d^u  d^u  d^u  d^u 

-  2  — -  -"  -  3  — — 3 


dw^dy        dxdi^        dw^dz        dxdfi^ 


d^u  d^u  d^u 

dy^dx        dydsi?        dwdydx 
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When  decomposed  into  its  factors  this  becomes 
id  d\  f  d        d\  I  d  d\ 

[T.-'Ji][T.*6i)\^,-'^)'"°' 

the  integral  of  which  is 

«  =  /(y  +  2a?,  k)  +  ^  (y,  «  -  if)  +  1^  (.r,  «  +  3y). 
(i(i)     Take  the  general  equation  with  two  independent 
.variables 


dy        *  djf'~*dy* 


,  d'»      „ 
dy" 


where  the  index  of  difFerentiation  is  the  same  in  every  term, 
and  the  coefficients  arc  constants,  and  ^  is  a  function  of  a 
and  y.     When  decomposed  into  factors  it  takes  the  form 
Id  d\    /  d  d\  /  d  ''■\     _v 

\dw        '  dt//   \dx  dy) \dj>        "  dyl     ~    ' 

where  a^,  a, a,  are  the  roots  of  the  equation 

«'  +  AxU*~^  +  AfU'-*  +  &c.  +  J,  =  0. 
Now   in   decomposing  the  inverse  operation   into   partial  I 

fractions   each    of   the   coefficients    involves    |  —  ] 
\dyl 
factor  in  the  numerator,  since  the  denominators  consist  of  the   ^ 
products  of  (n  —  l)  factors  of  the  form 

dy 

Hence  giving  to   A'',,  N^,  &c.  the   same  meanings  as  in 
Ex.  (6)  of  Chap.  xv.  of  the  Diff.  Calc. 

'■<-4yo '^''ir.-^yQ' H 

— -(s-i)"!^)""""-- 

{  d  %-'•-■'  .      , 

If  for  shortness  we  represent   t-j— 1  f' by  Fj,  and  if 

w«  transform  the  operating  factors  by   the  formula 


U-' 
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we  have 


% 


d  d  d  d 


+  &C. +  &c.  +  A^,€' ^V^^^    '^''F,. 
The  complementary  functions  are  supposed  to  be  included 
under  the  signs  of  integration :  if  we  wish  to  see  their  form 
we  have  merely  to  suppose   F,  =  0  in  the  above  expressions, 
when  after  obvious  transformations  we  find 

^    ^      ^       d}%  d^x  d^z 

In  this  case  a,  =»  -  1,  %  =  -  2,  JV^,  =  1,  JV,  ■  -  1. 
Also  (-)      (.  +  y)-^-/-^; 

therefore     x  -  -^^^  +  /i  (j^  -  a?)  +  /,  (y  -  2a?). 

Sect.  2.     Equations  in  which  the  Coefficients  are  Functions 

of  the  Independent   Variables. 

As  in  the  case  of  the  similar  class  of  ordinary  differential 
equations,  these  equations  may  sometimes  be  reduced  to  forms 
in  which  the  coefHcients  are  constant.  Thus,  equations  of 
the  first  degree  of  the  form 

dx  dx 

where  X  is  a  function  of  w  only,  Y  a  function  of  y  only,  and 

P  and  Q  functions  of  both  x  and  y,  may  be  reduced  to  the 

form 

dx      ^^dx      ^        ^ 
—  ^X  —  ^Px-k^Q, 
da  dy 

dy 
by  assuming  dy  =  — .     This  equation  may  be  written 

dx      ^       d 
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in  which  shape  it  is  seen  to  be  a  differential  eqimtion  of  the 
first  order  with  respect  to  x  with  coefficients  which  are  func- 
tions of  that  variable ;  it  may  therefore  be  integrated  by  the 
method  of  Chap.  iv.  Sect.  2. 

We  may  sometimes  however  reduce  the  equation  at  once 
to  constant  coefficients  by  changing  both  the  independent 
variables  at  once. 

Greatheed,  Philosophical  Magazine,  Sept.  1837. 

d%         dz 

Ex.  (1)     Let     ^  T"  +  y  "T-  =  w^- 
^  ax         ay 

dx  dy 

By  assuming     —  =  dw,      — *=  eft?,    this  becomes 
•^  ^  y 

d        d 


Id        d         \ 
\du      dv        J 
Integrating  with  respect  to  Uj  we  have 

or  z  ^  €*^<p  (v  "  u). 

But       w  a  log  *r,     V  =  log  y ;      therefore 

«-«-log^|],     and    ^(«-«)-0log(^)-/g). 


SO  that  z 


-/(!)• 


If  we  had  integrated  with  respect  to  v,  we  should  have 
found 


z 


»"^e)- 


The  interpretation  of  these  results  is  that  iir  is  a  homo- 
geneous function  of  n  dimensions  in  x  and  y.  This  is  obvious, 
as  the  differential  equation  is  the  condition  of  homogeneity  of 
a  function  of  two  variables. 

^  dz         dz      a^ 

(2)     Let     X y  — —  =  — , 

^  ^  dx     ^  dy      y 

Changing  the  variables^  as  in  the  last  example,  we  have 


/  d        d\ 
\du      dv) 


6      €      • 
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The  integral  of  this  is 

z  =  — -—  +  0  (tt  +  v)  ; 


or  z^  —  -^y^  (wy). 

(3)     Let 


dx      dy      w  -{-y 
Integrating  with  respect  to  a?,   we  have 

But     €      ^*'  =  €^%     and    e     ^*' c-''^*' =  c"' '^  =  c^; 

therefore  »  =  c"'**'  {e^  0  (y)}  -  c*'^ Xy  +  ^). 

It  is  to  be  observed  that,  in  this  method  of  integration, 
when  we  have  a  function  of  the  form 


Mk^'') 


€ 


<P(yl 


where  P  is  a  function  of  <r  and  y,  we  must  not  allow  tbe 
first  term  of  the  exponent  of  e  to  act  on  the  second,  by 
putting  it  under  the  form 


r^'W^ipiy)}. 


It   is   therefore   necessary  to  prefix    to  the  factor    e'^*''''  the 
inverse  operation  of 


e       '  y     ov    e 


so  that  the  expression  takes  the  form 


fas±  r  -fd'4- 


where  the  newly  introduced  factor  acts  only  on  that  Which 
immediately  precedes  it. 

^         dz  dz         « 

(4)     Let     -r-  +  m  T-  =  w  - . 
^  do)  dy         y 
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Integradng  with  respect  to  or,  we  havie 

therefore  «  =  JT  0  (y  -  »»*). 

.  ^     _  I  dz      I  dz      z 

Put  wdof  8  du,  j^dy  «  d^ ;   then  the  equation  becomes 

dz,     dz       z 
du      dv    '2r' 

This  is   a   particular  case  iof  tfat  last  example,  and  its 
integral  is 

z  «»  v^(f>(v  -  u); 
and  therefore  «  =  y  0  (y*  -  ^. 

(0)     Lejt  y  -T-  +  ir  ^  =  i?r. 

ajr         ay; 

Dividing  both  sides  hy  wy  aD4  putting  u  »  a^^  t?  s  ^, 
we  have 

diiT      dz  z 

du      dv      2  (ttt?)*  * 

Therefore,  integrating  with  respect  to  t/, 

_/d«JiL — l—l  .u±      f 1^! 


M^ 


since     c  **"  (ttt>)i  «  (wt?  +  u^)K     Hence 

or,  putting  for  u  and  v  their  values,  and  omitting  2'i  as  it 
may  be  included  in  the  arbitrary  function,  we  have 

a?  »  (a?  +  y)  0  (y*  -  ^. 

dz         dz 
(7)     Let       sec^  — -  +  a— -B^cotjf. 

div         dy 

The  integral  is 

I 

M  B  (sin yY^iy  "  ^  siniT). 
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(8)  Let     a^-^y^-^-. 

dw  dy 

By  assuming  —r-  =  dw,     — r-  «  dt?,  this  becomes 

or  yr 

d%      dz  V 

du      dv  t^' 

Integrating  with  respect  to  u^ 

V         1         -«i 

Therefore     z^ -  +  d)  ( ?^-^  |  . 

2y      2      ^  \  wy  ) 

dz  ,  d^ 

(9)  Let     a?  —  +  (1+  y«)i  —  «  wy. 

aw  ay 

dw  dy 

Assumini?  —  =  t^, ^-r-r  «  dw  we  have 

*^    a;         '     (1  +  y«)i 

d^f       dsf      6**  , .         ,^  '  '  -    ' 

dw      dt>       2 

whence    «  « — h  d>  (t?  -  «). 

4  2 

Or,  substituting  for  w  and  v  their  values  in  w  and  y, 

,    .      -  du         du         du  wy 

(10)  Let     a?-—  +  y-—  +  «-7-«ow  +  — . 

do?         dy         dz  z 


Then    e.«_^  +  ^«0f^,    ?V 
(l-a)«  ^V«'    W 


Equations  of  the  second  and  higher  orders  may  sometimes 
be  reduced  by  transformations  similar  to  those  employed  in 
Chap.  IV.  Sect.  2. 

d^z  d^z  d^z 

(11)     Let    ^_  +  2^y_^  +  y._.arjr. 
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dcB  dy  y . 

Putting   —  s  du^   -^  B  dvj  this  becomes 
ijo  y 


\\du      dv)        \du      dvjj 
The  integral  of  this  is 


jmu       nv 

e      .  6    . 


mu       nv 


or  » 


(i»  -f  fi)  (»w  +  w  —  1) 

(to  -f  «)  (w  +  fi  -  1)  Va?/      •'  \x)  ' 


(12)     Let*— -y*—  -^j,. 

By  means  of  the  same  transformation  as  in  the  last  ex- 
ample we  find 


« 


aylogw  -h  wFi^]  +fi^y)» 


(IS)     Let  (a,  +  j,)^-a^-0. 

If  we  put  — -  B  t?  this  becomes 
dtV 

,         .dv 

the  integral  of  which  is  t?  «=  (^  +  yy(l>(^)j 

so  that  «  «  fdaf(af  +  yy<p{pB)  +  >/'(»)• 

(14)     Integrate  the  equation 

d^z  ,        if«f         w(n-l)      dTz         „  .rf"«f     ^ 

dj;*  dcf^dy         1.2      daf^dy^  dy* 

Assume  dor «  o^du,  ily  »  ydt? ;  then  by  Ex.  (6)  of  Chap. 
III.  Sect.  1,  of  the  Diff.   Calc.  we  have  generally 

,  ^  cT+'i^        d  fd        \       id      ,         .1 


^{£-)-{^-<->}- 


866  PARTIAL  DIFFERENTIAL    EQUATIONS. 

Now  if  we  put  for  shortness 
the  given  equation  takes  ttie  form 


[fJ>-»- 


But  by  a  known  theorem  of  Vandermonde  if 
[afy  =  w(aji'r- 1)  ...  (jr  -  r  +  l), 

M«  +  nM-^|>]  +  ^^^^[a?]«-»|>]»  +  &c.  +  [>]•  «  [^  +  y]\ 

Therefore,  as  the  symbols  of  differentiation  are  subject 
to  the  same  laws  of  combination  as  the  algebraical  symbols, 
the  differential  equation  may  be  written 

Cd        d-y 
du      drj 

the  integral  of  which  is 


or 


^  '^^  (!) + *-^'  (f )  +  ^f'  (!)  -^  '^^-  -^  -^-■^-'  (!) ' 


^,  /i,  &c.  being  arbitrary  functions. 

d^x  d%  dx 

(15)     Let  ODy— — -  +  oa?—— +6y---a6«  «  F, 
^  divdy  div  dy 

{V  being  a  function  of  w  and  y). 

diV  dy 

Putting  as  before   — =  dw,  —  «  cftj,  this  becomes 


(d1i+0.(^-^«)*=»^' 
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the  integral  of  which   (see  Ex.  (U)   of  the  preceding  sec* 
tion)  is 


»«€ 


-(a«  +  btt) 


Jdv  e"  fdu  e*"r  +  e""  <p  («)  +  e"*"  yj,  (v) ; 

"  *  "  ?7  ^^^  ^''  ^^^  ""''  ^'^Z'^^^'^-^i'^ ^>- 

(16)     Let     ^_-j^_  +  ^_-y--.0. 
By  the  same  transformation  as  before  we  find 

d^z      2  dz        ^  d^z 
da^      iv  dx  dff^  * 

By  the  same  process  as  in  Ex.  (9)  of  Chap.  iv.  Sect.  2, 
this  may  be  put  under  the  form 

^^ "  -  O* ^ «  0. 

dai^  dy* 

Whence  we  find 

(18)     Let    _  =  „»(—  +  ----«). 

This  may  be  put  under  the  form 

—       »  —  (—      t\ 
dy*  dx  \dx      x) 

and  thence  by  the  same  process  as  in  Ex.  (lO)  of  Chap.  it. 
Sect.  2,  we  find 

d'v 


or  -r— ,   where  v  «  a?    — - )     z. 
dx*  \dx/ 


dy" 

Integrating  we  have 

o  «  0  (a?  +  ay)  +  >/^  Cr  -  ay) ; 
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and  therefore 

This   equation   occurs    in    the    Theory    of   Sound.      See 
Airy'^s   Tracts j  p.  271. 

This  equation  is  of  the  same  form   as    that  in  Ex.  (6) 

of  Chap,  v.,  and  its  integral  will  be  found  from  that  given 

d 
there  by  putting  a  —  for  c,  and  changing  the  arbitrary  con- 

(ty 

stants  into  arbitrary  functions  of  y.     Hence  we  find 


z  ^  X 


{^(-E)^/(-i)}- 


(20)  The  integral  of  the  equation 

d^z      a^  d^z 
d^  ~  1  d^  "  ^' 

may  in  the  same  way  be  deduced  from  that  of  Ex.  (8)   of 
the  same  Chapter:  the  result  is 

z  =  x  \F\y  +  3aw^)  +/'(y  -  Sax^)} 
-  —  {  Z' (y  +  Sax^)  ^f(y  ^3ax^)}. 

,    .       _  d^z        ^  d^z      2z 

(21)  Let     _-„«_»-. 

The  integral  of  this  equation  may  be  deduced  from  that 

d* 
in  Ex.   (10)  of  Chap.  v.  by  putting  -  o'  -—  for  g*.     This 

dy* 

gives  us 

«  =  —  {Fiy-  ax)  ''f(y  +  ax)}  +  F'(y  -  ax) -^  f'(y -¥  ax), 
ax 

(22)  Let     T-^  +  «3-3---T- 

dx*         dxdy      x^ 
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The  integral  of  this  equation  is   deduced  from  that  in 

d 
Ex.  (13)  of  Chap,  v.,  by  putting  a  —  for  q.     This  gives 

z  «  aF'iy)  -  -  F(y)  +  af(y  ^aw)^-  /{y--  ax). 
(23)     The  equation 

doT        w     daf*'^  dy^ 

may  be  integrated  by  the  same  method  as  that  in  Ex.  (14)  of 

Chap.  VI.,  by  changing  ft*  into  -  a*  — -  and  putting  arbitrary 

dif 

functions  of  y  instead  of  the  arbitrary  constants. 
Thus  if  m  8  2,  we  have 

X^  F{y'\-ax)'\-f{y''aw\ 
so  that  the  integral  of 

d*z      2p  dz       ,  d^z 
da^       X    dx  dy* 

is    ^^^''^^Q^y  i|F(y  +  aar)+/(y-aa7)}. 

Hence  if  p  ■»  2,  the  integral  of 

d^z      4  dz       ,  d'z 
daf*      X  dx  dy* 

is   z=3  {F(y+aar)+/(y-a.r)}-  3aa?  {F' (y+ax)-/' (y-ax)} 

+  aW{r'(y  +  a^) +/"(y- ajr)}. 

,    ^      ^  d*z  1       fdz      dz\  2 

(24)    Let    :t— r-  + b-  +  :r    ""7 ^*•"^• 

^  a^  ay      ^  +  y  \»^      dyj       (x  +  y)* 

Assume  y  -f  <v  =  u,  y  —  .r  =  v,  when  the  equation  becomes 
d^z      d^z      2  dz       2 
du^      dv^      u  du      u^ 

The  integral  of  this  by  Ex.  (18)  is 

««-  |d)'(tt  +  t?)  +>/^'(tt-t>)}  -  —  {0(tt  +  «)  +  >//(w-tJ)}. 
24 
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HeDce> 

Non-linear  equations  of  the  form 

dx  dy      ^     ^ 

P,  Qy  R  being  functions  of  w  and  y,  may  be  transformed 
into  linear  equations  by  assuming 

dx 


0(«) 


dz\ 


,    ^      ^  dx         dx      xy 

(.5)     Let    ._+y_  =  J^. 

The  transformed  equation  is,  putting 

xdx  =  dx\    or   «'  =  — , 

2 

df/        dx' 

""d^-^^d^-'^y^^ 

and  the  integral  is 

(2o)      Let     or  —  +  y^  — -  =  ^^ —  . 

dx  dy  X 

By  assuming ;:^=  ^^'  o""  ^'=  (1  +^)*>  this  becomes 

dx  dy 

and  the  integral  is 

(27)      Let     X  —  +  y  —  =  2xy  (a^  -  ir)*. 

The  integral  is 

z  =  a  sin  \xy  +  (p  ( ~  )  [  • 
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We  might  vith  advantage  have  epplietl  the  same  trans- 
formation to  the  ecjuations  in  examples  (l)i  (3),  and  (4),  as 
it  is  generally  convenient  to  reduce  the  factor  of  z  to  two 
terms. 


Sect.  3, 


Equations  involving  the  differential  coefficietUn 
of  X  in  powers  and  products. 


If  the  equation  be  of  the  first  order  make  —  b  p,  ■ 

and  from  the  given  equation  find  7  in  terms  of  p,  x,  y, 
substitute  this  value  in  the  equation 

dii      do        dp         da 

,1..      ^ ,.      '  A 


dz 


(0 


which  will  then  become  ai 
four  variables.  The  val 
with   the  corresponding  ' 


a  equation  of  the  first  order  between 
ue  of  p   found   by   integrating   this, 
value  of  7  will  render 
dsr  =  pdx  +  qdy,  (2) 

a  complete  diiTerential,  and  this  being  integrated  will  give 
the  value  of  ».  The  integral  of  the  first  equation  will 
involve  an  arbitrary  constant  (n) ;  and  the  integral  of  the 
second  will  introduce  another  (/>),  which  is  to  be  considered 
as  an  arbitrary  function  of  (n) ;  and  wc  shall  thus  obtain 
an  integral  of  the  form 

f  {.,,,,,  a) -,pi„), 
from  which  a  is   to  be  eliminated   when  a  specific  meaning 
is  assigned  to  ^. 

Lagrange,  M^moires  de  Berlin,  1772,  p.  S5S. 

(1)     Let     pV?*-),     or9=(l-p')i, 

dq  p        dp         dq  p         dp 

~^  -p*)l  dZ' 


da)~      (1  -p*)l  da>'       dn  (l  - 

Substituting  tliese  values  in  equation  (l)  it  becomes 


dp         dp      ,         .,,  dp 


dy 


This   equation    is    iutegrable    il 
system  of  equutions 

dp  »  0,     pdx  -  d.v  =  0,     {I  ■ 


integrate    the 


p')ldff-  dy  =  0. 
2+— 2 


..^^A. 


372  PARTIAL    DIFFERBNTIAL    EQUATIONS. 

The  first  gives  p  =  o,  whence  ^  t=  (i  —  a*)!,  and 
dz  =  ado?  +  (1  —  o*)l  dy, 
so  that  «  =  aa?  +  (l  -  a^)i  y  +  (f>  (a). 

If  we  differentiate  this  with  respect  to  a  we  obtain  the 
equation 

a 


^  =  ^"(rr^iy  +  ^'(«> 


between  which  and  the  preceding  we  may  eliminate  a  when 
(j)  is  specified. 

(2)      Let  P?=l- 

The  equation  in  jp  to  be  integrated  is 

dp       1    dp      2  dp 

— L+ £+ ^  =  0; 

dy      p^  dw      p  d« 

whence  dp^O  and  p  -  a*     The  final  integral  is 

y 
p  =  aa7  +  -  +0  (a). 

(.*])     Let  z  =  pq. 

In  this  case  we  find 

P  =  y  -f  a,     ?  « ; 

y  +  o 

eg 

therefore     dz  ^  (y  +  a)  dof  -i dy, 

y +  o 

whence ^— -  b  dof ; 

y  +  a      (y  +  «) 

Of 

and  therefore      »  a?  +  d>  (o). 

y  +  «  ^ 

(4)     Let  P  =  (g'y  +  «)*• 

In   this  case  we  get 

qy^  =  o,     and   p  =  f  ~  +  «]  , 
whence     di?  =  ( jjr  +  -  )   da?  +  —  dy ; 

\     y/         y' 
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or     d(«r+e)„(^  +  ?yd^, 
whence      (^  +  -)  {^  +  0  (a)}  +  1  «  0. 


(5)     Let  q  o  p^z. 


a  a* 


Here    p«  -,     9-  — ,  and  the  integral  is 

z  X 

--  -  od?  +  o*y  +  (p  (a). 

(6)      Let  g  «  ii?p  +  p*. 

The  integral  is 

(')  ^  -•»"•  (^:)"  ©■  - 

This  may  be  put  under  the  form 
By  assuming 

g  ^  Y 

the  equation  becomes 

W)    Uy'j 

The  integral  of  this  found  by   the  same  method   as  in 
Ex.  (2)  is 

«  -  a"ar'  +  —  y  +  0  (o) ; 
o 

and  therefore 

m  +  n       ?^tv        m  ^r^        n       1     ^*     ^  ,  ^ 

When  m^^ay  ^'  — logj?,  when  n  =  ^,  y'«logy, 
when  m  +  n  +  7"0,  jir'« log x. 
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(8)  This  transformation  fails  when  m  +  n  s  0  while  y 
is  not  equal  to  0.  In  this  case  the  following  method  may 
be  used.     The  equation  may  evidently  be  put  under  the  form 


\dwj 


then  considering  a?  as  a  function  of  x  and  y^ 

dx  dw 

dw  ^  ---  d%  -¥  -r—  oy, 
dz  dy 

dx 

and  therefore  dx  =  -?—  dx  -  — -  d  y ; 

dx  dx 

dz  dz 

dx 

dz        1     dz  dy 

dx      d  x^      dy  dx' 

dz  dz 

By  substituting  these  values  the  equation  becomes  (since 
m  +  nrz  0) 


whence 


m- 


(-)»c"; 
the  integral  of  which  is 

-3' 

X  =  ^cyz  "+  0(^)- 

(9)     Let  (^)^«  =  (^)V. 

The  transformed  equation  is 


and  the  integral  is 


fdxy 


t-»+^  =/(«)• 


The  transformations  in  the  three  preceding  examples  are 
given  by  a  writer  who  signs  himself  "  G.  C'  in  the  Cam^ 
bridge  Mathematical  Journal j  Vol.  i,  p.  l62. 
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Sect.  4,     EqitatUma  integrable  btf  various  methods, 

Lagrange's  Method. 

Let  a  partial  Differential  Equation  between  three  variables 
be  of  the  form 


ax 


d» 


where  P,  Q,  R  are  fuuctioos  of  .r,  y  and  z ;  then  if  wc  can 
integrate  two  of  the  following  equations,        ' 

Pdy  -  Qd.v  =  0, 

Pd!s  -Rd.v  =  0, 

Qdx-  Rdy=o,  \ 

so  as  to  obtain   two  integrals, 

<t>  C".  y. «)  =  /3.      ^  i^,  y,  «)  -  a, 
the  integral  of  the  given  equation  will  be 

/3-/W- 
Lagrange,  Memoires  de  Berlin,  177^  p-  197;  I7T9,  p.  152. 
For  the  success  of  this  method  it  is  necessary  ciilicr  that 
one  of  the  three  auxiliary  equations  should  contain  only  the 
two  variables  the  differentials  of  which  it  involves,  or  that 
by  their  combination  such  on  equation  should  be  obtained. 
By  integrating  it  we  obtain  an  equation  by  means  of  which 
one  of  the  variables  may  be  eliminated  from  cither  of  the 
other  auxiliary  equations. 


dji 


+  V 


dz 


(1)     Let 

In  this  case  the  auxiliary   equations  arc 

ady  -  xdx  "  0, 

adz  +  yda  ■>  0, 

xd«  +  ydy  =  0. 
The  last  of  these  alone  is  immediately  integrable  and  gives 
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Substituting  in  the  second,  we  have 

d»  dot 

+  — =0, 


(€f  -  ««)i  (V 


s 

whence       076*"*  "  =  6>     and  therefore 


is  the  integral  of  the  proposed  equation. 

dx  dx 

(2)  Let  y*-T x^—-  =  axx; 

dy  dw 

then     log«=-^+/(^y). 

dx  dx 

(3)  Let     (y  -  6>if) (o7  -  a«f)  -—  =  6^  -  oy. 

dw  dy 

The  auxiliary  equations  are, 

(y-6»)dy  +  (a?  -a«r)dar  =  0 (l) 

{y  ^bx)dx  -  (fti»  -  oy)  dx  ^0 (2) 

(or  —  ax)dx-{'  (bw  —  ay)  dy  "^  0 (3). 

Multiply  (2)  by  a,  and  (3)  by  6;    subtract  and  divide 
by  bx^ay:  we  find 

dx  +  adx  +  &c2y  a  0,     or  jit  -f  aor  +  &y  »  a. 

Again   multiply  (2)  by  a;,  and  (3)  by  y;   subtract  and 
divide  by  ba  —  ay:  there  results 

adw  +  ydy  +  xdx  =  0,  whence  ttf'  +  y*  +  «•  «  ^. 

Therefore 

^  -f  y*  +  «*«/(»  +  aor  +  6y) 

is  the  integral  of  the  proposed  equation.     This  is  the  general 
equation  to  surfaces  of  revolution. 

dx  dx 

(4)  Let  0?^  T-  +  y*  3-  «  nayy 

da  dy 


y-^     ®«?  \   ooy  ) 
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dx  d% 

(5)  Let  y'  T"  +  ^^y  T"  "  ^^^  i 
^  da  dy 

then     %  =  y"/(^  -  y*). 

(6)  Let      (y  +  ^)  5^  +  (y  -  -a^)  ^  =  «^- 

The  auxiliary  equations  are, 

(ar  +  y)dy-  (y-ar)d^«  0 (l) 

(jD  '■hy)dz  -  xdx      e  0 (2) 

(y  -  «r)d«  -  xdy       =  0 (S). 

Equation  (l)  may  be  put  under  the  form 
ady  —  ydx  +  ^dtV  +  ydy  «=  0 ; 

whence    tan"'  —  ^og{a^  +  y')J  «s  a. 

Multiplying  (2)  by  a^  (3)  by  5^  and  adding,  we  have 

dz      xdx  4-  ydy 

X  «?*  +  y*     ' 

eg 

whence  -7-5 57,  =  Q ;  and  therefore 

(or  +  y*)* 

«  =  (^  +  »")*/{ tan-*  -  -  log(cr»  +  j/«)H 

y 

is  the  required  integral. 

dx  dx 

(7)  Let    (ar-2y)  — +  (2af-Sy)— «^. 

The  integral  is 

This   method   may    be   extended    to    functions  of  more 
variables.     Thus  if 

^du        du      ^du      ^ 

dtV        dy  dx 

and  if  from  three  equations  such  as 
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Pdy  -  Qdof  =  0, 

Pdz  -Rdx=^  0, 

Pdu  -  Sdw  -  0, 
we  can  obtain  three  integrals, 

f7  =»  o,     r  =  6,      FT  =  c, 
the  integral  of  the  proposed  equation  is 

(8)     Let 

du  du  du 

ajff  ay  az 

The  auxiliary  equations  are, 

(u  +  y  +  «)df/'-  (u  +  w  +  «)daf  ^Oy 
(w  +  y  +  JJf)  d»  -  (w  +  «  +  y)  d^  =  0, 
(u  +  y  +  %)du^  (a:  -i-y  -^  »)d.v  ss  o. 

Adding  these  three  equations  we  have 
(u  +y  +  z)  (du  -^  dx  +  dy  +  dz)  -  3 (m  +  a?  +  y  + ;??) dj;  =  0. 

Putting  u-^-w  +  y  +  ztsVj  this  gives 

dx '  dv 

u  +y  +  z      3v' 

Subtracting  the  second  equation  from  the  first,  we  have 

(u  +  y  +z)  {dy  -  dz)  ^(z  '-y)dw\ 

dx  dy  -  dz 

or  =s • 

u+y-^z  y-'Z 

_,       ^  dv  dy  --  dz 

Therefore  —  = ; 

3v  y  "  z 

and   tj  (y  -  »)'  *  a. 

From    the    symmetry    of  the   expressions  it  is  obvious 
that  we  must  have  also 

V  (/r  -  zf  «  6,  V  {u  -  zf  =  e, 

Therefore 
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(9)      Let      .r—  +  (,*  +  ar)--  +  (7(  +  y)  — =  y  +  sr. 
dm  ay  ax 

The  integral  of  this  is 

u  ^  w  +  y  ^  X  =  y^f\x{u  -  y),  x{y-x)]. 

Mange's   Method. 
Let  the  partial  differential  equation  be  of    the  form 
d*«f       „    (Pjb         „<**«„ 
OA*         OD/ay         ay' 


:  P,  Q,  R  are  functions  of  !b,  y,  s, 


dx      dx 


dx      dy 

.Then  if  we  form  the  system  of  equations 
dy  -mdx  =  ol 
mdp  +  Qdq  -  Rmdx  ~  o\" 
dy  -  m'dji  =  0 1 
m'dp  ■*■  Qdq  -  Rm'dai  =  o/"" 


and  q  =  —  ,  and  m, 
dy 


(I) 

(!) 

the  roots  of  the 


where  p  m.  - 

equation 

m'  -  Pm  +  j;  =  0  ; 
and    if   from   these   two  systems   we   can   find    two  integrals 
U~a,    r-fc,  then 

V  =  f{U) 
is  the  first  integral  of  the  proposed  equation  ;  and  the  integral 
of  this  is  the  complete  integral  of  the  proposed  equation.      It 
18  generally  more  convenient  {when  possible)  to  find  another 
first  integral,  of  the  from 

and  between   theeo   to   eliminate  p  or  7  so  as  to  obtain  an 
equation  involving  only  one  diiTerential  coefficient,  and  which 
is  therefore  easily  integrable. 
Mongc,  Mimoirea  de  CAcadrmie  des  Sciences,  178*,  p.  Ill 


(10)     Let 


d*' 
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The  auxiliary  equations  in  this  case  are, 

(ftn^  +  2pqm  +  p*  =  o,     whence  wi  =  -  -  , 

9 
qdy  +  pdx  ^  0, 

-  pdjp  +  — dj  =s  0. 

From  the  second,  since  dx  »  pdof  +  qdyy  we  have 

d^r  s  0,     or  ;ir  B  a. 

From  the  third  we  have 

pdq  -  {dp  =  0; 

P 
whence  -  =  ^  (»)  =  c, 

since  i^  =  constant,    and    therefore  0  {x)  «  constant.      From 
the  equation  />  —  eg  «=  0,  we  easily  obtain 

which  is  the  required  integral. 

d^x      d'x        4p 
(II)     Let         ---  -  T-5  +  —7^  =  0. 

'  dor      dy^      ^  +  y 

The  auxiliary  equations  are, 

40 
dy  "  dw  ^  0,     dp  —  dq  +  — =—daf  =  0 (1) 

w  +  y 

4p 
dy  +  div  =»  0,     dp  +  dy ^--dm  «  0 (2) 

From  the  first  of  (I)  we  find 

4pdd7 

y  ~  Of  ^  Ci     and  therefore  dp  ^  dq  + «  0. 

^  ^        ^     Zy'-a 

If  we  subtract  from  this  last  the  equation 
\ay  -  d.r)  = + 


2y-a  ^      Zy  —  a      fty  -  a      2y-a 

(as  pdw  =  dx  "  qdy)  we  have 

(2y  -  a)  (dp  -  dg)  +  2  (p  -  g)  dy  +  2dir  «  0 ; 
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the  integral  of  which  is 

.(2»  -  o)  (p  -  ?)  +  2«  »  6  =/(y  -  «)j 
and  therefore 

p  -qf  + = . 

07  +y         ^  +  y 

From  the  first  of  (2)  we  find 

y  +  /»  «  o„ 
and  substituting  this  in  the  equation  just  found,  it  becomes 

dx      dz      2%         /(y-^) 
dy      dw      ax  a^ 

This   is  a  linear  equation,   and   is  therefore  easily  inte- 
grated.     The  result  is 

fdye  'lUl L  +  e'+''  >/,  (a?  +  y), 

where  ir  +  ^  is  to  be  substituted  for  Oi  after  integration. 
(12)     Let  the  equation  be 

If  we  put  p  +  q  s^a,  this  takes  the  form 

d^z  d^z  d^z 

The  equation  for  determining  m  is 

(1  +  qa)m*  -  (?  -  p)cim  -  (l  +pa)  =0; 

which  gives  m.l,       ,n=.i±^. 

We  have  therefore  to  integrate  the  two  systems, 
dy  -  dx^O;       dp(l  +qa)-dq{l  +pa)  =  0...(l), 
dy  (1  +  qa)  +  da (l  +  pa)  -  0;      dp-^-  dq^O...  (2), 

The  second  equation  of  (2)  gives  p-\-q^b  or  a^b. 

The  first  equation  of  (2),  when  put  under  the  form 

dw  -¥  dy  -{-  a  {pdx  -f  qdy)  ^  0, 
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gives  a?  +  j/  +  (p  +  9)if~o; 

therefore  -v  +  J/  +  (,p  +  q)  «  "  fp  (p  +  q). 

The  first  equation  of  (l)  gives  y  —  .v  =  a,   nnd  putting 
p  —  q  =  ^,  we  have 

P-i(»+/5).    9  =  i(»-^). 

dp.^(,la  +  di3),    dg-Hda-dfi), 

and   therefore  the  second  equation  of  (i)  may  he  put  under 

the  form 

~  =  — - — i  i  whence  3  =  b,(2  *  a^)i, 
fi        2  +  a*  ^        '^  ^  ' 

and  therefore 

p-g  =  yl'(.s-y){s  +  {p  +  qy\i. 

Tliis  iirst  integral  will  enable  us  to  determine  the  second 
integral.     Putting  p  +  9~a,  p  —q" ^  we  have 

or,  putting  for  /3  its  value  ^/'(■i' -  y)  {2  +  a*)*, 

dx  =  ^a  (da?  +  dy)  +  \  (dx  -  dy)  \^  (x  -  y)  (a  +  a*)i. 
This  is  integrahle  if   we  suppose  a  to  be  constant,  snd 

gives 

which,  combined  with 

^'  («)  =  4  (*  +  y)  +  ^1  ('"  -  y)  7 


'  (a  +  ^  ' 

'represents  the  integral  of  the  proposed  equation. 

Foisson*  has  shewn  how  to  obtain  a  particular  integral 
of  equations  of  the  form 

P~(rt^^yQ (1) 

where  P  is  a  function  of  p,  q,  r,  «,  t,  homogeneous  with  respect 
to  the  last  three  quantities,  and  Q  is  a  function  of  m,  y,  tf,  and 
the  di&erenUals  of  x,  which  does  not  become  infinite  when 
r/  -  «*  =  0. 

■  CtrrttpCTubmct  tor  rSeoh  FolfUchrUjiu,  Vol,  II.  f.  410. 
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If  we  assume  q  *•/(?),  we  have 

,.rf(p),     (../'(» -r!/(rt!'; 

and   therefore     rt  —  s''  =  0 (S) 

Hence  the  equation  (l)  is  reduced   to 
P-O; 
and  on  substituting  in  it  the  values  of  q,  s,  and  t,  the  quantity 
r  will  divide  out,  as  P  is  homogeneous  in  r,  e,  and  /,  and 
the  equation  is  reduced  to  the  form 

r{p,Ap)f(p)\-'>. 

which  is  an  ordinary  differential  equation,  and  being  integrated 
determines  the  form  of /(p)  involving  an  arbitrary  constant. 
The  partial  differential  equation 

can  always  be  integrated,  and  furnishes  a  value  of  «  involving 
an  arbitrary  function  and  an  arbitrary  constant.  This  process 
comes  to  the  same  as  finding  what  developable  surfaces  satisfy 
the  equation  (I). 

(IS)     Let  r'  -i'  =  r/  -  s*. 

Assuming  Q  =  f{p)  we  find 

whence  f  (p)  =  ±  l ; 

and  tlierefore  q  "fip)  =  ±  ;j  +  C\ 

C  being  an  arbitrary  constant.     On  integrating  this  we  find 

as  a  particular  integral  of  the  given  equation. 

(14)      Let    t  +  Spa  +  (p'  -  a-)r  =0.  ([) 

In  this  case  Q  =  0,  and  on  putting  9  =/(p)  we  have,  after 
dividing  by  r, 

!/(rtl'  +  2p/(p)  +  ;'■'  -  "'-«■. («) 

from  which  J'(v)  +?>  =  =•=  o, 

and  therefore  9  +  Jp*  ±o;j  =  C. (3) 
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Now  as  every  equation  involving  only  p  and  q  may  be 
considered  as  representing-  a  developable  surface,  it  may  be 
satisfied  by  the  equation  to  a  plane  in  which  the  arbitrary 
constants  are  afterwards  supposed  to  vary.      Hence  assuming 

we  find  p  =  a,  ^  =  /3,  and  therefore 

j3  =  C  ±  aa  -  ^a^  ; 
so  that  a  particular  integral  of  (3)  is 

X  ^  aof  '\-  {C  ^aa  --  ^a*)  y  +  7. 

To  deduce  the  general  integral  we  must  take  for  7  an 
arbitrary  function  of  a,  and  then  join  with  the  equation  to 
the  plane  its  differential  with  respect  to  a,  so  that  the  system 
of  equations 

%  =  aaf  +  (C  ^aa-  ^a*)  y  +  (j)  (a), 

0  =  ^  -  (a  =t  a)  y  +  ^'  (a), 

is  the  general  integral  of  (S),  and  a  particular  integral  of  (l). 
A  different  form  of  (f)  should  be  taken  for  each  sign  of  a, 
so  that  this  system  is  equivalent  to  two. 

The  equation 

(15)  (1  +  7^)  r  -  2pq8  +  (l  +  p^)  t  ^  0, 

belongs  to  those  surfaces  in  which  the  principal  radii  of 
curvature  arc  equal  but  of  opposite  signs.  On  assuming 
q  =y(p)5   we  have 

The  integral  of  this  is 

7  =  cr/>  +  (-  1  -  a^)^  ; 
from   which   we  have 

z  =  <p{x  -^^  ay)  +  7/  (-  1  -  a^) ' 
as  the  particular  integral  of  the  given  equation. 

It  is  easy  to  see  that  this  must  represent  a  plane,  as 
that  is  the  only  developable  surface  which  has  its  principal 
radii  of  curvature  equal  and  of  opposite  signs. 
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From  the  difficulties  attending  the  integration  of  ordinary 
differential  equations  of  a  high  order  it  will  readily  be  under- 
8too<l  that  the  integration  of  partial  differential  equations  of 
the  second  and  higher  orders  is  a  problem  in  the  solution 
«of  which  still  less  progress  has  been  made.  The  subject 
has  much  occupied  the  attention  of  mathematicians,  and  pro- 
cesses have  been  given  for  integrating  various  classes  of 
these  equations,  but  they  are  unfortunately  exceedingly  long 
and  complex,  and  the  solutions  are  frequently  given  in  a 
form  which  renders  them  practically  useless.  I  shall  therefore 
not  give  any  examples  of  them  here,  but  shall  content  myself 
with  referring  the  reader  to  the  original  memoirs:  such  as 
those  of  Laplace,  Mimoirea  de  FAcadimief  1773  ;  Legendre, 
lb.  1787;  Ampere,  Journal  Polytechnique^  Cahiers  xvii.  et 
XVI II  ;  and  Cardinali,  Sul  Cakolo  Integrale  delV  equaziani 
di  differenze  partiali. 

Some  examples  of  the  application  of  Definite  Integrals 
to  express  the  integrals  of  partial  Differential  Equations  will 
be  found  at  the  end  of  Chap.  xi. 
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CHAPTER   VII. 

DtFt'EKENTIAL    EQUATIONS. 


I 


Sect.  1.     Linear  Differential  Eipcations  iviih  Constant 
Coefficienis. 

The  solution  of  any  nunnber  of  simultaneous  equations  of  , 
this  class  may  always  be  reduced  to  the  principles  of  the 
elimination  of  the  same  number  of  linear  algebraical  equations. 
For  the  symbol  of  differentiation  may  be  treated  exactly  like 
any  constant  involved  in  the  equation,  and  therefore  the  rules 
for  eliminating,  when  the  variables  are  involved  along  with 
constants,  may  be  applied  to  equations  in  which  they  are  in- 
volved, along  with  symbols  of  differentiation. 

Ex.   (1)      Let    there   be   two  simultaneous  equations  in- 
volving two   variables, 

d-v  dy 


dt 


dt 


To  eliminate  y,  operate  on  the  first  equation  with  -•—  and 
multiply  the  second  by  a  ;  we  have  then 
d'ar        dy  dy 


Subtracting  the  second  of  these  from  the  first,  y  disappea 
and  we  have 


dt' 


-  abw  = 


The  integral  of  this  is,  making  ab  »  m'. 
From  the  first  equation  we  find 


.-"•-c 


,a/ 
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It  might  at  first  appear  that  as  we  might  obtain  an  equa- 
tion involving  y  alone,  similar  to  the  resulting  one  in  a?,  there 
must  be  four  arbitrary  constants,  and  not  two.  But  the  second 
pair  can  always  be  determined  in  terms  of  the  other  two,  and 
are  therefore  not  arbitrary.  This  remark  applies  to  such 
equations  generally :  and  it  is  best  to  avoid  the  introduction 
of  the  superfluous  constants  by  deducing  (as  we  have  done  in 
this  example)  the  other  variables  from  the  first  without  inte- 
gration. The  real  number  of  arbitrary  constants  is  always 
equal  to  the  sum  of  the  highest  indices  of  differentiation  in  the 
different  equations. 

dx 
(2)      Let  —-  +  acr  +  6y  =  0, 

at 

—  +  a,dr  +  fr,y-0, 

be  two  simultaneous  equations.  Operate  on  the  first  with 
|—  +  &i)  9  and  multiply  the  second  by  6;  then,  on  subtract- 
ing, y  disappears  and  we  have 

This  may  be  put  under  the  form 

where  h  and  k  are  the  roots  of  the  equation 

»*  -  (o  +  h^z  +  abi  -  flift  «  0. 

Integrating  in  the  usual  way,  we  find 

y  -  —^  C«-*'  +  —^  C,e-*'. 

dx 
(S)      Let  -rr  +  4i?  +  3y  -  f, 

at 

^y  *.       f 

at 
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Eliminating  y,  we  find 

190        1*  8 

and  y^^^lt  +  l-e'^l  C,e'^'  -  C^e'^\ 

^      98       7        24  S     '  * 

dx  i 

(4)      Let  --r:  +  5w  +  y^€  ; 

at 


g  +  3y-^  =  .-. 


We  find 


y  =  ^  e'  +  ^e»'  -  (C, <  +  Co  +  C.)e-« 

(5)     Let  there  be  three  simultaneous  equations, 

diV 

-—  +  by  -{  cz  ^  0, 

at 

at 

d^ 

-7--H-acr  +  0f/  =  0. 

Operate  on  the  first  with  I       J   -^b'^Cj  on  the  second  with 

U'c-b-Tt    and    on    the    third    with    be  -  c  — .       Then    on 
dt  dt 

adding,  the  terms  involving  y  and  x  disappear  of  themselves, 

and  there  remains 
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The  integral  of  this  is  easily  seen  to  be 

a,  fi,  y  being  the  roots  of 

z"  -  (a'6  +  a'c  +  6V)  z  +  a'b''c  +  a^'bc'  -  0. 

The  values  of  y  and  z  are  easily  derived  from  that  of  x, 

(6)  Let  —  ^  ay  ^bx^c, 

—  ^ay-^bx^c. 

Eliminating  y  by  operating  on  the  first  with   (  — |  -a', 
multiplying  the  second  by  a  and  adding,  there  results 

This  may  be  put  under  the  form 

where  A%  ft*  are  the  roots  of  the  equation 

**  +  (a'  +  6)  «  +  o'fc  -  a6'«=  0. 
Hence  we  find 

^  ■  "71 i7  +  ^1  ^^*  C^*'"'  +  a)  +  C,  cos  (Afjt  +  p)  ; 

and  y«-7; w CiCos{ha  +  a) C,cos(Apar  +  fl). 

(7)  Let     _-2_-2^  +  .,-co82/, 

d*y        dy      dx      ^  .    ^ 
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Eliminating  y  we  obtain  the  equation 

\\  —  \  +  ^  (t  )  +  ^[  ^  =  2  cos2/-4sin2^  -  2cos/; 

or  if — I  +2>  ||— I  +  S>  iT  «  2  co82^  -  4sin2^-2  cos^; 


m^mM' 


the  integral  of  which  is 

a  «  cos2/  -  2  sin  Zt  -  cos  /  +  d  cos  (2*^  +a)  +  Cj  cos  (S*^  +  /3), 

and  from  this  the  value  of  y  is  easily  found. 
Take  the  system  of  equations. 


dy  d^iV  d^y 


(8)     a^w  +  ai  —  +  tfa  37^  +  <h  -jr^  +  &c.  =  w  sin  71/, 


dx  d^y  d^x 

«oy  -  «i  37  +  «2-n^  -  «3  -nr  -  &c.  =  m  cosnr. 
of  a#-  dp 

These  may  be  written  under  the  form 
(a^  +  flgd*  +  a^d^  -¥  &c.)  ^  +  (fljd  +  agd'  +  &c.)  y  ^m  sinn/, 
(«o  +  o.^d^  +  fl4d^  +  &c.)  y  -  (ajd  +  03d'  +  &c.)  a?  =  m  cosn^, 
where  for  convenience  the  differentials  of  t  are  omitted. 

Eliminating  y  we  have 

{(«o  +  «2^*  +  ©4^*  +  &c.)*  +  (aid  +  flad'  +  &c.)'|  a  «= 

«»  (oq  +  ^1^*  ""  ®2^'  -  «3^'  +  a4n*  +  «5«*  -  &c.)  sin  nt. 

It  is  obvious  from  the  form  of  this  that  the  complementary 
function  must  be  of  the  form 

2  (-4  cos  \  /  +  jB  sin  X^), 

where  all  the  values  are  to  be  assigned  to  X  which  satisfy 
the  equation 

-       (ao  -  aj  X^  +  a^  X*  +  &c.)  -  -  X^  (oi  -  flg  X*  +  &c.)«  «  0. 

Hence  we  have 

0?  =  2  (-4  cos  X/  +  JS  sin  \t)  + 

m  (Oo  +  a,«  -  a2?i^  -  a^n^  +  a^w*  +  a^n*  -  &c.)    . 

■  ■ sm  fit ' 


SIMULTANEOUS    DIFFERENTIAL    EQUATIONS.  391 

or    w«*z,{Aco8\t -^ BsinXt)  + —  . 

Whence  also 

^r  ^  •    V  .     ^       ^  .V                         m  COS nt 
y  -  -  2  M  SI  n  X  ^  -  JS  cos  X  /)  + . 

The  same  method  is  applicable  to  linear  partial  differential 
equations  in  which  the  coefficients  are  constants.  The  two 
symbols  of  differentiation  are  to  be  treated  as  two  independent 
constants,  since  they  do  not  affect  each  other,  and  are  both 
subject  to  the  laws  which  regulate  the  combinations  of  ordinary 
algebraical  symbols. 

^  ^   _    dz         du         dz      , 
(9)   Let  —-  +  c  _-  +  a  -—  +  6«f »  0, 
a.v         dx         dy 

,  dz      du         du 
c  — — v  - — y  a  —  +  hu  =  0. 
a.v  dw         dy 

These  may  be  put  under  the  forms 

(  d  d        \  d 

\dx         dy        I  dx 

\d(c         dy        I  dx 

To    eliminate    w,    operate   on    the    first    equation    with 

-r-  4-  a  -—-  +  fc,   and  on  the  second  with  c  -p-  and  subtract : 
a«v         dy  ax 

we  have  then 

^V  dy     ^    d       ^    dy       \ 

^dxj  l-cc      dx  1— cc     -^ 

If  we  call   1  -  (cc)i  =  —   and   1  +  (cc')i  =  -,    this  may 

be  divided  into  the  two  factors 

{d  d         \    { d  d  \ 


■■•« 
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the  integral  of -which  is 

and  from  this  u  can  be  found. 

d^z  du  d'u  d^x 

(10)      Let     -J——  +  a  —  =  0,       — -—  +  c  -—  =  O. 
"^  dwdy         dy  dxdy         ax* 

^.  Eliminating  u  we  find 

—  ac— — r  =  0  : 


dar^dy  da^ 

the  integral  of  this  equation  is  • 

^  =  0  (y)  +  .r  >/,(y)  +  c^'^'x  (^)  5 
whence  also  u  may  be  determined. 

(11)  The  equations  for  determining  the  small  disturb- 
ances of  an  elastic  medium  in  three  dimensions  are 

d'u        „   d    [du      dv      dto\ 

=  or  —  I  —  +  —  +  —  I  , 

df  dw  \dx      dy      dz) 

d^v        J   d   (du      dv      dto\ 
df  dy  \dw      dy      dz)  ' 

d^tv        ^  d    fdu      dv      dw\ 
dti^  dz  \dx      dy      dz) 

See  Airy'^B  Tracts,  p.  279,  Note. 

We  might  in  this  case  eliminate  v  and  u;  by  a  process 
similar  to  that  used  in  Ex.  (5)  of  this  section ;  but  the  fol- 
lowing method  is  more  convenient. 

_  „  fdu      dv      dw\ 

Let  ^  =  «-r-  +  T-  +  T-)- 

\daf      dy      dzl 

d\-'d^u       I  d\'^d^v       /  d\''^d'fff 

i  r. 


Then     (—\  "'  ^  .  (A\  "'  ^  .  (±\ 
\daf)      de       \dy)      dC  "  \dz) 


dy)      dt^      \dzl      df 


d    d^v    '  d    d^w 
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Operate  on  each   of  these  by    { — )  ,     ( —  |  ,     ( —  I 
^  ..  '    \dxl        KdfJ  '     \d«) 

respectively,  and  add :  then 

\[dx)  *  [dyl  "*"  [dzJ  ]^~  dx  dt"   '  dy  dt'   "  d«  dt* 

d*  Idu      dv      dto\ 
dt*  \dx      dy      dz) 

l_  d^r 

The  integral  of  this  is 
rase  <pK^jy9^)  +  e  yV*>y>^) 


/d\-*dr  fd\'*dr  f  d\ 


From  this  r  is  determined,  and  hence  we  can  find 
ti,  «,  iffy  as 

d\-^dr  fd\'*dr  fd\-*dr^ 

When  the  equations  are  not  linear  there  is  no  general 
method  for  integrating  them;  and  therefore  the  means  of 
doing  so  must  be  adapted  to  the  particular  case  under  con- 
sideration. Two  of  the  more  important  examples  of  such 
equations,  which  occur  in  dynamics,  are  subjoined. 

(12)  The  equations  for  determining  the  motion  of  a  par- 
ticle attracted  to  a  fixed  centre  of  force  varying  inversely  as 
the  square  of  the  distance  are 

_+_.0     (1),  diT+7^-^     («)' 

where  r^  skx^  -{-  y\ 

Multiply  the  first  equation  by  y  and  the  second  by  a*^ 
and  subtract;  then 

d^y        d^w 

dr    ^  dt* 
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Whence,  integrating 

dy        dx 

c  being  an  arbitrary  constant. 

Multiply  each  term  of  the  first  equation  by  the  different 
sides  of  this  equation ;  then 

"      r-V  dt      ""^dt)'     ^dt[rj' 


dt 


dx  y 

Integrating,  -  c  — -  =  /u  -  +  a.  (4) 

dt  T 

Similarly,  by   means  of  the   second  equation, 

c  -—^fjL-  +b,  (5) 

at  r 

a  and  h  being  arbitrary  constants. 

Multiply  these  equations   by    y   and  w  respectively  and 
add,  then  we  find 

^r  +  oy  +  hx  =  &.  (6) 

d  X  u  f/ 

Multiply  (1)  by  2  —  >   (2)  by  2  —  add  and  integrate; 

dt  dt 

(t:)'^(S)"-(?^*)-      c,) 

By  squaring  (s)  we  find 

Therefore     r»  \^\ *  =  2  (^  +  A W  -  c*,  (8) 

whence  #+a=  (-r—. ^^-^- — -ryj-  (9) 

If  we  assume  a7=rcos0,  y^r  sin  0,  equation  (3)  becomes 

dQ 
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whence     0  +  ^  =  J   -  -  -  J -^^^—-^^^^^-^ .       (,o) 

From  (10)  we  know  0  in  terms  of  r,  and  from  (9)  r  in 
terms  of  /  +  a,  so  that  0  can  be  expressed  in  terms  of  ^  +  a, 
and  therefore  also  <r  and  y  in  terms  of  the  same  quantity. 
There  appear  to  be  five  arbitrary  constants,  a,  6,  c,  a,  )3, 
but  the  equation  (6)  gives  a  relation  between  them  which 
reduces  the  number  of  independent  constants  to  four. 

(13)      Let  the  equations  be 

a  —  +  {C''h)yx^O, 

dy 
6  3-  +  (a  -  c)  iJfcr  =  0, 
dt 

dz 
c  —-  +  (6  -  o)  ofjf  -  0. 
at 

These  are  the  equations  for  determining  the  angular  velo- 
cities of  a  rigid  body  revolving  round  its  centre  of  gravity 
and  acted  on  by  no  forces. 

Multiply  the  equations  by  w,  y,  z^  respectively,  and  let 

ofyz  «  -~- .     Then  the  first  equation  gives 

do?  d<b 

aa?-—-  +  (c  -  6)  -f-  =  0. 
dt      ^         ^  dt 

Whence  by  integration 

a         ^ 
A*  being  an  arbitrary  constant. 


,      2  (c  -  a)  ^  _  ^  , 


Similarly  y  =  — <f>  +  h 


and     «»-^— ^d»  +  A/. 


0 

c  ^ 
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Hence  we  find 

dd} 

On  inverting  and  integrating  we  should  obtain  t  in  terms 
of  ^,  and  therefore  0  in  terms  of  ty  and  from  the  value 
of  d),  Wy  yy  «  in  terms  of  t 

(14)  M.  Binet*  has  shewn  how  to  integrate  the  system 
of  simultaneous  equation : 

d^u      dR         d^^dR         d^x      dR 

the  number   of  variables  Uy  Vy  w  ...  being  n,  and  R  being 
a  function  of  r  =  (u^  +  v^  +  a^  +  ...)*,  so  tliat 


dR      dR  u        dR      dR  V        dR      dR  a 


-,  &c. 


du       dr  T  ^       dv       dr   r*      dtV       dr   r 

The  equations  may  therefore  be  written 

d^u      dR  u         d^v      dR  V         ^      ^  ^.   c 
dF  "d^  r'"       d?^"^  dr  r'       ^"^i^^ 

Eliminating  -—  between  each  pair  successively  we  find 
equations  of  the  form 

d^u         d^v  d^u         d^w 

From  these,  being   in  number,   we  obtain  th^ 

integrals 

du         dv  du         da  ^  .  ^ 

*  Journal  de  Mathimutiques,  Vol.  1 1,  p.  i67» 


( 


SIMULTANEOUS    DIFFBUBNTIAL    EQUATIONS.  397 

The  sum  of  the  squares  of  these  gives 
/    du        dv\*       f   du        dx\^     ^ 

where  A^  is  the  sum  of  squares  of  the  constants.     By  adding 

[du\^  fdv\*       ,  /da?\* 

and   subtracting   u*  1  —  1    +  t>*  (  —  j    +  or  I  — j    +  &c.,   this 

may  be  put  under   the  form 

du        dv        dx 

On  multiplying  the  proposed  equations  by  2  — ,    2  —  , 

dw 
2  — ,  &c.  and  integrating,  we  have 
dt 

fdu\*       fdv\*       /d<r\*     ^  .^      ,,.       . 

2B  being  the  arbitrary  constant  arising  in  the  integration. 

Substituting  this  expression  in    (6)   and   putting   r^  for 
fi'  +  9*  +  ^  +  &c.,  that  equation  becomes 

du        dv        dtV 

(«*37  +  ''t:  +  ^3:  +  &c)*  =  2r*(/i  +  5)  -  J\ 

at         at         at 

du         dv         dx         dr 

/dr\  *  J* 

therefore     (— j    -.2(i?  +  5)-— ;  (8) 

dt  r 

By  differentiating  (8)  we  find 

d^r      dR      J* 


398 
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dR 

Eliminating  -—  from  the  first  of  equations  (2)  by  means 

of  (10),  and  multiplying  by  r,  we  have 

(Pu        d^r      A^  u 
de         de       f^   r        ' 

which  may  be  put  under  the  form 


dtl    dt[r)j 


r*    r 


or  by  multiplying  by  — ,  and  assuming 


d0 


A' 
Adt 


Adr 


ti  ' 


-^•} 


d(p' 


(u\       u 

(7)  •^7-°- 


Integrating  this  we  find 

u  ^  r(£i  cos  0  +  Ai  sin  0) 

Similarly,       t?  b  r  (jr,  cos  0  +  As  ^n  0) 

cV  B  r  (gs  cos  <j>  +  h^  sin  0) 


&c. 


&c. 


But  from   (9)  we  have 

r rdr 

'^"'^  J{2f^{R  +  B)^A'\^ 
and  from  (11) 


Adr 


r  {if»  (R  +  S)  -  J*}i ' 


00 


(12) 


(IS) 


('*) 


(15) 


By  means  of  these  we  obtain  0  as  a  function  of  r,  and 
r  as  a  function  of  /  +  a,  and  therefore  0  as  a  function  of 
t  +  a.  Then  the  equations  (13)  will  give  ti,  v,  or,  &c.  in 
terms  of  /  +  a>  /3,  ^1,  h^  g^^  A^,  &c.  A  and  B^  the  number  of 
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arbitrary  constants  being  thus  2n  +  4.  But  there  are  re- 
lations subsisting  between  the  constants  which  reduce  the 
number  of  independent  constants  to  2  ft.  In  the  first  place, 
the  constant  /3  will  only  alter  ^i,  h^  g^  h^y  &c.,  and  it  may 
therefore  be  neglected,  so  that  the  number  of  arbitrary  con- 
stants is  reduced  to  2n  +  3.     Again,  since 

r-  =  tt*  +  «*  +  «»*  +  &c., 
we  have  by  squaring  and  adding  equations  (13) 

1  -  cos«02(g^)  +  sin«  02 (A*)  +  2  sin  0  cos  02 (^A). 

In  order  that  this  equation  may  subsist  for  all  values  of 
0  we  must  have  the  conditions 

These   three  conditions  reduce  the  number  of  arbitrary 
constants  to  2n. 

It  is  to  be  observed  that  the  integrals  for  determining 
t  and  0  are  not  independent:  for  if  we  assume  a  function 

we  have  <  +  «-^j^.     *  +  /3---^. 


.  CHAPTER    VIII. 


iriONS    OF    DlFFBREfiTlAL    EQUATIONS. 


By  a  singular  solution  of  a  differential  equation,  ts  meant 
a  certain  relation  between  the  variables  which  satisGes  the 
iliflTcrential  equation,  but  does  not  satisfy  the  general  integral. 
Solutions  of  this  kind  have  long  attracted  the  attention  of 
mathematicians,  and  the  memoirB  in  which  they  are  discussed 
are  very  numerous.  Tiieir  existence  was  first  pointed  out 
by  Taylor,  in  his  Methodus  Incrementorum,  p.  27,  and 
afterwards  they  were  noticed  by  Clairaut,  in  the  Mimoirea 
de  VAcadhnie  des  Sciences  for  173-t.  But  Euler,  in  the 
Mimoires  de  tAcadimie  de  Berlin  for  1756,  was  the  first 
who  considered  the  subject  in  its  bearing  on  the  general 
Theory  of  Integration;  and  in  his  Integral  Calculus,  Vol.  i. 
Sect.  2,  Chap,  iv.,  he  gave  a  test  for  discovering  whether 
a  given  solution  be  or  be  not  included  in  the  general  integral. 
Lagrange,  in  the  Memaires  de  tAcadimie  de  Berlin,  and 
afterwards  in  his  Thcorie  des  Fonctions,  and  his  Calcul  dea 
FoncCions,  discussed  the  theory  of  these  solutions,  and  shewed 
the  connection  between  them  and  the  general  integral,  and 
their  relative  geometric  interpretations.  Other  points  of  the  , 
theory  have  been  elucidated  by  Laplace  {Mimoirea  de  CAca-  1 
demie  des  Sciences,  1772),  Legendre  [lb.  1790),  and  Poisson,  J 
Journal  de  fEcole  Polylechnique,  Cahier  xiii. 

Having  given  a  differential  equation,  to  find  its  singular  ] 
solutions  if  it  have  any. 


Let 


(7=0 


be  a  differential  equation  of  the  first  order  between  .v  and  y  ] 

du  \ 

cleared  of  radicals  and  fractions,  then  if  we  represent  ~  by  p,  J 

the  relations  between  .r  and  jf  found  by  elimiDating  p  betweeqs 
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17  =  0,     and  — -  =  0, 

dp 

are  singular  solutions  of   U  ^0,   provided  they  satisfy   that 

equation,  and  do  not  at  the  same  time  make  — —  »  0.     Wc 

dy 

might    also   deduce   the  singular    solutions   from  eliminating 

d.v  - 

—  between 

f7  =  0,     and  -—a  0, 

dpi 

where  Pi  «  — »  provided  that  they  do  not  at  the  same  time 

make  --—  =  0.* 
da; 

Ex.  (l)     Let  the  equation  be 

rdy\*        dy 


'0-' 


.    +  m  a  0. 
dof 


dU 
Here  — -  «  2,rp  -  y  =  0 ; 

dp 

and  eliminating  p  between  this  and  the  preceding  equation, 
we  find 

y*  —  ^mx  ■  0, 
as  the  singular  solution. 

(2)     Let     y  +  G^-^)^+(a-a;)^^y«.0, 

be  the  given  equatior.     Then 

(v  +  yy  -  4ay  -  0 
is  the  singular  solution. 

(8)     Let     »•  -  2ary  5^  +  (1  +  «»)  f-^)   -  1 

a*F  \aajj 

be  the  given  equation :  the  singular  solution  is 

y'  «  1  +  ^. 

*  Laplace,  Mtmmret  de  VAeadimie^  1772. 

26 


102     mmm^M  mfmmm  or  Downmfvua*  wotaipi.     « 

This  is  the  equatioii  wkh  respect  to  which  Taylor  first 
siade  the  remark  that  It  admitted  of  a  solution  not  involmd 
in  the  gwieral  integral— -^  singularis  qusedam  solutUH^  as  he 
terms  it.     See  hitMetkodM  Inoremeniorumf  ]x  27* 

(4)     LH    ^  +  «#,g+(««-40(^'-0. 

The  singular  solution  dP  this  is  "^ 


TO    U.         (%'*f'£* 


mmO. 


The  eq^uatioii    resulting   from   the    diminatioii   of  ^ 
between  this  equation  and 

is  j^-4ar«0; 

hut  aa  this  does  not  satisfy  tihe  given  equation  it  is  not  a 
shunilar 


("  -{-(S)](-4!)'-(g)- 

J      ,.  dU 

In  this  case  — —  as  o  gives  us 

d.p 


a 


(1  +  y)i  • 

Eliminating  p  by  means  of  this  equation  we  find  as  the 
singular  solution 


(')  ^  ^(g)"-»(S 


+  od^  +  6y  «  0. 


Here  — -  a  o  gives  us  p  -  - ;    and    the    result   of   the 
dp         ^  y 

elimination  of  p  is 

aw  -k-by  ^a^^0\ 
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but   as   this   does   not   satisfy   the   given    equation  it  is  no 
solution  at  all. 

(8)  Let  the  equation  be 

The  singular  solution  is 

y*  -  ^^^  «  0. 

When  a  solution  of  an  equation  is  given,  and  it  is  re- 
quired to  find  whether  it  be  a  singular  solution  or  a  particular 

integral,  we  must  deduce  from  it  the  value  of  p  «--^ ,  and 
see  whether  when  substituted  in  -- —  it  make  it  vanish,  and 

case   it   is  a  singular   solution,  otherwise  it  is  a  particular 
integral. 

(9)  Are  y*^  «>  2«  +  1,  and  jf*  +  ^  «  o,  singular  solutions 
or  particular  integrals  of  the  equation 

^y\  *   ^  ^y 


^[ly^^T.-^"' 


t,  dU       ,  , 

Now  from  the  first  of  the  g^veo  solutions  we  find 

1 

which  does  not  make  -3—  vanish :  it  is  therefore  a  particular 

dp 

integral. 

From  the  second  of  the  given  solutions  we  find 

w 


404    MiwnsAM  flotiimom  of  DiFRBiBinruti  MWA'mm/^ 

*    '     *        dU  '     '       ■  Htr 

which  does  make  -— -«0;    and  as  it  does  not  aiake  ^•- — 

dp  dg 

▼anishy  it  is  a  singular  solution* 

(10)     In  the  same  way  it  will  be  seen  that 

»«  +  (#-l)«-0 

is  a  particular  integral  dP 


(; 


sS+'s**-* 


If  the  diff<»renlial  equation  be  of  an  order  higgler  thaa 
the  first,  let  yi,  ys».«.y«  represait  the  sucoessiTe  differential 
^coefficients  of  y  with  reiipect  to  #•    Then 

UmO 

belog  the  equadon  cleared  of  fractions  and  radicals  as  b^Dli^ 
the  conditions  that  y«.a«  JT  should  be  a  singular  solutioa 
of  the  ^it  -  li)*"*  order  are 

dU    ^      dU      ^         dU        . 

^md  therefore  if  we  find  a  rdation  between  #»  y^  and  jr.^«i«i  X^ 
which  satisfies  these  equations  and  also  the  given  equation, 

it  is   a   singular  solution   of  the  (n  -  m)^  order. 

Legendre,  Mem.  de  FJcad.,  1790,  p.  218. 


/NX  (^*yV      ^y  d'y 


1       1        •  •      .  «      •       dy  d'v 

be  the  given  equation.     Putting  -p-csy^,   — -^y%  we  may 

dw  duf 

write  it 

Here  T"  =  ^  {my^  -y^^O 

dy% 

gives  y,  8  -1 ;    and,  by  means  of  this,   eliminating  y%  from 
the  original  equation  we  find 
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as  a  singular  solution  of  the  first  order.  As  this  does  not 
satisfy  -; —  «  0,  and  as  there  is  only  one  factor  m  -; —  «  0, 
there  is  no  singular  solution  of  the  final  integral. 


(12)     Let 


dy      sf  d}y 


y-a?T-  +  T 


d(o      2  da^ 


\dw      dscv  "  U^y  "  ' 


dU 
The  condition  -—  cs  o  mves  us 

dyt         ^ 

*'*"  4(1+0^)' 
from  yi\i\<Ak  we  find  the  singular   solution  of  the  first  order 

(13)  Let  the  equation  be 

It  will  be  found  that 

a?y  -  1  ■=  0 

dU  dU 

satisfies  - —  =  0,  --—  —  0  and  U  ^bQ    and  as  it  is  independent 

of  ^1  and  y,  it   is  the   singular   solution  belonging   to   the 
final  integral. 

(14)  If  the  equation  be  of  the  third  order 
a  nngular  solution  of  the  second  order  is 

(15)  Let  the  equation  be 

"•(-S)'-(2)"(-S)*-- 


4(NI    mmnmsM  aoumoM  ov  mrwnmmnuii  moMnmm 


Thm  fgA-m^^o  it  not  a  dngiilar  •ohrtieB,  lipwimi  tlioiigil 

k  make  -7—  «o  It  alto  omtea  -r—  ta  vaaislit  «iid  wa  4faid 

J—, 
thai  the  red  value  of  ^  is  infinity  Initead  oJT  ieio»  aa  it 

would  be  in  tibe  caae  of  a  dngular  solution. 

Haling  gbwn  tbe  general  intqpral  af  a  dUbcntial* equa- 
tion of  the  first  order,  to  find  the  singular  solutions  of  the 

equation  when  there  are  suck 

• 

Let  If « 0  be  the  integral  deared  of  radicals.  As  it  ia 
suppose^  to  be  an  intq^  dP  an  equation  dP  the  first  order, 
it  .inuBt  oootifiii  an  arbitnuy  constant^  which  we  ihall  call  e^ 
Thsn  if  the  equation 

dU 

dp 

fliTe  a  value  of  e  in  terms  of  #  and  y,  the  elimination  of  e 

wlikdi  is  the  sbgukr  solution.    It  is  to  be  ebsenred  that  if 

dU 

-3^  B  0  give  a  constant  value  for  c,  or  a  value  in  terms  of  w 
dc 

and  y,  which  becomes  constant  in  consequence  of  the  relation 

{7  cs  0,  the  result  of  the  elimination  is  not  a  singular  solution 

but  a  particular  integral. 

(16)  Let  the  equation  be 

a^  —  2cy  —  c^  —  a*  «i  0. 

dU 
Then  -— =:-2(y  +  c)-0, 

uc 

whence   e  «  -  y,    so  that  jr*  +  y*  -  «■  «  O 
is  the  required  singular  solution. 

(17)  Let     y-^aw^^  (0-^0)^  +  - (C'-aymO. 

Then         ^- fc^fc- aV -**(c  -  o)  -  0. 
dc 
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W 

This  is  satisfied  either  by  c  ^^  a  or  c  —  aikr-. 

The  former  gives  a  particular  integral.     The  latter  gives 

46* (y  -ax)  -it*  -0, 
which  is   the   singular  solution. 

(18)  Let     (»»  +  y'-aO  (y»-2cy)  +  (d?*  -  a«)c»- 0. 
Then  ^  -  2  {c(a?»  -  «•)  -  y  K  +  y«  -  o*)}  -  0; 

from  which  c  ■ z-^—z ♦ 

or  —  a* 

which   being  substituted  in  the  equation   gives 

as  the  singular  solution :  but  since  this  makes  c  «  0,  it  appears 
that  it  is  only  a  particular  integral  found  by  making  the 
arbitrary  constant  equal  to  zero. 

Let  {/  B  0  be  the  integral  of  an  equation  of  the  second 
order,  so  that  it  contains  two  arbitrary  constants  Ci,  c^ ;  then, 
if  we  represent  the  differentiation  with  respect  to  x  and  y  by  cf, 
and   that   with   respect  to  c^  and  c,  by  cf ,  we  can  obtain  the 

singular  solution  by  eliminating  Cj,  c,,  and  -—  between  the 

dcx 

equations 

17-0,     dU^o,     d'U^o,     dd'U^o. 

(19)  Let  the  given  integral  be 

y   ■   ^  Cl  «^  +   C,  J?   +    C,*   +   C^y 

so  that  f7  a  ^  Ci  A-*  +  c^o?  +  C|*  +  ci*  -  y  -  o. 

Then    d  f7  -  (cj  *r  +  c^)  d*r  -  dy  cs  o, 

d'U  -  (^a;*  +  2c,)  dc,  +  {x  +  2cii)  dc,  -  0, 
dd!U  ■  {xdci  +  dc^  do?  «  0. 

From  the  last  we  find 

dc^ 
dci 


iOS    mtmmsM,  aovatusam  cor  mmmanusu  moguammm 
SalMtitiitiiig  thk  in  the  preoediog  equsliott  we  ksve 

Between  this  eqaation  and  the  ^ni  two  we  can  elumnate 
et  and  Cg,  and  we  find  as  the  mngular  solution  c^  the  first 
integral 

^SO)    Let  the  int^ral  be 

By  a  simihur  process  to  that  in  the  last  exampfey  we  find 
as  the  singular  solution  belonging  to  the  first  integral  of 
the  difierentid  equation 


4  ^  \d/t) 


d» 


There  is  no  angular  solution  bdbnging  to  the  final  in- 
tegral9  but  the  singular  solution  just  found  lias  itsdf  a  sbgulaf 
iolutiMy  whidi  is 

Singular  Solutions  of  Partial  tHfferential  Equations. 

If  {7  =  0  be   a  partial  differential  equation  of  the  first 

dz  dx 

order  in  a,  y,  and  »,    and  if   we  put  — « p,    — «  g^,    the 

dx  dy 

singular  solution,  if  there  be  one,  will  be  found  by  eliminating 

p  and  q  between  the  three  equations 

dU  dU 

dp  dq 

(21)     Let  the  equation  be 

{z^pa^  qyf  =  a'  (l  +  p*  +  q'). 

Then       — -  sa  -  (>  -  p^  -  ^y)  ^  -  a«p  «  0, 

dU 

_  =  -  (;jf  -  pa?  -  9y)  y  -  o^^  =  0. 
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By  means  of  these  eliminating  p  and  9,  we  find 

^  +»•  +  «*«  o* 
as  the  singular  solutjon. 

(92)     Let   the  equation  be 

(pof  -  qyy  q  +  ^m^  {«  -  pai)  «  0. 

— —  -  q  (px  -  qy)  -  2mar  «  0, 

dU 

—  -  (par  -  qry)  (pa?  -  Sqy)  -  0. 

These  two  equations  agree  with  the  original  one,  if  we 
assume 

px-3qy»Q\ 

and  the  singular  solution  found  by  eliminating  p  and  q  is 

«•  —  Aifnafy  ■■  0. 

Legendre,  Mimaires  de  FAcadimie^  1790,  p.  238. 

(23)     Let         («  -  par  -  qyY  -  -4p'^. 

J  rr 

■  ^mx{z  -pa?  -  9y)*"'  —  o-/<p*"'g^-iO, 

dp 

dJ7 

3— --^^(ijf-par-  gy)"-*  -  Up'^-^  -  0. 

Dividing  the  first  of  these  by  the  second  we  find 

aq      a 
bp'  y* 
Dividing  the  original  equation  by   the  first  we  have 

z^pa^qy         p 

ma  a ' 

Eliminating  q  between  these  we  find 

p  ■ ,  where  c  ^m-^  (a-^h). 

ca 

Similarly         o  ■» • 

cy 


410    wcwnyat  mMjamam  oat  jMaPFnaEwruL  mmajMmm 

By  mem  of  these  vdaeB,  dnnimiluig  p  and  f^  w^ind 
the  nngular  solution  to  be 

If  the  partial  differential  equation  be  of  the  aeoond  order 
and  we  put 

the  conditions  whidh  must  be  satisfied  in  oid^  that  an  eqUA- 
tiaa  should  be  the  singular  solution  of  ^e  first  <irder  joj^  the 
equation  Cr«BOare 

— -0      — «0      i^-0 

dr     ^      da       '      df       \  .       ^ 

If  the  function  is  to  be  a  nngular  sdiutioii  belonjpng  to 
the  final  integral,  it  must  in  additicm  aatiafy  the  equations 

^  dU  dU 

dp        '      dq  ' 

(24)     Let  the  given  equation  be 

dU 
Here   -— —  «=  0  is  the  only  condition,  and  we  have 
dr 


dU 
dr 


=  2{r-?(p-^J}-o. 


Comparing  this   with  the  given  equation,   we  find 


from  which  r  « Ip  — 1  «  0, 

1  +  ^  V         1  +  A7 

dU 

which  satisfies  both   t7  =  0  and  «■  0 :   therefore 

dr 
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% 
^         1+0? 

is  the  singular  solution  required.     The  integral  of  this  is 

»  =  (l+.r)0(y). 
Poisson,  Jour,  de  FEcole  Polyt  Cah.  xiii.  p.  113. 

(25)     Let  the  equation  be 

It  will  be  found  that 

«  —  0?  +  y 

satisfies  the  original  equation  as  well   as 

dU  Hu  dU  dU 

dr        *       dt        ^       dp        *       dq 

V 

it  is  therefore  a  singular  solution  corresponding  to  the  final 
integral. 


CHAPTER   IX. 


(jrADRATDRE    OF    AREAS    AND    SURFACES,    RBCTIFICATTOMfl 
OF    CURVES    AND    CUBATURE    OF    SOLIDS. 


Sect,  1.      Quadrature  of  Plane  Areas. 

Whbn  an  area  is  referred  to  rectangular  co-ordinates   .r 
and  y,  the  double  integral  ffdxdf/  taken  between  tlie  proper 
limits  gives  the  value  of  the  area.     One  of  the  tntegratioq^^ 
may   always  be  performed,  so  that  we  have  cither  ^H 

fyds  +  C     or /aidy -f  C,  ^H 

and  these  integrals  are  to  be  taken  between  the  limits  of  y 
or  .T,  which  form  the  boundaries  of  the  area.  If  we  take 
the  first  of  these  expressions,  the  limiting  values  of  !f  must 
either  be  constants  or  functions  of  x  given  by  the  equation 
to  the  bounding  curve:  therefore  on  substituting  these  values 
we  obtain  a  function  of  m  alone,  which  is  to  be  integrated, 
and  taken  between  the  limits  of  that  variable  which  are  re- 
quired by  the  problem.  If  after  the  first  integration  we 
suppose  C  =  Of  the  integral  A  =  fydx  expresses  the  area  in- 
cluded between  the  axis  of  rv,  the  curve,  and  two  ordinates 
corresponding  to  the  limits  of  .t. 

In  taking  the  integral  Jyda:  between  the  final  limits  of 
w,  it  is  necessary  that  the  interval  should  not  contain  a  value 
of  01  which  causes  y  to  vanish  or  become  infinite,  as  in  that 
case  we  might  be  led  to  an  erroneous  conclusion.  Thus  if 
we  suppose  a  curve  to  be  symmetrically  situate  in  the  first 
and  third  quadrants,  and  to  intersect  the  axis  at  the  origin ; 
and  if  we  were  to  integrate  from  fl;  =  atoa!=— awe  should 
obtain  zero  as  our  result,  instead  of  finding  the  area  to  be 
double  of  that  from  ,1/  =  0  to  a' =  a,  or  that  from  it  =  0  to 
a  =  —a.  Therefore  when  any  interval  from  a  to  fr  contains 
a  value  c  of  ^  which  makes  y  vanish  or  become  infinite,  we 
must  break  it  up  into  two  intervals,  one  from  b  io  c  and 
the  other  from  c  to  a,  and  add  the  integrals  correspoodh^ 


QUADRATURE    OF    AREAS.  413 

to  these.  In  like  manner  if  the  interval  contain  several 
values  of  x  which  make  y  vanish  or  become  infinite,  we  must 
split  it  up  into  as  many  smaller  intervals,  each  having  one 
of  these  values  of  <v  as  a  limit,  and  add  them  all  together. 
If  the  co-ordinates  be  not  rectangular,  and  a  be  the 
angle  between  them,  we  must  multiply  the  integral  by  sin  a 
to  obtain  the  value  of  the  area. 

£x.  (1)     If  we  take  the  general  equation  to  a  parabola 
of  any  order 

we  have         A  ^  {y  dx  ^ ^■•+»j;»+»  ^  q^ 


(2)  The  general  equation  to  hyperbolas  referred  to  their 
asymptotes  is 

fi  ■•+»    9  —  m 

A  ea  fy  dw  »  C  + a  •  w  •  • 

This  formula  fails  when  fUBfi,  in  which  case 

A^C  +  o*logi». 

(3)  When  the  common  hyperbola  is  referred  to  its  axes, 
the  sectorial  area  ACP  (fig.  Si)  is  easily  found. 

For         ACP  »  NCP  -  ANP  =  |a?y  -  /y dor. 

Now  y  .  -  (a^  -  at)J, 

a 

and     fydof^  —  {of  («•  -  a*)^  -  a«  log  {of  +  (cr»-  a*)i}  +  C. 

Determining  the  constant  by  the  condition  that  the  area 
vanishes  when  am  a,  we  have 

fyds  m  ^ay-'j^ab  -2J 5^ LJ  , 

so  that  ACP  -  —  log  (-  +  7 ). 

2  \a      oj 


y . 


4|4  OSAIIBATintB   <MP 

(4)     In  the  drde^  thtf  egqati— «o  uliah  II 


If  Abbe  taken  ftom  am  a  to  «-iO,  ire  iod  die  MMi 

of  the  qaadnmt  to  be  — ,  and  thecefine  thut  of  ^  «]miI« 

circle  to  be  xo^ 

If  the  equatkm  to  the  drde  be 

(5)  The  eqiiatioii  to  the  ellipee  being 

A^  --  fdmOf^n^^^  -.die*  aren  whoee oeiine  ii  --^C 

For  the  whole  elBpse  ^  «  -  ird^ »  xnft. 

a 

(6)  The  equation  to  the  witch  of  Agnesi  is 

wy^  m  4a'  (2a  -  m). 

A  «  2a|(2aa7-«^i  +  a  vers"'  ->  +  C. 

Taking  this  from  ^sSa  to  ^bO,  and  doubling  it  on 
account  of  the  symmetry  on  both  sides  of  the  axis  of  dr, 
we  find  the  whole  area  between  the  curve  and  its  asymptote 
to  be  4ira*. 

(7)  The  equation  to  the  cissoid  is 

Here 
A»  "  ^w(^aw  -  a^i  +  3  •  drc.  area  whose  versine  is  -  -f  C^ 
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lind  the  whole  area  included  between  the  asymptote  and  the 
two  branches  of  the  curve  is  Swa*. 

(8)  The  equation  to  the  cycloid  is 

dtP  w 

This  being  only  a  differential  equation,  it  is  necessary 
to  use  an  artifice  for  the  purpose  of  effecting  the  integration. 
If  we  integrate  ^ydso  by  parts  we  have 

Taking  this  integral  from  w^O  to.v-i2a,  and  doubling 
it,  we  find  the  whole  area  of  the  cycloid  to  be  Siro*,  or  three 
times  the  area  of  the  generating  circle. 

(9)  The  differential  equation  to  the  tractrix  being 

rfy  y 

do? "      (a»  -  y»)i ' 

A^fydaf^-fdyia^^f/')i; 

and  the  whole  area  included  between  the  curve  and  the  positive 

axis  is 


ira* 


(10)  The  equation  to  the  catenary  being 

its  area  is  i^(«*  —  e  ^^  )  -  c(y*  -  c*)i. 

(11)  The  equation  to  the  evolute  of  the  ellipse  is 

The  whole  area  inclosed  by  the  curve  is  ^. 

^  8 

This  is  best  investigated  by  Divichlet^s  method  of  evaluat- 
ing definite  integrals.     See  Chap.  xi. 
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(12)      The  equations  to  the  companion  to  the  cycto 

y  =  a9,      JT  =  o(l  -COS0), 

fydJ!  =  aiy  "  fxdy  =  a'Csin 9  -  dcosB)  +  C. 


;  the  a 


of  the 


The  whole  art-a  is  S'jro',  or  twice  t 
circle. 

When  an  area  ia  referred  to  polar  co-ordinates  r  and  0, 
its  value  is  given  by  the  double  integral  ffrdrdd  taken  be- 
tween proper  limits.  Integrating  with  respect  to  r  wc  have 
A  =  ^/r" tl9  +  Ci  and  if  we  suppose  C  =  0,  the  integral 
A  =  ^Jr'dd,  in  which  there  is  substituted  for  r  its  value  in 
terms  of  9  given  by  the  equation  to  the  curve,  is  the  value 
of  the  sectorial  area  swept  out  by  the  radius  vector.  In 
taking  the  integral  between  the  limiting  values  of  9,  the 
same  precaution  must  be  observed  as  in  the  case  of  recti- 
lineal* co-ordinates,  that  the  interval  shall  not  contain  a  value 
of  6  which  causes  r  to  vanish  or  become  infinite.  If  we  sup- 
pose 9  to  increase  indefinitely,  the  same  geometrical  space  will 
be  repeatedly  swept  over  by  the  radius  vector  at  each  revolu- 
tion, so  that,  when  the  curve  is  not  re-entering,  the  analytical 
area  (if  we  may  use  the  phrase)  differs  from  the  geometrical 
area  :  to  obtain  the  latter  we  must  subtract  from  the  ana- 
lytical area  that  portion  which  has  been  previously  swept 
over.  Thus  if  we  wish  to  find  the  geometrical  area  includwt 
between  the  values  0  and  4n-  of  9,  and  if  we  put 

^,  =  4/p"T*d0,    J,  =  y,"r*de, 
the  required  area  is  A^  —  Ay 

(is)     The  equation   to  the  Lemniscatc  ia 
r*  =  a*  cos  29, 
A  =  ^lt'd9=\a''fd9cosz9=C*\a*&nze. 

If  we  take  this  from  6  =  0  to  0  =  ^jr,  we  have 

This  is  the  fourth  part  of  the  whole  area  of  the  cun 
which  is  therefore  equal  to  i " 

In  this  case,  if  wc  had  at  once  integrated  from  d  =>  0  to 
d-ir,  or  d»3ir  we  should  have  found  the  area  to  he  zercn 
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This  anomaly  would  arise  from  our  integrating  through  an 
interval  in  which  r  becomes  zero. 

(14)     Let  the  equation  to  the  curve  be 

r  «  a  cos  d  +  6,  where  a>b. 
The  form  of  this  curve  is  given  in  fig.  42. 

If  we  wish  to  find  the  area  included  within  ODCAHG, 
it  is  sufficient  to  integrate  from  d  >■  0  to  that  value  of  0  which 
causes   r  to   vanish,   and    then   to  double   the  result.     Let 

a«  COS"'  I  —  I  ,  then  the  area  ODCAHG  is  equal  to 

^{(a«  +  26«)a  +  S6(a«-6«)*}5 
and  the  area  OEBF  is  equal  to 

\  {(a«  +  26«)  (tt  -  a)  -  Sh(a^  -  V)l}. 

If  & « a,  the  curve  becomes  the  common   cardioid,  and 

Its  area  is . 

2 

(15)  The  equation  to  the  conchoid  of  Nicomedes  when 
referred  to  polar  co-ordinates  is 

r  B  a  sec  d  +  ^» 
and  its  area  is 

^  {a*  tan  0  +  2a6  log  tan  ^-  +  -]  +  Vd]  +  C. 

(16)  The  curve  whose  equation  is 

r  «  a  sin  S9 

has  six  loops  (see  fig.  49),  and  it  is  sufficient  to  find  the  area 

inclosed  by  one  of  them.     This  is  easily  seen  to  be  — -  and 

therefore  the  sum  of  the  areas  of  the  six  loops  is  -j^^ra^  or 
one  half  of  the  area  of  the  circle  which  bounds  them. 

(17)  The  equation  to  the  spiral  of  Archimedes  is 

Hence  the  area  «  — ;r-  +  C. 

6 

27 
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After  n  revolutions  the  analytical  area  swept  out  is 
a*  — ^^ — —;  but  to  obtain  the  geometrical  area  we  must  sub- 
tract from  it  the  area  corresponding  to  (n  —  l)  revolutions^ 

(2  ttY  a* 
which  gives  us  (Sn*  -  3n  +  l)  — ^ —  as  the  required  geo- 
metrical area.     In  the  same  way  we  should  obtain  as  the 
geometrical    area  corresponding    to   (n  +  l)   revolutions,   the 


a* 


expression  (3n*  +  3n  4  l)  (Stt)^  —  ,  and  the  difference  between 

these  or  the  space  between  the  arcs  after  (n  +  1)  and  after 
n  revolutions  is  n(27r)'aS  which  is  n  times  the  space  between 
the  arcs  after  the  first  and  second  revolutions. 

(18)     In   the  hyperbolic  spiral 

rd  =  a. 

The  area  swept  out  by  the  radius  vector  from  0  to  r 
is  ^ar,  which  is  equal  to  the  triangle  formed  by  the  radius, 
the  tangent  and  the  sub-tangent. 

If  the  equation  to  the  spiral  be  given  by  a  relatioa 
between  p  and  r,   we  have 

prdr 


-    r    prar 
2J  (r»-p> 


(19)  In  the  involute  of  the  circle 

1  o' 

Therefore    A^—  fdrr  (r«  -  ar)i  =  f-  +  C. 

(20)  In  the  epicycloid 


P' 


c  —  a^ 


where  c  =  a  +  26,  a  and  b  being  the  radii  of  the  fixed  and 
generating  circles  respectively.      Hence 

^^ —^ +  -^ — -  sin-*  (- -J  +  C. 
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Hence  the  area  swept  out  by  r  during  one  revolution  of 
the  generating  circle  is 

c  {(?  ^  or)  IT      irh 


4a  a 


(a*  +  Sa6f-26*). 


Subtracting  from  this  the  area  of  the  sector  of  the  fixed 
circle  which  is  iraby  we  have  for  the  area  included  between 
the  epicycloid  and  the  fixed  circle 

a 
When  a  curve  forms  a  loop,  the  area  may  sometimes  be 

conveniently  found  by  taking  -  ,  or  the  tangent  of  the  angle 

which  the  radius  makes  with  the  axis  of  .r,  as  the  independent 

ma 

variable.     If  we  put  ?  =  tan  0  =  /,  we  have  dQ  =  dt  cos*  6  and 

w 

A^lfr'de^j^  fdOar'sec'e  -  ^  fdia^. 

(21)  The  curve  y*  -  Saxy  +  a?'  «  0, 

has  a  loop  which  touches  the  axes  of  at  and  y  at  the  origin ; 
see  fig.  51.      Now  putting  y  b  xtf  we  find 

Sat 

and         A  -  —  \dt- rr,  - 7j+  ^» 

and  taking  this  from  /  «  0  to  ^  »  oo   we  have 

A  B  —  for  the  whole  area  of  the  loop. 
2 

(22)  The  lemniscate  whose  equation  is 

(.r«  +  sO*  =  o'^  -  b'y% 
has  two  loops;  find  its  area. 


27 
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and  for  each  loop  the  limits  of  t  are  -  and  —  - .     The  whole 

bo 

area  is  ab  +  (a*  -  6*)  tan"^  -  . 

6 


Sect.  2.     Rectification  of  Curves. 

When  a  curve  is  referred  to  rectangular  co-ordinates,  the 
length  of  any  portion  of  it  is  found  by  integrating 

between  the  proper  limits. 

(1)  The  equation  to  the  common  parabola  being 

the  length  of  an  arc  measured  from  the  vertex  is 

^"^""[—r)  =c^+'^^^)^  +  i-»og — '—^ !^. 

(2)  The  equation   to  the  semicubical  parabola  is 

ay  =  0?^. 

The  length  of  the  arc  measured  from  the  origin  is 

(4o  +9j»)l-(4a)* 

27ai 

This  was  the  first  curve  which  was  rectified*  The  author 
was  William  Neil,  who  was  led  to  the  discovery  by  a  remark 
of  Wallis  in  his  Arithmetica  Infinitorum.  See  Wallirii  Opera^ 
Tom.  I.  p.  551. 

(3)  To  find  when  the  curves  expressed  by  the  equation 

are  rectifiable.     We  have 

s^  )dx{l  +  ( j  a    "  w""  }*. 

This  is  intefinrable  when  —   or   —  +  i  is  an  inteijer : 

**  2m  2m      *  ^ 

the  first  of  these  gives 


n 
the  second  gives 

m  +  n 
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'"■'"-t-l-f"* 


IS       T       °^^* 


n 

(4)  The  equation  to  the  cycloid  being 

dy      (20ir-/r')i 
dof  w 

we  have  «  «  2  (2aw)i  +  C. 

Hence  the  whole  length  of  the  cycloid  is  8  a  or  four  times 
the  diameter  of  the  generating  circle.  This  rectification  was 
discovered  by  Wren. 

(5)  The  equation  to  one  of  the  hypocycloids  is 

^i  +  yl  B  ai ; 
the  whole  length  of  the  curve  is  6  a. 

(6)  The  equation  to  the  catenary  is 
Then 


dy     (y»-c»)i' 

and    «-(y»-.c»)*-^  («•-«''), 

the  arc  being  measured  from  the  point  where  y  «  c. 

Hence  as  the  area  is  equal  to  c  (5^  —  c^)l,  it  is  equal  to 
C9 ;  that  is,  the  area  contained  between  the  axes,  the  curve 
and  any  ordinate  is  equal  to  the  length  of  the  corresponding 
arc  multiplied  by  a  constant. 

(7)     The  equation  to  the  tractory  is 

dy  y 

Then  «  =  a  log  - , 

a 

supposing  the  arc  to  be  measured  from  the  point  where  y  «  a* 


422  RECTIFICATION    OF    CURVES. 

When  a  curve  is  the  evolute  of  another  curve,  the  length 
of  its  arc  is  best  found  by  taking  the  difference  of  the  radii 
of  curvature  of  the  involute,  corresponding  to  the  extremities 
of  the  arc. 

(8)     To  find  the  length  of  the  evolute  of  the  ellipse. 

The  radius  of  curvature  of  the  ellipse  at  the  extremity  of  the 

major  axis  is  — ;   that  at  the  extremity  of  the  minor  axis  is 

a 

-- :   therefore  the  length  of  the  fourth  part  of  the  evolute  is 


a 


^      V      a'  -  V 


a  ah 

If  the  curve  be  referred  to  polar  co-ordinates  r  and  d, 

8 


and  if  it  be  referred  to  p  and  r 


8 


=  /d. 


{f  -  po*  * 


(9)  In  the  logarithmic  spiral 

Therefore     a  =  JdO  {r«  +  {^  i  =  (l  +  a^*  - , 

supposing  it  to  be  measured  from  the  pole.  Hence  the  arc 
is  equal  to  the  portion  of  the  tangent  at  its  extremity,  which 
is  intercepted  between  the  point  of  contact  and  the  sub- 
tangent. 

(10)  The  equation    to  the  spiral   of   Archimedes  being 

ihe  length  of  the  arc  from  the  origin  is 

r  {a^  +  r=)i      a  .      r  -^  {a^  J^  r^)i 

+  -  lOff . 

2a  2      ®  2a 
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This  is  the  same  as  the  arc  of  a  parabola  (whose  latus 
rectum  is  2a)  intercepted  between  the  vertex  and  an  ordinate 
equal  to  r. 

(11)      In  the  involute  of  the  circle  the  equation  to  which  is 

o  o  o 

rdr 


s 


/rat      f      ^ 
—  =  — +  C. 
a        2a 


If  the  arc  be  measured  from  the  point  where  r «  a  we 

find  c  —  — ,  and  s  «  — .      Now  p  is  always  equal  to  the 

length  of  the  arc  of  the  circle  which  is  unwound,  so  that 
if  this  be  called  aO, 

«  =  i  ae\ 

(12)     The  equation  to  the  epicycloid  is 

where  c  ^  a -k- 2b,  a   and  b  being  the  radii  of  the  fixed  and 
generating  circles  respectively.     Hence 

The  whole  arc  corresponding  to   one    revolution  of  the 
generating  circle  is  S  -  (a  +  6). 

6 
The  corresponding  arc  in  the  hypocycloid  is  8  -  (a  -  6). 

For  a  curve  of  double  curvature  we  have 


8 


-/-{-©■^©T- 


(18)     In  the  helix, 

y  «  a  cos  fiiVy     x  m  a  lAnnaf; 

therefore    s  «  fd/v  (l  +  n^a')i  -  (1  +  n^a^)iw  +  C. 

If  the  arc  be  measured  from  the  origin  C «  0,  and 
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If  6  be  the  constant  angle  which  the  curve  makes  wi^ 
the  axis  of  ai,  na  =  Vai6  and  (1  +  n*a')4  =  sec 0,  so  thi 
s  =  ojsec  9. 

(14)     The  loxodronie  is  defined  by   the  two  cquationaj 


Changing  into  polar  co-ordinates  by  the  formulae 
01  =  r  CDS  d  sin  ^,     y  =  r  sin  d  sin  ^,     z  =  r  cos  tp, 

we  find  -;—  = ; 

d(f)  n 

and  integrating  from  tp  •*  0  to  <p  =  -tr  wc  have 
(1  +  «')i 


Sect.  3.      Cuhalure  of  Solids. 

If  a  solid  be  referred  to  rectangular  co-ordinates  its  volume 
(F)  is  found  by  integrating  the  triple  integral  jfjdxdydz.  If 
we  integrate  first  with  respect  to  x,  and  suppose  the  integral  to 
begin  when  x  =  0, 

V=ffxdiedy 

is  the  volume,  s  being  given  in  terms  of  .v  and  y  by  the  equa- 
tion to  the  surface,  and  the  integrals  being  taken  between  the 
proper  limits,  which  differ  according  to  the  nature  of  the 
surfaces  which  bound  the  surface  laterally.  The  most  simple 
case  is  when  the  sohd  is  bounded  laterally  by  four  planes, 
two  parallel  to  the  plane  of  icz,  and  two  to  that  of  yz.  The 
limits  of  .T  and  y  being  then  constant  are  independent  of  each 
other,  and  the  integration  may  be  easily  effected.  But  if 
the  surface  be  terminated  laterally  by  the  curve  surface,  the 
extreme  values  of  the  variables  are  connected  together  by  a 
relation  derived  from  the  equation  to  tlie  surface  by  making 
xmo.     If  we  integrate  first  with   respect   to  y,  and  if   the 


i 
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equation  to  the  surface  give  us,  on  making  x  =  0,  a  rflalion 
f{x,y)  =  0  between  x  antt  y,  we  have  to  take  the  values  of 
y  in  terms  of  x  derived  from  this  equation  as  the  limits  of 
the  integral  with  respect  to  y.  There  remaios  now  only  to 
integrate  a  function  of  x,  and  to  take  it  between  the  limits 
of  the  value  of  w  derived  from  the  equation  to  the  surface 
by  making  sr  =  Q  and  y  =  0. 

If  we  wish  to  find  the  volume  of  the  solid  terminated 
laterally  by  a  cylinder  perpendicular  to  the  plane  of  wy, 
having  for  its  base  any  curve  as  Ll'NN"  (fig.  5i),  we  take 
tile  integral  with  respect  to  y  from  y  =  MN  to  y  =  MN\ 
which  arc  given  in  terms  of  3i  by  the  equation  to  the  cylinder ; 
and  then  wc  integrate  with  respect  to  w  between  the  limits 
of  that  variable  corresponding  to  the  extreme  points  of  the 
curve  which  is  the  base  of  the  cylinder,  such  as  HK  and  itK" 
in  the  figure.  It  is  to  be  observed  that  in  getting  the  limit- 
ing values  of  y  in  terms  of  x  wc  introduce  into  the  integral 
new  functions  which  may  often  render  the  formula  unin- 
tegrable. 

(1)     To  find  the  volume  of  the  octant  of  the  ellipsoid 

a->      jr*      «* 


We  have      V ^  jjjdwdy  dx  ^  ffz 

the  limits  of  x  being  0  and  its  value  given  i 
by  the  equation  to  the  surface,  that  is, 


Therefore      I'  -  cffd.rdi/  i 


Integrating   with   respect  tt»  y,  we  have 

-i/-H-S-S)'^'(-5)' 


Now  fvdy  represents  the  area  of  a  section  parallel  to  the 
plane  ys,  and  at  a  distance  equal  to  x:    the  integral  must 
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therefore  be  taken  between  the  limits  given  by  that  sectioD^ 
or  from  y  =  0  to  y  =  6  f  1  -  ~j  .     This  gives 

F=: /da?    1  -  -J  = U r)  +  C. 

The  limits  of  of  are  0  and  a,  so  that  we  have 

irahc 


6     ' 

and  the  volume  of  the  whole  ellipsoid,  being  eight  times  this 
quantity,  is  ^irahc.  When  a  ==  6  =  c,  the  ellipsoid  becomes 
a  sphere,  the  volume  of  which  consequently  is  ^wcf. 

(2)  The  equation  to  the  elliptic  paraboloid  being 

a       b 
we  have      r= //«da?dy  =  f -)   ffdafdy(2biv  -  f^)i^ 

On  integrating  with  respect  to  y  from  ysO  to  y^(2btv)iy 
this  gives 

F  =  ^  (ab)i  (xdw^'^a?  (a6)i, 
2  •  4 

which  taken  from  ^  =  0  to  ^  =  c,  and  multiplied  by  4,  gives 
7rc?*(a6)J  as  the  volume  of  the  paraboloid  intercepted  between 
the  vertex  and  a  plane  parallel  to  the  plane  of  y«  at  a 
distance  c. 

(3)  The  equation  to  the  Cono-Cuneus  of  Wallis  is 

the  whole  volume  is 

V  =  Tra'c. 

(4)  The  general  equation  to  conical  surfaces  is  (the 
origin  being  at  the  vertex  and  the  axis  of  w  being  the  axis 
of  the  cone) 


«=**(!)• 
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Therefore   F  =  y/d.rdy.T0  (  - j,  or  putting  y  w^  aco  and 
therefore  dy^wdaj  we  have 

V^ffdxdax'ip  (a)  =- fda  -  (p  (a). 

If  the  base  be  a  plane  curve  parallel  to  yz,  the  limits  of  x 
are  0  and  a,  so  that 


a^ 


Now  the  equation  to  the  base  is  found  by  making  of^a 
in  the  equation  to  the  surface,  which  then  becomes  ^»a0  I  - 1, 
and,  as  in  this  case,  y^aa,  dy^ada^ 

Now  as  ;2r  is  the  ordinate  of  the  base,  fzdy  is  its  area,  so 
that  the  volume  of  the  cone  is  one  third  of  its  base  multi- 
plied into  its  altitude. 

(5)  The  axes  of  two  equal  right  circular  cylinders  inter- 
sect at  right  angles ;  find  the  volume  of  the  solid  common  to 
both. 

Taking  the  intersection  of  the  axes  of  the  cylinders  as  the 
origin,  and  their  axes  as  the  axes  of  y  and  x,  their  equations  are 

or  •\-  z'  ^  a\     ar^  +  y^  a  a'i 

r  «  ffd.v  dyz  -  ffdjff  dy  (a*  -  ^)*. 

Integrating  with  respect  to  y  from  y  =  0  to  y  «  («'-  a?")*, 

and  integrating  with  respect  to  w  from  d? «  0  to  cT  ■■  a, 

__     20* 


This  is  the  eighth  part  of  the  whole  intercepted  solid, 
which  is  therefore  . 
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(6)  The  axis  of  a  right  circular  cylinder  passcH  through 
the  centre  of  a  sphere;  find  the  volume  of  the  solid  which  is 
cotninon  to  hotli  surfaces. 

Taking  the  centre  of  the  sphere  as  origio,  and  the  axis  of 

the  cylinder  as  the  axis  of  z,  the  equations  to  the  surfaces  are 

a^  +  1^  +  3^  =  a*,     a'  +  y^  =  6'. 

The  direct  integration  of  ffisd.rdy  in   terms  of  x  and  y, 

leads  to  operations  of  considerable  complexity  which  may  be 

avoided  hy  transforming  ^  and  y  into  polar  co-ordinates  r  and  0 : 

in  which  case  by  Chap.  iii.  Sect.  2.  of  the  Diif,  Calc,  we  have 

d.rdy  =  rdrdd,  and 

V  =  ff>!rdr  d@  =  ffdr  d6r  (o'  -  r')j ; 

the  limits  of  9  being  0  and  2  tt  ;  and  those  of  r  being  0  i 

Hence  V  =  2n  jo^drr(a*  ~r^)i 

and   the  whole   volume  of  the   included  solid    being  double 

this  quantity  is  — {o*  -  (o*- 6^*}. 

iir 
The  volume  of  the  sphere  is    —  a\  and  therefore  1 

volume  of  the  solid  intercepted  between  the  concave  surface 
of  the  sphere  and  the  convex  surface  of  the  cylinder,  is 

^(.■-6>)l. 


we  have 


i 

rface 
s 


(7)  A  sphere  is  cut  by  a  cylinder,  the  radius  of  whi 
base  is  half  of  thai  of  the  sphere,  and  whose  axis  bisects 
the  ntdius  of  the  sphere  at  right  angles ;  find  the  volume  of 
the  solid  common  to  both  surfaces. 

The   equations  to  the  surfaces  in   this  case  arc 
0^  +  y*  +  a*  =  o*,   and   a*  +  y"  =  ax. 

Transforming   .t  and  y  into  polar  co-ordinates  as  J 
last  example,  we   have 

r  =  ffdr  d9  r»  «  ffdr  der(i^~  r*)! ; 
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the  limits  of  r  being  0   and  a  cosd,   and  those  of  6  being 
0  and  ^TT.      Hence 

Therefore   the  whole  solid  cut  out  from  the  hemisphere 


compriseil  in  the  cylinder  is    —  or  -  of  tiie  cube   of  tho 

diameter  of  the  sphere. 

(S)  A  paraboloid  of  revolution  is  pierced  by  a  right 
circular  cylinder,  the  axis  of  which  passes  through  the  focus 
and  cuts  the  axis  at  right  angles,  its  radius  being  one  fourth 
of  the  latus  rectum  of  the  generating  parabola ;  find  the 
volume  of  the  solid   common   to  the  two  surfaces. 

The  equations  to   the  surfaces  are 

J/*  +  «*  "  iaar,     j»*  +  y*  —  2aai. 

Hence  T  -  ffdv  dy  (io«  -  sO* 

-  «*)*  +  4aaf  sin 


"  4jC'dJ'J-i'(*a' 


iC-^t} 


and  the  whole  solid  is     o*  [ —  +2jr]  . 

When  a  solid  is  generated  by  the  motion  of  a  plane  area 
which  moves  parallel  to  itself,  while  its  magnitude  increases 
or  decreases  according  to  a  given  law,  its  volume  ia  found 
by  the  formula 

r—  cosa/f  dz\ 

■)  being  the  area,  the  axis  of  x  being  the  direction  of  motion, 
and  making  a  constant  angle  a  with  the  normal  to  the  plane. 

(9)  Let  the  solid  be  the  groin  which  is  generated  by  a 
square  moving  parallel   to    itself,  its  sides  being  the  double 


CUBATUKE    OF    SOLIDS. 


ordinates  of  &  circle  of  which  x  is  the  abscissa.  If  t/  be  the 
half  length  of  a  side,  v  =  4y*,  and  y' «  a'  —  sf%  and  as  id  this 
case  a  =  0,  we  have  ^^^m 

(10)  Find  the  content  of  the  solid  ABCDO  (fig.  55)x 
the  base  ABCD  being  a  rectnngle,  the  side  OAB  a.  right- 
angled  triangle  perpendicular  to  the  plane  of  the  rectangle, 
and  the  upper  side  OBCD  being  formed  by  drawing  lines 
as  PQ  from  OB  to  CD,  always  parallel  to  the  plane  OAD. 
If  we  draw  PR  parallel  to  OA,  and  join  RQ,  the  triangle 
PQR  having  two  sides  parallel  to  the  sides  of  ODA,  is  in  a 
plane  parallel  to  that  of  ODA.  Hence  the  figure  may  be 
supposed  to  be  generated  by  the  motion  of  a  triangle  con- 
stantly parallel  to  AOD,  and  having  its  angular  points  in 
the  lines   ABy   OB,  CD.      If  AD^a,  AB-^h,  AO  =  c,  the 

volume  of  the  solid  is  - 


abc 


(U)     The   axes    of   two    equal   right    circular    cylinw 
intersect  at  an  angle  a;   to  find  the  volume  of  the  solid  com- 
mon to  both. 

Let  ABCD  (fig.  56)  be  the  section  of  the  solid  made  h^ 
the   plane   containing    the    axes,   and   let    the    radius  of  i 
cylinders  =  a,  so  that  AB  =  a  coseca. 

If  we  cut  the   solid  by  a  plane  parallel  to  ABCD, 
shall    have   a   parallelogram  as  PQBS;  and  calling  the  area 
of   this  A,   and  its  distance  from   the  plane  of  the  axes  «, 
we  shall   have  fur  the  part  of  the  solid   above  that  plane 

V==fo'dxA. 

Now    A  =  iPOQi    but    making    PQ°l,    and    calling- 
the  perpendicular  on  PQ  From  the  point  in  the  plane  PQRS 
where  it  meets  a  line  through  O  perpendicular  to  the  plane 
of  the  axes,  we  have 

I  =  p  (tan  ^a  +  cot  ^  a)  =  2p  cosec  a, 
and    therefore    POQ  =  p'  cosec  a,   and   A  =  4p'  cosec  a. 


com- 
le  by 

:i 

area 
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I  and  therefore  the  whole  solid  i 


I 


the  section  through  O  and  the  perpendicular  p  being  a  semi- 
circle, we  have  p'  =  a'  —  a*.     Hence 

r«»  4  cosGc  afi^  (a*  —  a*)  rf«  =  ^o'  coseca, 
lG«' 
3  sin  a ' 

(12)  Find  the  volume  of  the  solid  DEQB  (fig.  57) 
cut  olFfroma  right  circular  cylinder  hy  a  plane  EQD  passing 
through  the  centre  of  the  base,  and  inclined  at  an  angle  a  to 
the  plane  of  the  base. 

If  we  cut  the  solid  by  a  plane  perpendicular  to  the  base 
of  the  cylinder,  and   parallel   to  the  trace  ED,  the  section  is 
a  psfalielogram,  and  the  solid  may  be  considered  as  generated 
by  the  motion  of  this  parallelogram  parallel  to  itself. 
Let  CB  =  0,   CM  =  w,  MN  =  y,  PN  =  s,  then 
sa  X  =  X  tan  a,  and  ^  n  (a*  —  ii*)', 
.F  -  2  tan  a  fds  w  (a*  -  ^)i 
-tana{C-f  (a'-fl^)»(. 
When  3)  mO,  K  =  0,  therefore  C  -  a' ;  hence 

K  =  |tana  \<^-(a'-x')i\i 
and  the  whole  solid  when  jt  —  n   is  ^  (^  tan  a. 

If  the  solid  he  one  of  revolution  round  the  axis  of  x,  and 
if  1/  =f(j!)  be  the  ecjnation  to  the  generating  curve,  the 
volume  of  the  solid  is  given  by   the  integral   V  ^  vfy'dx. 

(13)  A  paraboloid  formed  by  the  revolution  of  a  parabola 
Tound  its  axis. 

Id  this  case  y^  -  \mx,  and 

V~  4mir /ad-if-amTTT*  +  C. 
If  the  solid  be  reckoned  from  the  vertex   C  ■•  0,  and 

V  =  2mTr.t'  -=  ^  ■Ky't. 
(it)     The  volume  of  an  oblate  spheroid  formed  by  the 
[revolution  of  an  elUpae  round  its  minor  axis  is ,  a 
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being  the  major  axis  of  the  ellipse;    and  the  Tolume  of  t 
prolate  spheroid  is  . 

(15)  Find  the  volume  of  the  solid  formed  by  the  revo- 
lution of  the  cissoid  round  its  asymptote. 

The  asymptote  being  taken  as  the  axis  of  w^  the  equation 
to  the  cissoid  is 

a  being  the  radius  of  the  generating  circle. 

Now  F  =s  TT  fdop  y'  =  TT  fdy  y*  — - 

ay 

=  - 1 TT  /d  y  { 3  y t  (2  a  -  y)i  +  y  1  (2  a  -  y) t } 
^  '-'jrfdy(a+  y)  (2ay  -  y«)J 

=  C  +  Att  (2ay  -  y*)*  -  2a7r .  circ.  area  whose  vers.  «  -  . 
When  y  =  2a,   F=0,  therefore  C^ir^a\  and 
V  =  TT^c^  +  ^ TT  (2oy  -  y*)t  -  2o7r .  circ.  area  whose  vers.  «  - . 

Hence  the  whole  volume  is  27r*a^ 

(16)  The  equation  to  the  conchoid  being 

^y  =  (a  +  y)  (6*  -  y')K 

the  volume  formed  by  its  revolution  round  the  axis  of  a?  is 
r  -  ^!-^  -  iraV  sin-'  |  +  J  (&«  -  y«)i  (y«  +  26«), 

and  the  whole  volume  is  7r6'  {7ra+  — j. 

(17)  The  equation  to  the  cycloid  is  (the  base  being  the 
axis  of  ai)y 

dy  ^  /2a -yy 

dof     \    y    / 

Therefore  the  volume  formed  by  its  revolution  round  the 
base  is 

V^wfdyy^  —-  ^  ir  fdy  y- ^,. 

dy  (2«y-y')3 
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This  being  integrated  from  y^O  to  y»2a  and  doubled 
gives  5ir^a^  as  the  volume  of  the  whole  solid. 

When  the  axis  of  the  cycloid  is  taken  as  the  axis  of  a?, 
the  equation  to  the  curve  is 

dy       /2a  — ^\i 
dof       \     J?     /  ' 

but  this  is  not  a  convenient  form  for  finding  the  value  of 
Trfy'dof,  It  is  better  to  substitute  for  y  and  w  their  ex- 
pressions in  terms  of  0,  i.  e. 

y  m  a  (0  •¥  ^nO)y    <r  ■■  a  (1  -  cos  6) ; 

whence   V^vc?  fdO  sin  0(0  +  sin  0y. 

The  value  of  this  taken  from  0^0  to  0  «  tt,  is 


r-TT 


-(^-D- 


(18)  The  equation  to  the  tractory  is 

and  the  volume  of  the  solid  generated  by  its  revolution  round 
the  aids  of  jt,  and  taken  from  or »  0  to  <v  -i  oo  is  ^^o'. 

(19)  The  equation  to  the  Witch  of  Agnesi  is 

aym2a  (2ay-y')i. 

If  it  revolve  round  its  asymptote  which  is  taken  as  the 
axis  of  J?,  we  have  for  the  volume  of  the  solid 

F-  irff^dwm  TT^x^Zir  faydy 

■B  TTf^w  --  4ira  fdy  {^ay  -y*)^. 

The  whole  volume  is  4ir^a^. 

(20)  The  companion  of  the  cycloid   is  defined  by  the 
equations 

yma0,     ama(\  -COS0). 
28 
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The  volume  of  the  solid  generated  by  its  revdutioo  round 
the  axis  of  y,  or  the  base  of  the  curve  is 

F=  irfdy  {2a  -  my  =  ira^  jdO  (l  +  cos 0)*  ; 

which  taken  from  Q=^0  to  d  »  tt,  and  doubled,  gives  as  the 
whole  voTume  of  the  solid  generated 

If  the  curve  revolve  round  the  axis  of  ar, 
F=  7r/j^dcr  =  Tra'^/c/fl  02  sin0; 

which  taken  from  0  =  0  to  0  «  tt,  gives  as  the  volume  of  the 
whole  solid  generated 

F=:7r(7r*-4)a^ 

Sect.  4.     Quadrature  of  Surfaces. 
The  general  expression  for  the  surface  of  a  solid  is 

../;...,{..  (£f)%  (£-;)]'. 

the  limits  of  x  and  y  being  determined  as  in  the  cubature 
of  solids. 

(1)     In  the  sphere  where  a?^  +  y*  +  »^  s=  r%  we  have 

dx  X         dz         y 

j~~  ^ >       T"  "^  ""  ~  ♦ 

ax  z         ay         z 

so  that  ^  =  .//^^^^J^. 

Integrating  with  respect  to  y,  we  have 

S^r  fdx  sin-^  -— —r , 

which  when  taken  from  y  =  0  to  y  ^^  (r*  ^  o?^)*  gives 

S^^irrx  +  Cf 
and,  supposing  S  to  vanish  when  a?  =  0, 

S  »=  ^  w  rx. 
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This  is  the  part  of  the  surface  included  within  the  positive 
axes,  and  if  we  multiply  it  by  4  we  have  2nrw  as  the  surface 
of  a  zone  of  the  sphere,  the  height  of  which  is  jt:  it  is 
therefore  equal  to  the  corresponding  zone  of  the  circumscrib- 
ing cylinder.  The  whole  surface  of  the  sphere  is*  4irr*  or 
four  times  the  area  of  a  great  circle. 

(2)  The  axes  of  two  equal  right  circular  cylinders  in- 
tersect at  right  angles,  find  the  area  of  the  surface  of  the 
one  which  is  intercepted  by  the  other.     The  equations  are 

and     'y-//'^-'^y{l  +  (^)'+(^)y. 

__  dz  X         dz 

Here  —-  =  --,       -—  =  0 ; 

dx  z         dy 

1      «         *v         r  r  ^^  dy         r  c   da  dy 
therefore     S ^  a  JJ —^^a  f f  j^-^^. 

Integrating  with  respect  to  y  from  y  =  0  to  y  «  (a*— ^*, 

S  ^  a  J^  dx  ^  a}\ 
and  the  whole  surface,  being  eight  times  this,  is  8  a*. 

(3)  Circumstances  being  the  same  as  in  Ex.  (7)  of  the 
last  section,  to  find  the  area  of  the  intercepted  surface  of  the 
sphere.     The  equations  to  the  surfaces  being 

^  +  y'  +  «f*  =  o*,     «*  +  y*  «  a/r. 

Transforming  into  polar  co-ordinates  r  and  d,  we  have 

the  limits  of  r  being  0  and  a  cos  0,  those  of  0  being  0  and 
^TT.     Therefore 

S  -  a'X*'  (1  ^  sin  9)  «  a«  (^w  -  1). 
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The  area  of  the   surface  of  the  octant  of  the  sphere   is 
ATTd';  and  therefore  the  area  of    the  surface  of   the  octant 


which   is  not  included   in   the  cylinder 
square   of    the   radius   of   the    sphere, 


is  equal  to  o",  or  the 
If  the  sphere  be 
pierced  by  two  equal  and  similar  cylinders,  the  area  of  the 
non-intercepted  surface  is  8a*,  or  twice  the  square  of  Ihe 
diameter  of  the  sphere. 

This  is  the  celebrated  Florentine  enigma  which  was  pro- 
posed  by  Vincent  Viviani  as  a  challenge  to  the  mathematicians 
of  his  day  in  the  following  form : 

"  Inter  venerabilia  olim  Grieciie  monumenta  extat  adhuc, 
perpeluo  quidem  duraturum,  Templum  augustissimiim  ichno- 
graphia  drculari  Alm.«  Geometbi*  dJcatum,  quod  testudine 
intiis  perfecte  hemisphscrica  operitur:  scd  in  hac  fcnestrarum 
quatuor  sequales  arese  (circum  ac  supra  basin  hemisphsrs 
ipsius  dispositarum)  tali  conliguratione,  amplitudine,  tantaque 
industria,  ac  ingenii  acumine  aunt  extructce,  ut  his  detracris 
supcrsles  curva  Testudinis  superficies,  pretioso  opere  musivo 
ornata,  tetragonismi  vere  geometrici  sit  capax. 

Acta  Eruditorum,  1(792, 

(4)     Under  the  same   circumstances   to   find  the  area 
the  intercepted  surface  of  the  cylinder. 

The  element  of   the    circumference   of    the  base  of    the! 


cylinder  being 


a         dai 

«d^ 


^       a   r       zax  al    i-tdx 

**  °     2  Jo   iax  -  .t")*  "  i  X   ^  "  "  ' 

and  the  whole  area  of  the  intercepted  surface  of  the  cylinder 
is  4b°,  or  equal  to  the  square  of  the  diameter  of  the  sphere. 

If  a  solid  be  generated  by  the  motion  of  a  plane  parallel 
to  itself,  the  surface  may  be  found  by  a  method  similar  to 
that  used  for  finding  the  volume.  If  «  he  the  periphery 
nf  the  generating  plane,  «  the  arc  of  the  curve  made  I 
plane  perpendicular  to  the  generating  plane 

.l.fud,. 
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(5)  Under  the  same  circunistances  as  in  Ex.  (11)  of  the 
last  section,  to  find  the  surface  of  the  intercepted  solid. 

If  8  be  the  arc  of  the  circle  passing  through  O  and 
perpendicular  to  PQy  the  area  of  the  element  PQpq  is  Ids, 
and  the  area  of  the  surface  AOB  is  fide. 

Now  I  ^2p  cosec  a  —  2  (o*  -  af^)i  cosec  a, 

.      _  adz 

therefore     S  »  2a  cosec  a  f^dz  ^2a^  cosec  a  ; 
and  the  whole  surface  is  iGa'coseca. 

(6)  Under  the  same  circumstances  as  in  Ex.  (l2)  of 
the  last  section  to  find  the  area  of  the  convex  surface  of  the 
part  of  the  cylinder  cut  off. 

8  being  the  element  of  the  circumference  of  the  base, 
and  S  the  element  of  the  surface. 

.  c        wd38 

S  «  2jzd8  «  2o  tan  a  I  —^ —r 

^  J  (cr  --  arp 

=  2o  tana{C-  (a^-ar^*}. 
When     ar  «  0,     S  ^0   and  C  '^a,   therefore 
*?  «  2o  tan  a  {a  -  (a^  -  a^)^}  ; 
and  the  whole  convex  surface  is  2  a*  tan  a. 

When  a  curve  surface  is  formed  by  the  revolution  round 
the  axis  of  of  of  a  curve  the  equation  to  which  is  y  mif{ai)f 
the  area  of  the  surface  is  given  by  the  integral, 

•  j 

(7)  For  the  paraboloid  of  revolution  we  have  / 

therefore     S  «  4irfiii  fda  (po  +  m)i 

—  —  m*  (jB  +  m)*  +  C. 


S'i 
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If  the  surface  be  measured  from  the  origiD^ 

5  =  —  m^  {(«r  +  wi)*  -  mt|. 

3 

(8)  For  the  prolate  spheroid  we  have 

and     S  = fdof  (or  -  e*^")*,    where  e^  — — . 

Integrating,  we  have 

If  the  whole  surface  be  required,  this  is  to  be  taken  from 
or «  —  a  to  tr  =  +  o,  so  that 

e 
In  the  oblate  spheroid  we  have  for  the  whole  surface 

^=w{l  +  i^log(i±f)}. 

(9)  The  equation  to  the  cycloid  (the  base  being  the  axis 
of  tv)  is 

dof^y     y     )  ' 
therefore     S  «=  2wfda!  (2oy)*  =  ^irfdy  (2 ay) J  -^ 

oy 

=  27r(2a)i/dy 


(2a-y)4' 


Integrating  this  and  extending  the  integral  over  tlie  whole 
surface,  wc  find 


6^ 
3 
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When  the  axis  of  the  curve  is  taken  as  the  axis  of  ^, 
and  therefore  of  revolution,  the  equation  to  the  curve  is 

dy      /2o-«^i 
d.v 


—  j  ,  and  integrating  by  parts, 

S  ■=  47ry  {2aa)^  -  47r  (2a)i  jdw  (2a  -  a?)J. 

Integrating  from  «vO  to  «rv2a^we  have  for  the  whole 
surface 


^S-S^aMTT--] 


(lO)    The  surface  of  the  solid  generated  by  the  revolution 
of  the  tractory 

round  the  axis  of  Wy  and  taken  from  J7 »  0  to  J7  s  oo  is  equal 
to  Swa*. 


CHAPTER  X. 


GEOMETRICAL    PROBLEMS    INVOLVING    THE    SOLUTION    OF 

DIFFERENTIAL    EQUATIONS. 


Questions  of  this  kind  were  by  the  early  writers  on  the 
Differential  Calculus  called  Problems  in  the  Inverse  Method 
of  Tangents,  because,  as  the  direct  processes  of  the  Differential 
Calculus  were  originally  invented  for  the  purpose  of  drawing 
tangents  to  curves,  so  the  inverse  Calculus  had  for  its  object 
the  investigation  of  the  equations  of  curves  from  the  properties 
of  their  tangents  and  lines  connected  with  them. 

(1)  Let  it  be  required  to  find  the  curve  in  which  the 
subtangent  is  a  multiple  of  the  abscissa. 

If  y -/(*•) 

diV  , 
be  the  equation  to  the  curve,  y  ;r-  is  the  subtangent.     There- 

fore  we  have  the  condition 

dw  dx  dy 

y — ss  m<37,     or  —  =  iw — , 

dy  OS  y 

whence     log  »t?  =  m  log  y  ^  C  ^  log  Cy", 

and     X  =  Cy". 

When  m  is  positive  this  gives  a  parabola  of  the  m***  order ; 
when  m  is  negative  it  gives  a  hyperbola  of  the  same  order. 

(2)  Find  the  curve  in  which  the  area  contained  between 
the  axis  of  .r,  the  ordinate  and  the  curve,  is  a  multiple  of  the 
rectangle  contained  by  the  ordinate  and  the  abscissa.  This 
stated  analytically  gives  the  equation 

fydx  '^  —  a?y,     or  ydw  ■=  —  (a?dy  +  ydw). 
n  n 
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Tho  integral  of  this  is 

.^-  =  Cy-. 
When  n  —  S,   rn  —  2,  this  gives  the  commoa  parabola,  as 
ii  otherwise  obvious. 

(3)     Find   the   curve   in  which    the    perpendicular   from 
the  origin  on  the  tangpnt  is  equal  to  the  abscissa. 
The  differential  equation  is 


'  U*/ 


Tliis  is  a  homogeneous  equation,  and  on  being  integrated 
it  gives 

ff"  +  ill*  =  CJJ, 

the  equation  to  a  circle,  the  origin  being  in  the  circumference 
«nd  the  axis  of  a:  being  a  diameter. 

(■V)  Find  the  curve  in  which  the  distance  from  the  origin 
is  equal  to  the  part  of  the  tangent  intercepted  between  the 
point  of  contact  and  the  perpendicular  from  the  origin. 

The  differential  equation  is 

ydm  ~  xdy  •=  ydy  +  xdai ; 
and  the  iotegrol  is 

(«■+»■) 


log'- 


»-©• 


which  is  the  equation   to  a  logarithmic   spiral,   the  coDttaot 
angle  of  which  is  equal  (o  — . 

(5)  Find  the  nature  of  the  curve  BP  (fig.  58)  such  that, 
if  front  the  origin  A  a.  line  AQ  be  drawn  making  an  angle 
of  45»  with  the  axis  of  .r,  and  meeting  the  ordinate  at  any 
point  P  in  Q,  the  ordinate  PM  shall  bear  to  the  sub-tongcnt 
SIT  the  same  ratio  whicli  the  difference  between  PM  and  M(i 
bears  to  a  coastaot  line  (a). 


^_      Dears  lo 
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dtV 
The  sub-tangent  =  y  -— ,  and  QM  =  JM  «■  a? ;   therefcHre 

dy 

dx 

dy 

or  (y  -  x)  dw  ^  ady,  is  the  equation. 

This,  when  put  under  the  form 

^dy  —  ydof  +  wdic  «  0, 
is  a  linear  equation  of  the  first  order,  and  its  integral  is 

y  =  a7  +  o  +  Ce". 

Since  when  y  =  Oj  the  curve  must  pass  through  the  origin, 
we  have  C  =  —  a^  and  therefore 

y  -■^+  a  —  ae". 

This  curve  at  one  time  attracted  much  attention,  and  it 
appears  to  have  been  the  first  problem  involving  a  differential 
equation  which  was  solved.  It  was  proposed  to  Descartes^ 
by  De  Beaunc,  after  whom  the  curve  is  usually  called  *^Curvt 
Beauniana.^^  The  solution  will  be  found  in  the  works  of  John 
Bernoulli,  Vol.  i.  p.  63,  and  p.  65, 

(0  Find  the  curve  in  which  the  product  of  perpen- 
diculars from  two  fixed  points  on  the  tangent  is  constant. 

liCt  Ay  B  (fig.  59)  be  the  fixed  points;  take  C  the 
middle  point  between  them  as  origin,  and  the  line  joining 
them  as  the  axis  of  tv.  Then  x  and  y  being  the  co-ordinates 
of  the  point  of  contact  P,  the  perpendiculars  AY  and  BZ 
are,  if  CA'^CB^  c, 

aoc  ax 

and  -. r— ^. 


{'  ^  (S)T     {■  ^  01 


Hence  making  their  product  constant  and  equal  to  h\ 
we  have 

(-sr-«-(^)'-{-(S)'}- 

*  See  his  Letters,  Tom.  iii.  No.  79* 
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Differentiating  this  we  get 

^-0,    and   {a^-(b'  +  c')]^=^xy. 
dor  ^  ^  ao? 

The  first  solution  gives  the  general  integral 

y  «  anf  +  a  • 

Substituting  the  value  of  -— -  derived  from  this  in  the 
given  equation,  we  have 

the  equation  to  two  straight  lines. 

dy 
The  second  solution  by  the  elimination  of  --—  gives  the 

dof 

singular  solution,  which  is 


y 

—  + 


the  equation  to  an  ellipse,  the  minor  axis  of  which  is  equal 
to  h. 

Euler,  Memaires  de  Berliny  1756. 

(7)    Find  the  curve  in  which  the  normal  bears  a  constant 
ratio  to  its  intercept  on  the  axis  of  a^. 

The  length  of  the  normal  isy|l+[  —  j>; 

dy 
that  of  the  intercept  is  ^  +  y  -7- , 

and  if  n  be  the  constant  ratio,  wc  have 

dy 
Squaring,  and  solving  with  respect  to  y  3— ,  we  have 

dw 

(n»  -  1)  y  !^  +  n-x  «  Ji  }(ft'  -!)»*  +  nVi  J, 
dof 

whence  {(n*  -  1)  y*  +  nV}  1 «  C  A  ^, 


or  (n'  -  1)  Q/' +  x*)  =  C  Jt,  2C*, 

wbicb  i»  the  equation  to  a  series  of  circles. 

When  n<t,  the  equation  to  the  locus  of  the  uldmale 
intenecdoh  of  these  is 

(I  -ft'))j,±«.r  =  0, 

^ring  two  straight  liaea  which  obviously  satisfy  the  condittoD- 

(8)     Find   the  curve  ia  which  the  area  is  equal   to  the 
cube  of  the  ordinate  divided  by   the  abscissa. 
The  condition  is 

Wfaeaee  v^  have 

(x'fj  +  i/)  do!  -  Saiy*dy. 
TUs  being  homogeneous  may  be  integrated  in  the  usual 
wmj — tbe  result  is 

jp»  -  Sy"  =  C<ri 

(Si)  Find  the  curve  in  which  the  normal  is  equal  to  the 
liutfOce  from  the  origin. 

It  is  a  circle  or  an  eijuilatcral  hyperbola  according  as  the 
two  lines  are  on  the  same  or  opposite  sides  of  the  curve. 

Trajectoriee. 

A  Trajectory  may  be  defined  to  be  a  line  which  cuts, 
according  to  a  given  law,  a  series  of  curves  expressed  by  od^ 
equation.  Problems  of  this  kind,  at  least  with  respect  to 
Trajectories  cutting  curves  at  a  constant  angle  were  first 
proposed  by  John  Bernoulli*,  but  they  were  also  considered 
by  several  other  writers,  as  James  Bernoulli'!',  and  Letbnits, 
who  in  171s  proposed  it  as  a  challenge  to  English  Analysts, 
"  ad  pulsum  Anglorum  Analystorum  nonnihil  tentandum ;" 
a  challenge  which  was  answered  by  Newton;^  and  by  Taylor |.  ' 

■  Com.  Epit.  Ltib.  tl  Btm,  Vol.  1.  p.  17,  Mid  Opera,  Vii.  Loc 
t  Opera,  Var.  Loc. 
X  Phil.  Tram.  1716. 
11  Id.  1717- 
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The  most  elaborate  discussion  however  of  the  problem  is  by 
Eulcr  in  three  memoirs  in  the  Novi  Commen,  Petrop.  Vol. 
XIV.  p.  46,  Vol.  XVII.  p.  205;  and  Nova  Acta  Petrop.  Vol.  i. 

p.  3. 

Let  F  (iv\  y\  a)  »  0  be  the  equation  to  a  series  of  curves 
which  are  to  be  cut  by  a  trajectory  at  a  constant  angle :  then 
i{  f(jafy)^0  be  the  equation  to  the  proposed  trajectory,  and 
c  be  the  tangent  of  the  angle  between  the  two  curves,  we 
have  the  condition 

dy  _  dy 

dx       dw 

^^^^f^mmm    m  C. 

^^dy    dy^ 
dx   dx 

The  differential  equation  to  the  trajectory  is  found  by 
eliminating  a  between  the  equation  to  the  curves,  and  this 
last  equation,  where,  it  is  to  be  observed,  x  and  y  are  to  be 

substituted  for  x'  and  y  in  the  value  of  ■    , .    If  the  trajectory 

dx 

is  to  be  rectangular,  since  in  that  case  ca>  co,  the  condition 

becomes 

dy'  dy 

dx  dx 

The  elimination  of  a  may  be  more  or  less  easily  effected 
according  to  the  way  in  which  it  is  involved  in  the  given 
equation  to  the  series  of  curves:  if  that  can  be  put  under 
the  form 

0  (of,  y)  =  a, 

the  elimination  is  readily  effected. 

(10)  To  find  the  curve  which  cuts  at  a  constant  angle 
a  series  of  straight  lines  drawn  from  one  point. 

That  point  being  taken  as  origin,  the  equation  to  the 
lines  is 

.       ,      y' 

y  m  ax    or  — ,  B  a, 

^  X         ' 

a  being  the  variable  parameter.     The  equation  of  condition 
becon^es 
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dy 

dec 

• 

-  a 

.o(. 

+  a 

dy 

diV 

a 

_L  _ 

w 

y 

MM  • 

> 

a; 

But 

therefore     asdy  -ydw  ^c  {ydy  -k-  wdx). 
Dividing  both  sides  by  or  +  y^y 

wdy  -^  ydx         ydy  -{-  xdx 

=  c •  • 

a?*  +  y*  CO*  +  y* 

Integrating) 

tan"^  -  =  c  log  (.r*  +  y^)i  +  a. 

If  we  make  -  =  tan  0,  a^  +  y^  ss  r%  this  may  be  put  under 
the  form 

r  ez  be'' y 
which  is  the  equation  to  the  logarithmic  spiral. 

(11)  Let  the  given  curves  be  all  the  circles  which  pass 
through  one  point  at  which  they  all  touch  one  straight  line. 
Taking  this  line  as  the  axis  of  y^  the  equation  to  the  circles  is 

y^^^ao)  -  cT  *    or   a  = -, — . 

r«i        dy'          C^'^-y'^)         ,    ,  .         *        ,.  .      . 

Then  -— ,  = j-j^  ,  and  the  equation  of  condition  is 

uOu  AtCD  y 

\c  (a^  -  y*)  +  2tTy|  dy  +  {a^  ^  t^  -^  2cxy)  dx  =  0. 

This  being  a  homogeneous  equation  may  be  integrated 
by  the  appropriate  method,  and  the  result  is 

^  +  y*  =  ft  (cy  -  0?), 

b  being  the  arbitrary  constant  introduced  in  the  integration. 
This  is  evidently  the  equation  to  a  circle. 

(12)  Find  the  orthogonal  trajectory  of  the  series  of 
parabolas  represented  by  the  equation 

«'•  SB  4aa?'. 
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The  equation  of  condition  for  orthogonal  trajectories  is 

dy  dy 
dx  d(9 

In  this  case   --«=--  as  — ;  therefore 

dx       2x      2x 

QxdX'hydy  ^  Oy 

whence,  by  integration, 

6'  being  an  arbitrary  constant.     This  is  evidently  the  equa- 
tion to  an  ellipse. 

The  equation  to  the  lemniscate  of  Bernoulli  is 

(or'  +  y^y  =  a'  (x*  -  y'). 

That  to  the  orthogonal  trajectory  is 

which   is  the   equation   to  a  similar  lemniscate,  the  axis  of 
which  is  inclined  at  an  angle  of  45^  to  tliat  of  the  former. 

If  one  of  the  variables  be  given  as  a  function  of  the 
other  and  the  parameter,  as  if 

y  ^f{x\  a), 

we  cannot  eliminate  a  so  readily.     But  let 

dy  ^  Pdx  +  (ida\ 

dy 
then   for   one  curve  -7-7 «  P,    and   the  equation   to  the  or- 

dx 

thogonal  trajectories  is 

dx  +  Pdy  =  0; 
and  as  dy  B  Pdx  +  Qda^  this  becomes 

(1  +  P)  d*  +  PQda  -  0. 

As  P  and  Q  contain  only  x  and  a,  this  is  an  equation 
between  two  variables  x  and  a,  and  to  integrate  it  appro- 
priate methods  must  be  employed. 
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(14)     Let  the  curves  be  a  series  of  ellipses   expressed 
by  the  equation 

M  C 

a  being  the  variable  parameter.     Here 

and  the  equation  for  the  orthogonal  trajectory  is 
ax  (c*  —  0?')  da  =  \c*  +  (a*  -  c*)  a^}  dx. 
To  integrate  this  put  (c*  —  o^)^  =  u^  when  it  becomes 


au^da  +  a^udu  =  - 


C*-tt« 


Integrating,  substituting  for  t^  its  value,  and  eliminating 
Of  the  final  equation  is 

y^  =  6'  —  .T*  +  c*  log  a^j 

^¥here  6'  is  the  arbitrary  constant. 

When  the  curves  to  be  intersected  are  given  by  a  diffe- 
rential equation,  the  trajectory  can  be  investigated  only  under 
particular  circumstances.  For  a  detail  of  these  the  reader 
is  referred  to  the  memoirs  of  Euler  quoted  above. 

Involutes  of  curves  may  be  considered  as  Orthogonal 
Trajectories,  since  they  cut  at  right  angles  all  the  tangents 
of  the  evolute. 

Let  V  «=/(w) 

be  the  equation  to  the  evolute.     The  equation  to  a  tangent 
at  any  point  is 

dv 
y  -  t?  =  — -  (a?  -  tt),    or   y  =  aw  +  v  —  wir, 
du 

if  we  put  w  —  — . 

du 

This,  then,  is  the  equation  to  a  series  of  lines  to  which 
we  wish  to  find  the  trajectory.     The  variable  parameter  may 
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be  considered   to  be  u^   of    wliich    v  and   w  are  functions. 
Differentiating  this  equation   we  have 

rfy  =  wda-  +  (a?  -  m)  dw:      • 

the  general  equation  to  the  orthogonal  traje<f(bries  will  then  be 

(l  +  to*)  do?  +  (or  -  u)  wdto  «  0. 

Dividing  by   (1  +  tr')^  and  transposing,  this  gives 

/vwdw  -  .   ,  utodw 

+  (I  +  w^)9  dx 


(1  +  w^)^      ^  '  (I  +  irO*  * 

Integrating  we  find 

^  (1  +  tr^ii  «  w  (1  +  irO*  -  idu  (1  +  tr  )J  +  C, 

If  the  integration  on  the  second  side  can  be  accomplished, 
«v  is  known  in  terms  of  m,  and  then  y  may  also  be  expressed 
in  terms  of  the  same  quantity  by  means  of  the  equation  to 
the  tangent.  By  eliminating  u  between  these  equations  we 
can  find  the  equation  to  the  involute. 

(15)  Let  the  curve  be  the  semicubical  parabola,  the 
equation  to  which  is 

Hence     /du  (l  +  tr*)^  =  /du  ( 1  +  —J  «  2a  f  1  +  —J  ; 

therefore     .r|l+  —  )    au(l  +  — |    -2a|l  +  —  |  +C. 

V        Sa/  V        8a/  V        Sa/ 

The  particular  involute  is  determined  by  the  constant  C 
Let  a7»2a  when  u  »  0,  then  C«0,  and  therefore 

^  — u-2a[l-i-  — )  a  -  -2a, 
\        Sa/       3 

'    411* 
and     y  -  -  -—  , 

9© 

whence,  eliminating  u  and  t?  with  the  assistance  of  the  given 
e(| nation,   we  find 

y*-  4a(.r-|-  2a), 

the  equation  to  a  parabola. 
29 
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(16)  If  the  equation  to  the  evolute  be 

and  if  the  constant  be  determined  by  the  condition  that,  when 
u^Cy  A*  e  ^  c,  the  equation  to  the  involute  is 

shewing  that  it  is  an  equilateral  hyperbola. 

If  the  trajectory  is  to  cut  the  curves  according  to  any 
other  law  than  that  of  a  constant  angle  a  similar  method  is 
to  be  employed. 

(17)  Let,  for  example,  it  be  required  to  find  the  curve 
PPP'  (fig.  60)  which  cuts  a  series  of  parabolas  having  the 
same  axis  and  the  same  vertex  so  that  the  areas  AMP^  AM*P^y 
&c.  are  constant.      The  equation  to  the  parabola  being 

the  area  JPM '^  f^ydof  ^  2j^'(aa)idw  ^b^  suppose. 
Differentiate  considering  w  and  a  as  variables;  then 

2  (oj?)«  dx  +   /     —r  dw .  da  —  Of 

tin 

or     2  (aa)i  da  +  —  Jo'(o^)*  dw  ■  0. 

a 

But  by  the  condition  of  the  area  being  constant 

fo(aw)^  dx  «  6% 

so  that  the  equation  may  be  put  under  the  form 

,  6^  da 

Zat^dw  + r  ■=  0. 

2    at 

Integrating,  we  have  t 

^  O*        2 

Eliminating  a  by  means  of  the  equation  to  the  parabola, 
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or 


y  = 


^  4 


To  determine  the  arbitrary  constant,  we  observe  that 
when  w  is  indefinitely  diminished,  y  must  be  indefinitely  in- 
creased in  order  that  the  area  may  remain  constant ;  this 
makes  C  «  0.     Hence 

S6« 
y--— ,     or   Zwy^sV^ 

is  the  required  equation,  being  that  to  an  equilateral  hyper- 
bola. 

(18)  Find  the  curve  which  cuts  a  series  of  circles 
described  round  the  same  centre  in  such  a  way  that  the 
arcs  intercepted  between  the  intersections  and  the  axis  of  a 
shall  be  equal. 

If  ai'^-y'^a:' 

be  the  equation  to  the  circle,  and  b  be  the  constant  length 
of  the  arcs,  we  find,  as  in  the  previous  example, 

adw-xda      hda 
_____  +  -^  =  0. 

Dividing  by  a,  and  integrating 

sin-M-l  ---C. 


to-  (?)  -  ? 

\al       a 


Eliminating  a,   we  find 

tan-'  -  -  — —  -  C. 

y      (^  +  »*)* 

By  the  consideration  that  when  j7«ico,  y  is  finite,   we   . 

determine  C  to  be  equal  to  4  ir.     Hence  putting  -  «  -  tan  0^ 

w 

and  a^-\-y*^  r\  we  have  for  the  equation  to  the  trajectory, 

re -6, 
which  is  the  equation  to  the  hyperbolic  spiral. 
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Lagrange*  in  two  memoirs  has  considered  the  problem 
of  orthogonal  trajectories  to  curve  surfaces. 

The  equation  of  condition  in   this  case  is 

d«         dz 

dz'  dz 

where  p=  —7  and  g=  -   ,  in  the  equation  to  the  surfaces. 
diO  dy 

By  eliminating  the  constant  parameter  between  this  equa- 
tion and  the  equation  to  the  surfaces,  we  obtain  a  partial 
differential  equation,  the  integral  of  which  gives  the  ortho- 
gonal trajectory -f-. 

(19)  Let  the  problem  be,  to  find  the  surface  which  cuts 
at  right  angles  all  the  spheres  which  pass  through  a  given 
point,  and  have  their  centres  on  a  given  line. 

Taking  the  given  point  as  the  origin,  and  the  axis  of 
w  as  the  given  line,  the  equation  to  the  spheres  is 

y*  +  «*  —  47*                 y 
Hence  p  =■ ,     a  = ; 

9.XZ  z 

and   the  equation   of  condition  becomes 

V^  +  z'  —  ,v'  dz      y  dz 
1  +  ^ ^  —  =0. 

2ivz         d;v       z  dy 
To  integrate  this   we  have  the  two  equations, 

y   .         ,  y"'  +  z^  -  (c^ 

-  dz  -  dy  =  0^      dz  -{■  9.x dv  =  0. 

z  z 

The  first  gives  y  =^  az: 

the  second,  on  dividing  by  z^  gives 

—  dx ^  dijr  +  (1  4-  a^)  dz  =  0. 

z  z- 

•  Berlin  Afemoirg,  1779,  p.  152,  and  1785,  p.  176. 

t  There  is  a  Memoir  on   this  subject  by  Euler  in  the  Peiersburg  Alemoirs^ 
Vol.  VII.,  the  date  of  which  is  1782,  but  it  was  not  published  till  1820. 
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Whence     j  +  (1  +  a«)  «  -  i3  -  0  (a)  -  0  (?]  . 

Therefore  ^  +  y*  +  «*  -  «0  [?] 

is  the  equation  to  the  trajectory.  As  this  contains  an  arbi- 
trary function,  it  appears  that  there  is  a  whole  class  of 
surfaces  ^  which  possess  the  required  property ;  if  we  wish 
to  limit  them  to  the  surfaces  of  the  second  order,  we  must 
assume 

in  which  case  the  equation  becomes 

dT*4y*-i-«*«6y  +  c»9 
representing  spheres  having  their  centres  in  the  plane  of  y». 

(20)  Find   the  surface  which    cuts  at   right   angles  all 
the  ellipsoids  represented  by  the  equation 

^      y*      «* 

—   +    —  +   —   ■:    1 

The  differential  equation  is 

X  dx      y  dz      X 
a*  dx      i^  dy      c** 

Whence  we  find     ^  *=  0  I"?)  > 
as  the  equation  to  the  trajectory. 

(21)  Find  the  curve  in  which  the  length  of  the  arc  bears 
a  constant  ratio  to  the  intercept  of  the  tangent  on  the  axis  of  »• 

If  the  ratio  be  that  of  m  to  n,  we  have 
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d^w  m  dy 

(dw^  +  dy*)i      n    y  ' 

[da  +  (da^  +  c£y^)M       m  , 
Integrating,     log  | ^- ^— J  -  ~  log  cy  ; 

therefore  _  +  {i  +  ^_)  J  «  ,y   . 

From  this  we  get 

m  ^  m 

the  integral  of  which  is 


m  -^n  n—m 


SCO?  +  c  «=  n    — ^^ +  -^ . 

\m  +  n       m  —  n/ 


This  IS  the  simplest  case  of  the  "  curves  of  pursuit,*"  and 
the  prohlem  may  be  expressed  thus :  A  point  P  moves  along 
a  straight  line,  and  is  pursued  by  a  point  Q,  whose  velocity 
is  to  that  of  P  always  in  the  ratio  of  m  to  n,  find  the  path 
of  Q,  supposing  the  line  joining  the  points  at  the  beginning 
of  the  motion  not  to  coincide  with  the  direction  of  the 
motion  of  P. 

Bouguer,  MSmoires  de  VAcadimiey  1732. 

(22)  Find  the  curve  in  which  the  radius  of  curvature 
is  equal  to  the  normal. 


The  radius  of  curvature  is 


.  {•  ^  m 


The  normal  is         y  \1  -<- 


{'  *  (S)  )• 


Now  the  radius  of  curvature  and  the  normal  may  lie  on 
the  same  or  on  different  sides  of  the  curve:  this  will  be 
indicated  by  taking  the  radius  of  curvature  with  a  negative 
or  a  positive  sign.      Hence  by  the  condition. 


OBOHBTBIOAL   PROBLBHS.  456 

\aar/  j 

dx* 


{-(sr-^^-^ 


d*y 

die'  I 

or     -^1^—^  s  ^  — 


U^J 


Multiplying  by  -—  and  integrating, 

dy\*\\ 


or      <i  +  i^|>«-or»- 


whence         '^  .  <^^i^   or  -  ^^^ . 

The  first  gives  on  integration 

-  (^  -  y*)*  «  «  +  Of 
or     jt"  +  y*  -  2a/p  tsff^ff^ 
the  equation  to  a  circle. 

The  latter  gives 

logfy  +  Cy'-c')*}  -%o, 

or  as  we  may  write  it  for  convenience 

I     y  -f  (y*  -  O^  ^  fJt? 
^  c  c      ' 

From  this  it  is  easy  to  see  that 

s 

which  is  the  equation  to  the  catenary. 

(23)     Find  the  curve  which   has  an   evolute  similar  to 
itself. 
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This  rcDiarkable  problem  if  attempted  by  tneana  of  refer- 
ence tu  rectilinear  co-ordinates  would  he  quite  impracticable. 
Euler*,  however,  has  by  a  most  ingenious  method  reduced 
the  problem  to  a  very  simple  shape.  Instead  of  using  recti- 
linear or  polar  co-ordinates  he  refers  the  curve  to  its  radius 
of  curvature,  and  the  angle  which  that  line  makes  with  a 
line  passing  through  the  first  point  of  the  curve  to  be  in- 
vestigated. There  is  thus  nothing  left  arbitrary  except  the 
first  point  in  the  curve. 

Let  p  be  the  radius  of  curvature,  ^  the  angle  which  it 
makes  with  the  line  passing  through  the  first  point  of  the 
curve.  Then  if  s  be  the  arc  of  the  curve  measured  from 
the  same  point, 


and    as     ds 


+  p-)i  d.v,   we  have 
wn    in   terms   of  the  co-ordioal 


and   J.-   und   y  are   thus   ki 
which   we  are  to  employ. 

Now  let  JS  (fig.  6t)  be  the  curve,  ^'iS'  its  evolute  whil 
is  to  be  similar  to  AS,  and    let  A"S''  be  the  eviilute  of  A'i 
and   therefore  similar  to  it  and  to  JS:  let  PP",  QQ'  he  the 
radii  of  curvature  at  the  successive  points  P,  Q.      Then  con- 
sidering the  small  arcs  PQ  and  P'Q'  as  coinciding  with   the 
arcs  of   the  circles  of    curvature,    we  see  that   the  elemeal 
■ectors  PQ'Q  and   P'Q"Q,'  are  similar,  and  therefore 
PQ  :    P'(^=  PP'  :    P'P-. 


^^^9 


PCi  = 


p-Q-  = 


Putting 
this  gives  pas  =  pi 

But  by  the  property  of  the  t 


PP  = 

ds. 

■olutf    d, 


PP"= 


p'ds 


pap. 


ds  =  pdtb  ;      therefore    p'  =  — '■ 

'  A'oM  jtela  Ptirop.  Vol.  I.  p.  7r<. 
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In  order  that  the  evolute  may  be  similar  to  the  curve, 
we  must  have 

a  being  the  coefficient  of  similarity. 

Hence  for  determining  the  curve  we  have  the  equation 

dp 

This  being  a  linear  equation  is  easily  integrated,  and  the 
result  is 

Substituting  this  value  of  p  in  the  expression  for  .r  and  y^ 
a;  =  Cfdtpe''*  cos  0,     y  =  C  fdipe''^  sin  <p. 

Whence 
J?  +  -4  = (o  cos  <p  +  sm  <p)  « . , 

Cc"*                                     Cc"*     ap  -  1 
y  -¥  B  «> (a  sin  0  -  cos  0)  » ;, --.  . 

From   which   we  have 

(y  +  iff)  (a  +  ;>)  =  (a?  -I-  A)  (ap  -  1). 

Or  putting  <v  and  y  for  j?  +  ^  and  y  +  B^  which  does  not 
affect  p  ms  —  this  becomes 

a(jJDdy  —  2^d<r)  »  .rd«  +  ydy^ 

which  is  the  differential  equation  to  the  logarithmic  spiral. 
That  curve  therefore  is  the  only  one  which  has  an  evolute 
similar  to  itself. 

Euler  in  the  memoir  referred  to  above  has  considered  the 
question  much  more  generally,  for  he  investigates  the  nature 
of  the  curve  which  has  its  vf'^  evolute  similar  to  itself,  as 
well  as  the  curve  which  has  an  evolute  similar  to  itself  but 
placed  in  an  inverse  position.  This  last  is  reduced  to  the 
previous  case,  for  if  the  evolute  be  similar  to  the  original 
curve  but   in  an  inverted   position,    the  second   evolute   will 
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also  be  similar  to  the  original  curve  and  in  the  same  posi- 
tion, and  its  radii  of  curvature  will  diminish  while  those  of 
the  first  evolute  increase,  as  will  be  seen  in  (fig.  62),  It  is 
easy  to  see  that  this  condition  is  expressed  symbolically  by 
afiecting  the  coefficient  of  similarity  with  a  negative  sign. 
The  general  equation  for  a  curve  which  has  its  n^  evolute 
directly  similar  to  itself  is 

that  which  has  its  n'^  evolute  inversely  similar  is 


€P 


n 


P  +  a'»  /o  =  0. 


(24)  Let  us  investigate  a  particular  case  of  this  last 
problem  when  n  «  i  and  a'  =  1,  which  implies  that  the  evo- 
lute is  equal  to  the  curve  but  in  an  inverted  position. 

The  equation  then  becomes 

The  integral  of  which  is 

p  ^  C  cos  (^  +  Ci  sin  0  =  C  cos  (0  +  a). 

Since  the  angle  a  depends  only  on  the  line  from   which 
0  is  measured  we  may  make  it  equal  to  zero,  so  that 

p  =  C  cos  (py  then 

C  C 

,r«  C/d0cos*0  =  -/(l  +  cos20)d0a  — (20  +  sin20), 

making  w  ^  0  when  0  =  0. 

r  .  C 

Also    y  ^  C  jd(p  sin  0  cos  0  = cos 20  +  A, 

c 

If  y  »  0  when  0  =  0,  -4  «=  — ;    therefore 

y  =  --(1  -cos  20). 


r 


It' 


I 


EHininsting  i^  we  have 

C         .*y 

.jj  =  —  vera"'  ~  H 
4  C 

the  oquatiiiti  tu  a  cycloid  referred  to  its  vertex. 

If  a' <  1,  tbe  curve  is  an  epicycloid. 

ir  a"  >  1,  the  curve  is  a  hypocycloid. 

(25)  In  speaking  of  the  cycloid  I  mentioned  a  property 
belonging  to  it  which  was  discovered  by  John  Bernoulli,  viz. 
that  if  BC  (fig.  21)  be  any  curve,  tbe  tangi^nts  at  the 
extremities  of  which  are  at  right  angles  to  each  other,  and 
if  this  be  developed,  beginning  from  C,  and  if  the  involute 
CD  be  again  developed,  beginning  from  D,  and  so  on  in 
Bucceiision,  the  successive  involutes  approach  continually  nearer 
and  nearer  to  the  cycloid,  and  ultimately  do  nut  differ  sensibly 
from  that  curve.  The  following  demonstration  of  this  re- 
markable proposition  is  taken  from  Legendre,  Exercicet  de 
Cali'ul  Integral,  Vol.  n.   p.  541. 

Draw   the  successive    tangents    MP,    PN,   NQ  . . .  which 
will    be   alternately   perpendicular  and   parallel   to    the   first, 
from  the    nature   of   involutes.      Let   9  Itc   the  angle   which 
MP  makes  with  with  the  line  AB,  and   put 
arc  CM  -  .v,  arc  CB  =  a, 

arc  CP  -  z,  arc  CD  «  6. 

arc  EN  =  .»',  arc  ED  -  «*, 

arc   EH  .  k\  arc  EF  =  6', 

and  BO  on  in  »ucG^si<>n.     Then  if  we  were  to  draw  tangents, 
making  angles  «  dQ  with  the  other  tangents,  we  should  havt; 
iz_        d.r^       d^ 
MP'  PN'  Qk'" 
But  fmm  ihe  nature  uf  involutes, 
MP  -CM  .  .t,     PA"  =  BP  -  i  -  «,     UN -EN-  r,  lie. 

6-«  °  V  "6'-»""" 
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From  the  first  we  have  x^jadO^  which  ought  to  vanish 
when  0  «  0,  and  to  become  equal  to  h  when  0  =  —  ,  The 
second  equation  gives 

daf^  bd9  -  xde  »  bdO  -  dOfwde, 
and  w'^be^pdff'wy 

which,  when  d  »  0,  ought  to  vanish,  and  when  0  «  —  to  be 

2 

equal  to  a.     The  third  equation  gives 

d»'=  w'd0  =  60d0  -  dOpdS^w, 

b0* 
and  y  = pdff'w. 

Proceeding  in   this  way,   we  have 

1.2.3        1  .2.3.4.5  "^  • 

1.2  1.2.3.4  -^ 

Now  the  last  terms  in  both  of  these  expressions  continually 
diminish,  and  if  n  be  made  sufficiently  large  they  may  be 
neglected.     This  may  be  seen  by  considering  that  since 

(If  f» 

^<o,     pd9^x  is  less  than  f*d9'*a^  or ; 

1 .2...n 

TT 

and  as  the  greatest  value  of  d  is  — ,  the  denominator,  when  n 

is  great,  far  surpasses  the  numerator,  and  the  term  diminishes 
continually  as  n  increases.      Neglecting  then  the  last  term 

and  making  d  =  —  <=  a  in  the  second  series,  we  have 

2 

h^^  = +  &c. 

1  .2  1 .2.3.4 

From  this  it  appears  that  when  n  is  large  the  series 
6  +  b'y  +  h''y*  +  &c.  +  6^-^"  +  &<^- 
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may  be  considered  as  a  recurring  series  formed  from  a  frac- 
tion of  which  the  numerator  is  a  polynomial  in  ^  of  a  finite 
number  of  terms,  and  the  denominator  is 

1 + &c.  «  cos  tat/')* 

1.2       1  .2..S.4  ^  ^  ' 

Now  cos  (ayi)  =  cos  (^]  -  (1  -  y)  (l  -  |)  (l  -  ^,) ...; 

and  if  f[y)  be  the  numerator,   we  may  assume 

/(y)  N,  N,  N, 

cos  (ayO       1  -  y  y  y 

by   the  theory  of  rational  fractions.      Now  the  coefficient  of 

y"  in  J-  is  supposed  to  be  6^"^  when  n  is  large;   and 

cos  (aya) 

on  the  other  side  the  coefficient  of  y"  is 

If  n  be  indefinitely  increased,  this  is  reduced  to  AT,, 
which  is  independent  of  n.  Therefore  6^*^  is  independent  of 
n  when  n  is  very  large :   hence 

and       %^-'  =  6<*>  f  — +  &c.)  -  6<">  (I  -  cos  0). 

Vl.2       1.2.3.4  /  ^ 

Similarly  .t<«»  -  6<*>  sin  0. 

These  equations  belong  to  a  cycloid,  in  which  ^6^"^  is 
the  radius  of  the  generating  circle.  Thence  follows  the 
proposition. 

(26)  Find  the  surface,  such  that  the  intercept  of  the 
tangent  plane  on  the  axis  of  z  is  proportional  to  the  distance 
from  the  origin. 

The  intercept  of  the  tangent  plane  on  the  axis  of  ss  is 

*  -pa?-qfy; 
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hence  we  have 

«f  -  pa?  -  gy  =  n  (a?*  +  y*  +  z^)i. 

The  integral  of  this  equation  is 

a?-»  {i^  +  (^7^  +  y'  +  ^)^  "=  ^  (f )  • 

(27)  Find  the  surface  in  which  the  co-ordinates  of  the 
point  where  the  normal  meets  the  plane  of  wy  are  propor- 
tional to  the  corresponding  co-ordinates  of  the  surfac^e. 

The  equations  to  the  normal  being 

^'  -  ^  +  p  («  -  «)  =  0,     y-  y-^q  («-«), 
we  have  when  z  ca  o, 

therefore     cs  -^  px^mx^     y-^-qz^ny. 

Substituting  these  values  in 

dz  =  pdx  +  qdyy 
and  integrating,  we  find 

z'  =  (m  -  1)  a'^  +  (n  -  1)  y»  +  C, 
which  is  the  equation  to  a  surface  of  the  second  order. 

(28)  To  find  the  equation  to  the  surface  at  every  point 
of  which  the  radii  of  curvature  are  equal  and  of  the  same 
sign. 

The  conditions  that  this  should  be  the  case  are 

1  +p*      pq      1  +  q^ 

r  8  t     ^ 

p      dp      \  dq  q       dq      \   dp 

1  -^  p*  dx      q  dof*       1  -^  q^  dy      p  dy 

Integrating  these  as  ordinary  equations  and  replacing  the 
arbitrary  constants,  in  the  first  equation  by  an  arbitrary 
function  (Y)  of  y^  in  the  second  by  an  arbitrary  function 
(JT)  of  .r,  we  find 

1  +p^=r^%      l-^q'^Xp^ 
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From  these  we  find 

But  p  and  q  ought  by  their  nature  to  satisfy  the  equation 

-—  -«  — ,  which  in  the  present  case  is 
ay      dai 

Now  whatever  be  the  form  of  the  functions  JT  and  F, 
this  equation  is  of  the  form  0(^)  =  >/^(9)9  and  it  can  there- 
fore subsist  only  when  each  side  is  equal  to  a  constant.     Let 

this  constant  be  represented  by  -;   then 

r 

whence  on  integration  we  obtain 

a  and  b  being  arbitrary  constants.  If  from  these  we  take 
the  values  of  JC  and  V  and  substitute  them  in  those  of  p 
and  q  we  have 

(a  -  •»)  6  —  y 


\i*-{a-a>y-{b-yy\r     "^      |r«-(a-*)'-(6-y)»}i' 
Putting  these  values  into  the  formula 

dz  ^  pdx  +  qdy^ 
and  integrating,  we  have 

which  is  the  equation  to  a  sphere. 

Monge,  Analyse  Appliquie. 


THAPTER    XI. 

HVAHTATION    OF    DEFINITE    IN'TBORALS, 


When  we  are  able  to  effect  the  intef^ratjon  of  any  function, 
the  determination  of  its  value  between  certain  timits  of  the 
independent  variable  offers  in  general  no  difficulty,  as  we 
have  merely  to  subtract  its  value  at  one  limit  from  its  value 
at  another.  There  are  however  many  functions,  the  Definite 
Integrals  of  which  we  are  able  to  find,  although  the  J 
definite  integral  cannot  be  expressed  in  finite  terms, 
evaluation  of  these  integrals  has  become  one  of  the 
important  branches  of  the  Integral  Calculus,  in  consequence 
of  the  numerous  applications  which  are  made  of  them  both 
in  pure  mathematics  and  in  physics :  it  is  to  functions  of 
this   kind    that   the  examples  in   the  following  paper    refer. 

The  methods  for  evaluating  those  definite  integrals  whose 
general  values  cannot  be  found  are  very  various,  but  they 
can  generally  be  classed   under  the  following  heads. 

(1)  Expansion  of  the  function  into  series,  integration  of 
each   term  separately,  and    summation  of  the  result. 

(2)  Differentiation  and  integration  with  respect  to  s 
quantity  not  affected  by  the  original  sign  of  integration, 

(3)  Integration  by  parts  of  a  known  definite  integral,  so 
as  to  obtain  a  relation  between  it  and  an  unknonn  one. 

(i)  Multiplication  of  several  definite  integrals  togeth 
BO  as  to  obtain  a  multiple  integral,  and,  by  a  change  of  t 
variables  in  this,  converting  it  into  another  multiple  integi 
coinciding  with  the  first  at  the  limits,  and  admitting  of  ] 
tegration.  By  this  means  a  relation  is  found  between 
definite  integrals  multiplied  together,  which  frequently  enalll 
us  to  discover  their  value.". 


(5)     Con' 
quantities  into 


of  the  function  by  means  of  itnposs 
form  admitting  of  integration. 
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These  different  methods  will  be  best  understood  by  iheir 
I  application   to  the  following  examples. 

We  shall  begin  with  the  function  known  as  the  Second 
[  £ulerian  Integral,  because,  though  its  exact  value  cannot  be 
I  found  generally,  its  properties  have  been  much  studied,  and 
It  a  number  of  other  integrals  are  reduced. 


1,     Secojtd  Eulerian  Integral.  • 

The  definite  integral  _^"d.r e"a""',  when  n  is  a  whole 
I  number,  is  easily  seen  by  the  method  of  reduction  in  Ex.  (13), 
[  Chap.  II.  of  the  Integ.   Culc.   to  be 

(w  -  1)  ...  3.2.1. 

When,  however,  n  is  a  fraction,  its  value  can  be  found 

r  only  in  certain  cases,  but  it  possesses  many  remarkable  pro- 

I  perties  which    render   it   of  the   greatest   importance   in    the 

I  Theory  of  Definite  Integrals.     It  was  first  studied  by  Kuler, 

I  who  seems  at  an  early  period  to  have  seen  its  importance,  and 

I  has  devoted  several  memoirs  to  the  investigation  of  its  pro- 

r  perties;   on   this  account  Legendre  has  named  it  after   him, 

[  Kt  once  for  the  purposes  of  characterizing  the  function  and 

'  faonouring  that  great  mathematician.     To  distinguish  it  from 

another  integral  with   which  also  Euler  had  much  occupied 

himself,  and  of  which  we  shall  afterwards  treat,  it  is  usually 

called   the   ''Second    Eulerinn    Integral,^  and   Legendre   has 

Rffixed  to  it  the  characteristic  symbol  F,  applied  to  the  index, 

\%o  that  he  writes 

jfrf^e-'vr-'-r(n). 
I  which   notation    we   shall  adopt.      Throughout  the  following 
I  investigations  n  is  supposed   to  be  greater  than  0. 

In  the  first  place  we  remark  ihnt  by  a  change  of  the 
I  independent  variable  this  integral  may  be  put  under  other 
Iforma  which  are  sometimes  more  convenient  in  practice  than 
[  that  whidi  we  have  umxI. 

Thus  if  we  put  c"~yi  the  corresponding  Umita  are 


v-0, 


-  1  ; 


y-(S 
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and  the  integral  takes  the  form 

(a)  rin)mji^da,(log^y'\ 

This  is  the  shape  under  which  the  integral  has  been 
usually  treated  both  by  Euler  and  Lagrange,  but  it  is 
scarcely  so  convenient  as  the  preceding. 

Again,  if  we  put  w*  a  «,  the  limits  remain  the  same  as 
before,  and  we  have 

(6)  rin)«lf:dzA 

This  last  form  is  the  most  convenient  for  determining 
the  value  of  the  integral  in  one  remarkable  case  when  it 
can  be  found  in  finite  terms.     If  n  >=  ^ 

Let  /F  =  ^*d»€~*': 

then  as  the  value  of  the  definite  integral  is  independent  of 
the  variable,  we  have  also 

and  therefore  multiplying  these  together, 

A»  «  j;-  d«  e-''.  /„"  dy  e-**  =  Jj"  Jo"  dy  dz  e-<**+*^ ; 
since  y  and  «  are  independent.     Now  assume 

»  «=  r  cos  0,         y  ==  r  sin  0,  then 
««+  y«  =  r*,         dydz  -rdrdO. 
To  determine  the  limits  we  observe  that  y  and  «  never 

MSB 

become  negative,  and  therefore  6  must  vary  from  0  to  — , 

while  r  varies  from  0  to  oo  ,  so  that  we  have 
*'  =  /o*jC*'drd0r€-'"  =  i7r;  whence 
(c)  *  =  ^7ri  and  r(i)  =  7ri. 

We  shall  now  demonstrate  the  more  important  properties 
of  the  function  r(n)  referring  the  reader  who  wishes,  for 
a  more  detailed  exposition  of  them  to  Legendre,  Ejfercicea 
de  Calcul  InUgraly  Tom.  i.  and  ii. 
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If  we  integrate  by  parts  the  expression  fdafe'"^  we  have 

fd,v  e''of^  =  -  6"' J?"  +  n  fdx  e"'a?*"*. 

The  integrated  part  vanishes  at  both  limits,  so  that 

(d)  r(n+  l)  =  nr(n). 

This  may  be  looked  on  as  a  characteristic  property  of  the 
function  F*  and  is  of  the  greatest  importance,  as  by  means  of 
it  we  can  reduce  the  calculation  of  F  (n)  from  the  case  when 
n  >  1  to  that  when  it  is  <  1 ,  and  we  have  therefore  to  occupy 
ourselves  only  with  the  values  of  n  which  lie  between  0  and  I. 

If  n  be  a  proper  fraction, 

r(n)=jC*da;e-'a;-^  T  (1  -  »)  - /o*dy  e-^y-; 

and  therefore 

F(n)F(i-n)=X*rf^€"'^"7o*dye"^y" 

To  reduce  this,  we  shall  use  the  transformation  of  Jacobin 
given  in  Chap.  iii.  Sec.  2,  Ex.  (7)  of  the  Dt^.  Calc. 

Assume  x  •\-  y  ^  Uy  y  ^  uv^  so  that  dwdy  ^  u  du  dv :  the 
limits  of  u  and  v  corresponding  to  those  of  w  and  y,  are  u »  0, 
usscOyVssOyV^l;   therefore 

F(n)  F  (1  -  n)  =  J^'^f.'dudv  €-t)-(l  -  t>)-' ; 

or,  integrating  with  respect  to  u  between  its  limits, 

F  (n)  F  (1  -  n)  -  J(;»  dv  u-  (l  -  ©)->. 

To  find  the  value  of  this  integral,  assume  vs(sind)*; 
then,  as  to  the  limits  iv  «  0,  « «-  1,  correspond  0  «  0,  0  «  ^^, 
we  have 

F(n)  F(l  -  «)  «  2/o*'d0(tan0y-*-. 

Now    tan0«(-)"i |-»*t«>    a^d   it    is    therefore 

obvious  that  (tan  d)^~'*  may  be  expanded  into  a  series  of 
the  form 

30«^ 
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f»-l 


—~^  (I  +  -^,  COS  20  +  A2  cos  4^  +  8tc-        \ 
^"^       \-(-)i(^ism2d  +  -rf,sin40  +  &c.)J  * 


IT 


Also    (-)  *    -  cos  (1  -  2w)  -  +  (-)i  sin  (l  -  2«) 


2 
sin  n  TT  +  (-)i  cos  nTr. 


Substituting   the   series  for  (tan  0)*"*",   multiplying    by 
sin  wttH- (-)^  cos nTT,  and  equating  real  parts,  we  have 

sin  nw  r(w)  r(l  -n)  «  2/o^dd(l  +-rfiCos2d  +^acos40  +  &c.) 

since  the  periodic  terms  vanish  at  both  limits.     Hence 

(e)  r(«)r(l-n)-;;j-!^». 

sm  nw 

It  is  easily  seen  that  the  value  of  r(-|^)  is  found  at  once 
from  this  equation,  by  putting  n  »  ^ ;  and  generally,  if  we 
know  the  value  of  r(n)  from  n-  1  to  n  s -j^,  we  know  its 
value  from  0  to  ^. 

From  the  preceding  theorem  a  more  general  one  may  be 
derived.     Let  n  be  a  positive  integer,  then  will 

</>^(.-)'-e)'-e)-^r-^)-<-)*--'- 

1st.  Let  n  be  even:  Then  there  are  ^n  —  J  pairs  of 
factors  of  the  form  T{r)  r(l  -  r),  and  a  middle  factor  which 
is  r  (^)  «  -TT*.  Therefore  by  the  preceding  theorem  the 
product  is  equal  to 


n  — 1 


TT* 


.    (n-2)ir' 

sm  ( —  I  sm  I  —  I  sm  I  —  1  ,..sin - 


'^^  0 "°  (?)  *'"  (t)  - 


2n 


*  This  demonstration  of  a  Theorem  discoTcred  by  Euler  is  giTCO  by  Mr  Oremt- 
heed  in  the  Camb,  Math,  Journal,  Vol.  i.  p.  17. 
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Now  by  a  known  theorem,  when  n  is  even,  we  have 
sin  n% 


—  2""* sin  I z\  sini—  +  z\  ...sin  ( »J  ; 


sin  z 
which  9  when  z  ^0^  gives 

„2-(-)-  (sini)'  (.in?^)\..{.in<!4^-}': 
SO  that  we  find 

2nd.  When  n  is  odd,  there  is  no  middle  factor,  and 
the  number  of  double  factors  is  ^  (^  -  !)•  Also  in  this 
case  we  have 


sin 
sin 


e  2"  *sm  I z]  sini  -  +  )ir   ... 

in  jif  \n        J       \n       J 


.    /w  -  1  \    ,    /n  -  1  \ 

sm    -TT  -  »    sin  I rr  +  z]  ; 

V   2n  J        \  2n  y  • 

and  by  making  z  ^0^   we  have  as  before 

A  still  more  general  theorem  is  the  following : 

(g)    n*)r^(^+^)  ...r(^+'^]=r(n*)(27r)^n*-'; 

but  for  the  demonstration  the  reader  is  referred  to  Legendre^s 
work. 

To  this  definite  integral  r(n)  others  may  be  easily  re- 
duced. 

Thus  if  we  have  the  integral 

/,>d.r«-'(logi)'"', 
by  assuming  ^  ■  «r,  it  becomes 
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SO  that 

(A)    /„'d^^-'  (log  L)"'Ll-r(n). 
Again,  since  by  Ex.  (l,  c)  we  have 


TT*    1 

6         =  — -r. 


■'  2    CF5 


on  differentiating  2n  times  with  respect  to  a  and  then  making 
a  ■=  1,  we  obtain 

^  -^  2"  2 

(2)     The  first  Eulerian  integral  is 

/o'  ^'^  — ^ n^  =  (^)  > 

according  to  the  notation  adopted  by  Euler,  and,  after  him 
by  Legendrc;  the  value  of  the  integral  being  supposed  to 
change  in  consequence  of  the  variation  of  p  and  9,  n  remaining 
constant.  This  form  of  the  integral  however  is  not  the  most 
convenient  in  practice,  and  we  shall  use  another,  formed  from 
the  present  by  putting  .v*  =  y,  when  it  becomes 

1  ?-i  1-1 

Putting  —  B  l^  L  sz  niy    we    shall    designate   the    definite 
n  n 

integral  by  a  symbol  of  functionality  applied  to  these  letters 

as  the  symbol  F  is  used  for  the  second  Eulerian  integral : 

the  letter  we  shall  use  is  the  digamma  F,  so  that  we  write 

(a)  /o*  d<v  a'-^  (1  -  af)*"-^  =  F  (/,  m). 

The  most  important  properties  of  this  integral  are  those 
by  which  it  is  connected  with  the  second  Eulerian  integral 
founded  on  the  theorem 

r  (0  r  (m) 


(fc)  F  (/,  m) 


r  (/  +  m) 
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To  demonstrate  this  we  shall  proceed  as  la  £x.  {If  e), 
which  is  a  particular  case  of  this  theorem; 

r  (0  .  r  (m)  «  /o*  X'  dw  dy  «-^+y>  w''^  y-» ; 

and  on  transformation 

r  (0 .  r  (m) «  X*  du  e-"  tt'+— ^  jG*  rf©  ©'-»  (i  -  «)— \ 

Now 
/o* dwe-'tt'+— *  -  r(/  +  m)  and  /o^  dtj  v'-» (l  -v)"-»  =  F(/,iii)  ; 

therefore     F (/,  n.)  -  E^>IM . 

As  /  and  m  enter  symmetrically  into  the  second  side  of 
the  equation,  it  follows  that 

(c)  F  Kh  wi)  «  F  (fw,  /)• 

Also  since 

by  multiplying  these  together  we  have 

cr/  m^    F«a.m  «^      F (f)  T (m)  V (n) 

and  as  the  second  side  is  a  symmetrical  function  of  /,  m,  n, 
it  follows  that  these  letters  may  be  interchanged,  so  that 

(d)  F(/,iii).F(/+m,n)«=F(/,fi).F(/+n,iii)=sF(m5n).F(iii+n,0. 

or—'  (1  -  0?)^-* 

The  inte£:ral   Q  dw — ; -— « —    may  be    reduced   to 

^       •'^  (a?  H-  a)*+^  -^ 

the  first  Eulerian  integral  by  assuming 

a  y 


.r  +  o       1  +  a  ' 


when  it  becomes 

1 


X^  dy  jT-'  (1  -  yY-\ 


a^  (1  +  ay 
the  limits  of  y  being  the  same  as  those  of  w.      Hence 

(.\    f.^-^'~'0--^)''"         »       r(«)_r(i32 

^  ^     >,  ax  _-^— --- ^^     "  o"  (1  +  a)-    r  (a  +  /3)   ' 

Abel,  <ZJuore«,  Vol.  i.  p.  95. 
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(S)  The  property  (h)  of  the  first  Eulerian  integral  may 
be  extended  to  a  large  class  of  multiple  intq^rals  by  the  fcd- 
lowing  theorem  due  to  M.  Lejeune  Dirichlet*. 

(a)     Let    V^fdaffdyfdz...,fr-'y'"^z'-'... 

in  which  the  limiting  values  of  jp,  y^  x...  are  given   by  the 

condition 


e)'*(i)'-o'^-5'- 


^1     \y. 

a,  by  c.Qf  fij  7*«*j>9  99  r... being  positive  quantitiea  ; 
then  will      r  =  ^Lfe^'      W       \gJ       \rl        ^ 

r(i  +-  +  -  +  -+...) 

p      q      r 
The  equation  of  the  limits  may  be  made  linear  by  putting 

Of  for  f- j  ,  y  for  l-^j  ^  z  tor  f  -  j  ,   &c.,    in    which   case    the 

integral  becomes 

V  =  "".^y--  fdw  fdy  fdz..,.v'''  y"-^»-^.., 
pqr,,, 

with  the  condition 

.r +  y  +  «f  +..,  <  1  ; 

1  f        ®  ^  ^       o 

where  /==-,     rwe=-,      n  =  -,  &c. 

P  q  r 

Hence  if  we  know  the  integral 

U  =  fdx  fdy  jdz...af''^  jf"*  «^''-^.., 

with  the  previous  condition  for  determining  the  limits,  we 
can  find   V. 

When  the  variables  are  two  in  number,  it  is  easy  to  see 
that  the  integral  is  identical  with  that  called  the  first  Eulerian. 
Let  us  suppose  therefore  that  there  are  three  variables.     Then 

U  =  /o*  dw  of''  fyxdy  y-»  j,'idz  z^'\ 

where  ^j  «=  i  —  j?,     Zj  ^  I  ~  w  —  y. 

*  LiouvUle*t  Journal,  Vol.  iv.  p.  168. 
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Assume  z  «  vz^^  y  -■  uy^^  the  limits  of  u  and  v  are  then 
0  and  1,  and  U  takes  the  form 

U^l'dw  of''  Q  du  uT"^  y,-  f^  dv  «"-'  z^\ 

But  as  y,  =  1  —  d:,  and  sTj  =-  y,  —  wy,  .  (l  .  <p)  (l  ..  t/),  the 
integral  becomes 

U  -  /o>  da?;r'-»  (1  -  a^)"+'./o*  du  w— '  (1  -  u)\fo'  dv  t?-'. 

The  integrations  with  respect  to  the  different  variables  may 
now  be  effected  separately,  and  we  have 

rij     .1         r(n)  .,  ^      ^  ,,         .        r(fw)r(n  +  l) 

«,  that  CT.n^il^!!?)!!^. 

r(l  +  /  +  m  + w) 

In  like  manner  we  might  find  the  value  of  U  when  there 
are  four  variables,  and  so  on  for  any  number;  and  hence, 
also,  the  value  of  F,  as  stated,  is  deduced. 

(6)  By  a  similar  process  M.  Liouville  has  proved  the 
still  more  general  theorem,  that  if 

where  the  limits  are  given  by  the  condition 

then   will 

g-^-y^    nOrW  Tin)       .^>,„^(,)„,.„.., 
pqr...         r(/  +  m  +  n  +  ...)    •'*        -"^  ^ 

Liouville's  Journal^  Vol.  iv.  p.  231. 

(c)     As  an  example  of  this  last  formula,  take 

1 


W^fdaffdyfdz 


(i-^-y««i^)r 
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the  limits  being  given  by  the  condition 

a?*  +  y^  -f  «*  <  1. 
In  this  case  we  find 

*    r(|)    i  (i-v)i 

Now     r(^)  =  7ri,      r(f)  =  ^9r»,  and 


*    v^dv  r^    ifdx        V 


Jr-    v^av  f    or  I 

0  (TT^^^Jo  0= 


(l-a:«)i       2' 


IT* 

therefore     W  ^  — . 

8 


Generally  we  have,  the  number  of  variables  being  fi, 

...  dxdydx  ... 7rJ^<'  +  '> 

•'•'•'  •••  (1  -  ,r«  -  y2  -  «r2  -  ...)i  ""  2"r{i(n+  1)}  * 

(d)     Again,  if       fr=/da?/dy(i^^^)^, 

the  limiting  values  being  given  by  the  condition 

c'r'  +  y"^  I. 

It  will  be  easily  seen  that 


whence  W 


-Uf-)- 


(4)  M.  Catalan*  has  shewn  how  to  evaluate  a  definite 
multiple  integral  which  depends  on  those  which  have  just 
been  considered.     It  is 

in    which  a?/  =  1  -  w^  —  tr^*  -  ...  —  ^«-ij    and    the   limiting 

•  Liouville*8  Journal^  Vol.  vi.  p.  81.  The  reader  is  referred  to  a  paper  by 
Mr  Boole  in  the  Cambridge  Mathematical  Journal,  Vol.  iii.  p.  277»  entitled  'Re- 
marks on  a  Theorem  of  M.  Catalan,*  where  the  truth  of  the  Theorem  is  caUed  in 
question. 
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values  of  the  n  —  1  independent  variables  are  given  by  the 
condition 

Assume     ^i  «  />i  t«i  +  91  Ug  +  •••  +  ^i  w,  \ 


a?2  =  p«Wi  +  qf^w,  +  ...  +  r^u^ 


(2), 


where  the  coefficients  of  u^  are 


P\ 


a, 


^2 


and  the  other  coefficients  are  subject  to  the  conditions, 


&c. ; 


^1*  +  V     +  ...  +     ^.*  =  1 


)      (3). 


Pin+P«r2  +  ...  +p,r, -0 


The  number  of  constants  in  (2)  is  n(n^  l),  the  num- 
ber of  conditions  in  (3)  is  ^n(n+l)9  so  that  there  are 
^n(n  -  3)  arbitrary  coefficients. 

Adding  the  squares  of  (2)  we  have  by  the  conditions  (3) 

tti*  +  ttj,*  +  ...  +  w/  -  ^i^  +  ^«*  +  ...  +  ^,*  =  1. 
From  the  same  equations  we  find 
Oi^?,  +  a-jXjf  +  ...  +  a,/r,  =  w,  (oi*  +  a,*  +  ...  +  a*)i  =  ^Wj, 
suppose. 

Also  on  changing  the  differentials  by  the  method  given 
in  Chap.  iii.  Sect.  2  of  the  Diffi  Caic.  we  have 
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dofi  dXo ...  d^R-i      dui  dut ...  du^^^ 

— — ^^— — — — — ^— —   as  » 

SO  that  the  integral  becomes 

If  now   we   integrate  with   respect   to  all   the   Tariablei 
except  u^y  the  h'mits  being  given  by  the  condition 

u^  +  u^  +  ...  +  w%_i  <  1  -  Wi*, 
we  have  by  (3,  c) 

Hence,  substituting  this  value  and  integrating  with  respect 
to  ?/,  from  0  to  1,  we  have 

If  we  put  w,  =  COS0,   this  becomes 

CO    y  =  -o-»-r'J|"(^'^n)j  J£*  ''^  (""  e)— /(^  cos  0). 

If  71  =  3,   this  gives 

=  -//d0sin0/(^cos0); 

or  if  «r,  =  cos  t/,  x^  ^  ^^^  u  cos  v,  cr, «  sin  t«  sin  v,  and  if  we 
take  the  limits  from  u  =  0  to  u  m  'tr-t  and  from  o  « O  to 
r  =  27r,  it  takes  the  form 

(d)     /,'  ji*'  dt/  dv  sin  uf(ai  cos  t^  +  Oa  sin  t^  cos  v  +  Os  sin  u  sin  «) 

=  27r  jt'  dd  sin  9f{J  cos  0). 

The  formula  under  this  shape  was  first  given  by  Poisson 
in  the  Memoires  de  VInstitutj  Tom.  in.  p.  126. 
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(5)     In  the  equation 

ri//>«^r..-i/,    «x..i    r(a)r(r-o) 

if  we  put  1  —  ar  ■■  xx^  the  corresponding  limits  are 

a?-0,     ««sOO;  J7  —  1,     af-0; 

and  the  transformed  equation  is 

^'^         r(a)r(r-a) 


(«)       r^' 


(l  +  iiry  r(r) 


The  only  restriction  on  the  generality  of  this  result  is 
that  a  must  be  less  than  r.     If  r—  1,  we  have 


(6)  /o*  dz 


X^'^  IT 


I  +  X      sin  a  TT 


This  last  integral  may  be  considered  as  being  made  up 
of  two  parts,  one  from  xr «  o  to  at  s  1,  the  other  from  z  ^  l 
to  iv  a  00  .     This  second  part  may  be  reduced  to  the  same 

limits  as  the  first  by  assuming  x  ^  —9  when  it  becomes 

z 

x'" 


fod^Z 

•'  I  +  X 


Hence,  adding  the  two  parts, 
(c)  J^dx- 


1  +  ar  sinaTT 


In  the  formula  (6)  put  iir  «  y*  and  h  «  2a,  when  we  find 

(d)  ^-^  y''' 


*      ^l+j^"28in(^67r)* 


(6)     The  integral  J^dw may  be  considered  as  made 

up  of  two  parts,  one  from  «  b  o  to  .t  >  1 ,  the  other  from  x  a  i 
to  J? «  00  •     If  we  put  —  for  x^  the  latter  part  becomes 

X 
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SO  that 

•'°    1  -  ^  •'^    1 « ,r  •'    1  - «  "^      1  -  ^ 

Expanding  the  denominator  and  integrating  from  « « o 

to  w  =  ly  we  obtain  the  series 

11111 

+ + &c. 


a      l-o      l+o      2-a      2+a 
Now  by  a  known  theorem, 

Taking  the  logarithmic  differential  on  both   sides, 

1111  1 

cot  ;jf  = 1- 4- 


X      IT  -  z      7r  +  «      27r-«      27r  +  Jif' 
and  putting  «  =  tto,  we  see  that 


^«-i-,r-«  ^,  _     ^«-i 


(«)  jS^dit? =  7rcota7r  =  ^ 

1  •"  ti? 


0  d^ 


l-« 


a 
If  we  put  a?"  for  ^,  and  -  for  a,  we  have 

n 

(6)  /o   rf^- -«-cot  — . 

(7)  The  value  of  the  integral 

af'^  -  1 


k'dx 


log^ 


which   is  the  difference  of  two  infinite  quantities,   is   easily 
found.     We  have 

Integrating  with  respect  to  n  and  determining  the  con* 
stant  so  that  the  integral  shall  vanish  when  n «  1,  there 
results 
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In  like  manner  we  find 

If  we  multiply 

=  1-^  +  0;*  —  ,r*  +  &c. 

by  — I 9  and  integrate  from  w^o  to  ^=1,  we  find 

•^         log  X 

r,j     w^'^-of"^  m     ,      m  +  1      -      f»  +  2      _ 

/o'a^  7 r-; -  log log +  log &C. 

fii(n+  l)(m  +  2)(n  +  S)... 
°^ n(fii  +  l)(w  +  2)(m  +  8)... ' 
and  if  n  8  1  -  m, 

.         a?""*-^?-"  m(2-m)(2  +  m)(4-iti)(4  +  iti)... 

•'^    ^(l+cP)loga?'*  ^^  (l-m)(l+m)(3-wi)(3  +  wi)... 

Now  by  the  formulae  expressing  the  sine  and  cosine  of 
an  angle  in  products  of  factors,  we  have 


tan  X 


(-")(-t)('-S)( 


2«\   I        2x\  I         2%\ 

1  +  —    ... 
3W 


In  this  putting  z  8  — ,  and  observing  that  by  Wallis's 


theorem 


i-(r)"(i)"(D'(?)" 


we  see  that 


(c)  Ddx  ' r-; log  tan  ( m  - ) . 

•^       (l+cT)log^        ®        V     2/ 

Eummer  in  Crelle'*s  Journal^  Vol.  xvii.  p.  224. 

(8)     By  integration  by  parts  it  is  found  that 

/.J        --                         --ocosra?  -  rsinro? 
/oa?6"     cosrar  ■  -  e" = > 


a'  +  r' 
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and  J  da:  €       8mrj;«-€"     = = . 

Hence    taking  the  integrals   between  O  and    oo    we  have 
(a)     r*d^€""cosra?  =  -— — ,    (6)   £*dare "" sin  r or -——-. 

If  wc  differentiate  these  expressions  (n  —  1}    times  with 
respect   to  a   we  have  by   Ex.  (20)  and   (Si)   of   Chap.  ii. 

Sect.  1  of  the  Dif,  Calc. 

(c)     J^  dcra^^'^c"     cos ra?«  1.2.3. ..(n— 1) 


■  9 


(d)     ^"dcra?"-'€""8inra««  1.2.S..,(n-  1) 


8inn0 


M   f 


(a'  +  O* 


where  9  =  tan"^  -  . 

a 


In  these  expressions  n  must  be  a  positive  integer;  but 
if  it  be  a  positive  fraction,  the  only  difference  is  that  instead 
of  the  continued  product  1  .  2  .  3...  (n  -  l)  we  must  substitute 
the  definite  integral  r(n). 

If  we  integrate  (a)  with  respect  to  r,  we  have 

(e)  /     — 6"     sm  rtV  =  tan**    -    , 

Jo      tf  \aj 

no  constant  being  added,  as  the  integral  vanishes  when  r  ■■  O. 
In  this  formula  if  we  make  a  s  o,  we  have 

If  we  make  a  =  0  in  the  formulae  (a)  and  (b)  we  have 

is)         fo*dafcosra  =  Of  (A)     f^ dxtAnratmi  - . 

r 

From  the  integral  (/)  it  is  easy  to  see  that 

Jr*  diV  ,  TT 

—  sind7cosr<r  =  — , 
J?  2 
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when  r  lies  between  -  1  and  +  I9  but  that  it  vanishes  for  all 
tither  values  of  r.  .- 

The  results  (g)  and  (A)  are  "fferj  remarkable  as  giving  the 
real  values  of  what  are  apparently  indeterminate  quantities,  the 
sines  and  cosines  of  an  infinite  angle.     For  as 

f^ dwco^rx  =  -  (sin  00  -  sin 0)  «  0  by  (g)^ 
it  follows  that  sin  00  ■>  0, 

and  as  jj*  da  sin  rw  ^  —  (cos  00  —  cos  0)  as  -  by  (A), 

T  T 

it  follows  that  cos  00  =  0; 

so  that  both  the  sine  and  the  cosine  of  an  infinite  angle  are 
equal  to  zero. 

In  the  formulas  (c)  and  (d)  if  we  make  a  »  0,  we  find 
the  two  remarkable  integrals 

(/)     JQ  da af^'* cos ra m i ^cosn— , 

/    \      r«j    ^-1   •             l.2...(n-l)  w 

(m)     Jq  daa^^  smra^ — smn— . 

If  the  index  n  lie  between  0  and  1  the  corresponding 
formulae  may  be  deduced  without  the  consideration  of  limits 
involved  in  making  a  ■>  0.     Since 

/o*daa-6-"  -  r(l  -n)«-S 

on  multiplying  both  sides  of  this  equation  by  cos  rm  da  and 
integrating  from  0  to  00  »  we  have 

j^  da  cos  ra  P  da  a'**  €'""  «  r(l  -  n)  J^  daoT^^  cosra. 

But 

jt*d^cosr^jt*dao""e'"«  j^daa'""  j^dae"'" cosra 

^        a^  +  f^ 


1  ...      a 


i-» 


Hence    X*da?d^-'cosr«?  -  _ — —  j^'da  ^r^' 
31 
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By  the  formula  (d)  in  Ex.  (5),  we  have 

rd      ^''''        J  ^  ^  y 

^     ^a^  +  r^'^  7^  2  8in|(f-n)ir  **  2 r» rin  (^ n ir)  ' 


Therefore 


L  d^vw'^'^cosrafm  — -— -r— ^ -.«_--—  cos  (n  -  I , 

■'°  r"r(l -n)  smrtfiTr)         r*  \     «/ 


r"r(l-n)8in(^n7r)         r» 


as     r(n)r(l-n)--: . 

'      smnir 

In  like  manner  we  should  find 

JJ  dj7a7'*"*8mr^« — ^-^sin  In  -j  . 

Thus  if  n  "  ^9  we  have,  since  F  (^)  «  ir^,  and 

sin  ^  TT  =  cos  ^  TT  «  2"i, 

(w)      /      — r  cos  ra?  «  ( —  I    B  /     — r  sin  r«. 

To  these  integrals  may  be 'reduced 

j^*da?d7'""*e'"'sinr^  when  »<1. 

For,  on  integration  by  parts,  the  integrated  term  vanishes 
at  both  limits,  and  we  have 

Jt*d^  «""*  €"■"  sin  rw 

« £*d^a7*"*€"*'sinra? j[*d^af"*e"*'co8  r*. 

When  a  a  0,  this  gives 

f^daa^'^  sin  ro?  ■ C^dwaf"'^  cos  r»  «  — -        ^  cos  n  ~ . 

das   , 

'0 

If  in  formulas  (I)  and  (m)  we  assume  ofrnx^^  they  become 
X-d«  COS  (r>)  -  l£M  cos  („  f )  , 

Jt  d»sin  (r»  )  o ;p-^  sin  In  -  j  . 


/•*  dtO  « 

(p)     If  ft  »  -j^,      /     —y  sin  rd7  «  (2rir)«. 
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Hence  if  n  «  ^^ 

(9)        X*^*  <»8  ♦•*•  -  i  (j^J  -  X*^*  "»♦•*•• 

The  formulae  in  this  article  are  due  principally  to  Euler, 
Calc.  Integ.  Vol.  iv.  p.  SSI.  See  also  Mascheroni,  Adnotor 
tioneSf  p.  58.  Laplace,  Jour,  de  VEcole  Polyt  Cab.  xv.  p.  248, 
and  Plana,  Mfmaires  de  BruweUes^  Vol.  x. 

(9)     To  find  the  value  of  w  «  X*^*«"  • 


Differentiating  with  regard  to  a  we  find 

da  «^o 


Put  -  a>  XT,  the  corresponding  limits  being 

a  m  Oj    $f  wi  CO  ;    j^aOO,    XTi-O. 

du 
Hence  -;—  «  -  2tt; 

da 

this  is  a  linear  equation,  the  integral  of  which  is 

u  -  Ce"**. 

To  determine  the  arbitrary  constant,  make  a^mO,  when 


.-(-+?),!d.--. 


(a)     Hence     f^  dm 

This  integral  was  first  g^ven  by  Laplace,  Mimoires  de 
rinstitut^  1810. 

From  this  may  be  deduced  the  following  integrals : 
(6)         f'dwcM  ^«»  +  p j  -  1.  cos  ^^  +  «oj 


*S)'c' 


cosSa  —  sinSa). 
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(c)         X* d.v  sin  (^«  +^^  ^j  sin  (|  +  2a  j 

«  ^  (  — j    (cos  2a  +  sin  2a). 


—  €"'"*^*cos  f  2a  sin  0  +  t)  • 


»!!«-«««>•* sin  (20  sin  0  +  -]. 

Cauchy,  Mimoires  des  Savana  Etrangersj  Vol.  i.  p.  638. 

(10)     Find  the  value  of  jJ*da?6"°''*cos2ra?. 

Calling  the  definite  integral  u,  and   differentiating   with 
respect  to  r,  we  have 

aw  «co  ,  ^-»  •    ^ 

—  =  -  2  jL   a«»  W€*^    sm  2r^. 

On  integrating  the  second  side  with  respect  to  a  by  parts, 
the  equation  becomes 

du        2r 

dr  a 

since  the  integrated  part  vanishes  at  both  limits,  and  the 
unintegrated  part  when  taken  between  the  limits  is  equal 
to  u.     This  equation  on  integration  gives 

rf 

To  determine  the  arbitrary  constant,  put  r  »  0, 

then  C  ^  Cdwe''^'^  ^  —  ;  so  that 

2a 

(a)        tt  =  £*d« €""*** cos 2ra?  =  — €    "*. 

Laplace,  MSmoirea  de  rinatituty  1810,  p.  290. 
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From  this  may  be  deduced  the  following  integrals: 

(b)     i^da  cosa^a^  cos2ra^  •  — cos  (—  -  -r )  • 
^  ^     -^  2a       V4      aV 

(r)       C^ dxAn  a^a^  cos2ra7  =  —  sin  f )  . 

^  ^      -^  2a        V4       aV 


f*m         COS  a  cT 

(11)     To  find  the  value  of  w  «/    d« -j. 


Fourier,  Traiti  de  la  ChcUeur^  p.  5SS. 

cosaj7 

0 

Differentiating  twice  with  respect  to  a,  we  have 

d*u  roa      a^  cos  aw  .^  _ 

---r  =  -  /    aa? r-  MS  ^  L  dx  cos  ad;  +  u. 

da*         -/o  1  +  AT  ^ 

By  formula  (^)  of  Ex.  (8)  j^  dot  co%  aw  ^0\  therefore 

d^u 

—  U  a>  0. 

da^ 
The  integral  of  this  is 

To  determine  the  constants,  we  observe  that  u  cannot 
increase  continually  with  a,  and  therefore  the  term  involving 
€*  must  vanish,  or  C  »  o.  This  being  the  case  we  have,  when 
a  »  0, 

^  /••     dx  IT 

Urn  C,-/ »  -. 

^0    1  +  0?*       2 

^,       ^  /-•ddrcosa.v      7r   _, 

Therefore       (a)  /^  ___-_.•. 


On  differentiating  this  with  respect  to  a,  there  results 

w  m  aw      w 
"^  "  2 


/*•       /p  sin 
(6)  /    djy  /   -  -• 


Integrating  with  respect  to  a  and  determining  the  constant 
so  as  to  make  the  integral  vanish  with  a,  we  find 

^  ^  /••djf  sin  a^r      x ,         ... 

Laplace,  Mimaires  de  FAcadhnie^  1782. 
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It  U  to  be  observed  that  the  formula  (a)  is  discontinuous, 
as  the  integral  is  equal  to  Jwe""  when  a  is  positive,  and  to 
^n-e"  when  a  is  negative.  Libri*  has  accordin^y  expressed 
the  value  of  the  integral  in  the  following  maDaer :  ' 

J,       1  +  »■     a  Vi  +  0-     1  +  oV 
By  a  dmilar  method  we  find 

Laplace,  Mimoirea  de  tinstitut,  1810,  p.  39S. 

For  the  value  of  /    dx see  Jour,  de  VEcole  Polvt. 

/■n        cos  ax 
Cah.  XVI.  p.  225  (PoisBon),  and  for  that  of/    dx- -j-j- 


!  Jour,  de  Mathhnafigues,  Vol.  v.  p.  no  (Catalan). 
dm  cos  r.r 


(12)      To  find  the  value 


"f:r. 


If  «<•■ 


-  S  a  cos  X  +  a' 
If  we  expand  the  denominator  we  have  the  series 
j(l  +  Saco&w  +  2a'  cos2«  +  &c.  +  2o'  cosr.r  +  &c.) 

Multiply  by  dji  eoa  rx  and  integrate :  every  term  vanishes 

at  both  limits  except 

Sa'  f^'dx  {cos  Taiy=  a'  fo''dm  (1  +  cosSrai)  =  7ra';  therefore 

/■"      dai  cos  ra  «■«' 

(a)  /    _  a= . 

Jo   1  —  2a  cos«-|- a'      I— a' 

Euler,  Calc.  Integ.  Vol.  iv.  Sup.  5. 
For  the  general  expressions  for 

/r            dx  COS  TW  . 

; r--  and   L^dx  cos  rm  (1  —  2o  cos  «  +  a')'. 
(1  —  9n  rna  jf  J.  n'V'  '  *  ■         /  • 


(l  —  2o  cosar  +  a*)" 
the  reader  may  consult  Legendre,  Exercioes,   Vol.  i.  p,  373, 
■  CrtUa't  Journal.  Vol.  x.  p.  309. 
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By  a  similar  expansion  it  is  easily  seen  that 
(^)     j^^^  ^og  (1  -  2a  cos  dr  +  0*)  a  0,     or  Sir  log  a, 
according  as  a  is  less  or  greater  than  1. 
Poisson,  Journal  de  FEcole  Polytechnique^  Cah.  xvii.  p.  61 7. 

Also  in  like  manner  we  find 

(c)  Jo^dw  co%rw\og{l  -  2acos4r+a*) a^  or a'\ 

T  T 

according  as  a<  or  >1. 

Integrating  (6)  by  parts,  we  find 

,^      /•»       dararsin*  «•.      ,  .  ^i      /,      M 

(d)  /    r- -log(l  +  a)  or  1 -logll +-), 

^  ^    Jo  I  -2acosjr  +  a«      a     ^^  a    ^\       aj 

according  as  a  <  or  >  1. 

Integrating  (c)  by  parts,  we  find 

,  ^  /•»  dar  sin  jr  rinrdr        w  ^,  ir    ..-.,» 

^  ^0  1  -2«  cosjf +a*      2  2 

according  as  a  <  or  >  1. 

rdjT  1 

1+4^   l-2acosr4f+a' 

Expand  the  second  factor  as  before,  and  integrate  each 
term  separately  by  (11,  a);  then  on  summing  the  result,  we 
have 

/••   d.r  1  ir      1       1  -f  ae"*" 

^^*   ^0  1  +«■  1  -  2a  cosr^  +  a**2l-a*l-  ac"'  * 

In  like  manner  we  find 
(b)    f log  (I  -  2a  cos  r»  +  a*)  ■  w  log  (1  -  ae"')- 

Also  it  is  easily  seen  that 

sin  rw  •    .  t    *    «  • 

m  sinr.r  +  a  sin2rj;  -f-  a'  sm  Sra  4*  &c. 


1  -  2a  cosfdr  +  a* 
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Hence  multiplying  by  --r  anci  integrating  frona  O  to  oo 

1  +  Jr 

by  (11 9  6)y   we  find 

•'o  1  +  ^^  1  -  2«  cos  ra  +  a*     *  e'  —  a  * 
In  (6)  make  a  *»  i,  then 

Changing  the  sign  of  a  and  then  making  a  <«  1 ,  we  have 

Subtracting  the  second  of  these  from  the  first,  * 

In   (6*)  make  a  =  1 ;   then 


(>)     /     tCOt—  =    


Changing  the  sign  of  a  and  then  making  a  »  i,  we  have 
(h)    /    r  tan  —  = . 


The  formulae  (a),  (6),  (c)  are  due  to  Legendre:   see  his 
EwerdceSi  Vol.  ii.  p.  123. 

The  formulae  (d),  (e),  (/),  (g-),  (A)   were  first  given  by 
Georges  Bidone,  in  the  MSmoires  de  Turin^  Vol.  xx. 

(14)     To  find  the  value  of 

j^'^da  log  (sin  ai)  «  j^'^dw  log  (cos  «). 

By  Cotes's  Theorem  we  have 

«*"—  1  1  w  —  1 

CI  {x^  -  2j¥  cos-  IT  +  l),*.(«r'  -  2«f  cos rr  +  l). 

9r  -^  \  fi  n 
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Let  «f  -  1  ;  then  as  — ^ =  n  when  «  «  1,  we  hive 


1     IT 

n  =  2'^""*^8in' ...  sin* 


n  -  1  TT 


n  2  n      2 


Take   the  logarithms  on   both  sides,   and  divide  by  n; 
then 

Ioffn-2(n-l)  log2       /,       .    1  ^             ,       .    n-lx\l 
—2 1^ i — 2_  «    log  8in  -  -  +  ...  4-  log  sin 1  -  . 

Let  n  become  infinite  and  equal  to  — -.     The  first  side 

dd 

logn  1 

becomes   -  log2  t-  log  ^,  as s  o  when  n  «  -;    and  the 

second  side  is  transformed  into  the  definite  integral 

^  log  (sin  ^  0ir)  d0 ;  therefore 
/oMog(sin^0ir)d0-logi. 

Putting    ^  «  ^  0^9  this  is  equivalent  to 
(a)  jti»  dw  log  (sin  *)  -  i  ir  log  {\  ). 

This  demonstration  of  a  theorem  due  to  Euler*  is  given 
by  Mr  Leslie  Ellis  in  the  Cam.  Math.  Journal^  Vol.  ii.  p.  282. 

If  we  put  sin  «v  •-  y  in  (a),  it  becomes 

On  integrating  (a)  by  parts,  we  find 
(c)  ji*''  dx  w  cot  47  «=  ^  7r  log  2. 

On  integrating  (c)  by  parts,  we  find 

if  we  put  X  —  cot"'  y. 

/dx  X  loff  ^ 
Jr,    by  parts;  then 

•  ^c/«  Pelrop.  VoL  I.  p.  2. 
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On  taking  this  between  the  limits  0  and  1,  we  find  since 
{l  —  (l  —  ^)^}  logo?  vanishes  at  both  limits, 

r^  da  Of  log  Of 
Also  on  integrating  by  parts,  we  have 

and  therefore  taking  it  between  the  limits  0  and    1, 

Euler,  Nov.  Com.  Petrop.  Vol.  xix.  p.  so. 

Jr^  da  lost  a 
r  — ^. 

Since         =1  —  ^  +  a;*-tT'  +  «r*-  &c., 

1+07 

af^'^^logx         a^"^^ 

and  [da  a^  loga  = 2 _ ; 

^  ^  n  - 1  (n  + 1)* 

which,  when  taken  between  the  limits  0  and  1,  is  reduced  to 

it  follows  that 

.  .       r^  daloga          .        1        1        1       o     X           ^^ 
(a)       /     5_  =-(1  «--+-.---4.  &c.)  = . 

In  a  similar  way  we  may  find 

•/q  1    —  tP  o 

Euler,  76. 

(17)     This  integral    f ^  ^^^"  ^^ ;;r-   by  differen- 

^    '  ^       ^0    (1  -  2a  coso?  +  ay     ^ 

tiation  with  respect  to  a  leads  to  the  equation 

d'v      2n  +  1  dy 

— ^  + =^  =  0. 

da?'  a       da 
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From   which   we  find 
*■'         dx  (sin  ,r)"  (a»  ^  l)  (8n  -  3)  ...3.1       w 

J„     (I  -  aacos.w  +  a'Y  "  2n(2n  -  2)  {2n  -4)  ...  4.2   a' 
when  a<  I,     If  a  > I,  the  only  difference  is  thai  the  preceding 
I   result  is  to  be  multiplied  by  a~*". 

Poisaon,  Journal  de  VEcole  Polyiechnique,  Cah.  xvii,  p,6i4. 

(18)  To  find   the  value  of    /     - — ; . 

•'o     1  +  (cos  ,r)' 

On  expanding  the  denominator,  we  have  a  series  consisting 
of  the  even  powers  of  cosat-  Take  one  of  these  as  (cos*)": 
then 

/d«  «  sin  af  (cos  *)"■  ■» + /(cos.t)'"'rf«, 

by  integration  by  parts.     In  taking  the  limits  betww;n  0  and  ir 
jC*" d« (cos ,r)"*' vanishes  as  2r  +  I   is  odd;    therefore 

J^*  dxjcatig  (cos  jf)''  m , 

•"''     f-'"'  ■  't^.Y  °  T(.  -  i  t  i  -  f  t  8,0.)  .  ^. 
Poisaon,  lb.  p.  623. 

.^     /.    .    .  ,         ^    r"     dx     sio  a-T 

(19)  To  find  the  value  of   /     ~  -:——  . 

There  are  here  three  cases  to  be  considered^^^ccording 
as  a  is  less  than  b,  equal  to  b  or  some  multiple  of  b,  and 
greater  than  b,  not  being  a  multiple  of  it. 
,  sinojr 

-  be  U(.-com  posed 


Let  a<b,  and  let  -  «■  -  0 ;   then  if 


sin  b» 


into  quadratic  factors,   we  find 

sina.v  /     &in0  2  sinSd 

__^  =.  2-  ' 

sin  bjB 


We  have  therefore  to  integrate  a  f 


i  of  functions  of 


the  form 
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Now  if  we  decompose zrT-i sv   ^^^    quadratic 

'^        (1  +  a?*)  (*'»  -  ^  ) 
factors  and  integrate  from  0  to  oo  ,  observing  that  we  have 

f     — r =  0,  there  results 

0     nr  ^  or 

dof  7r        1 


Jo     (1  + 


Hence  if  we  have  a  function  of  .r  which  can  be  decomposed 
into  a  sum  of  partial  fractions  of  the  form  —5 — —  ,   so  that 

m/-  or 
at  appears  that 

-  1  being  substituted  for  «r^. 

In  the  case  under  consideration,  therefore,  we  have 

/••     dj?      sin  ax      tt  €^  -  e"^ 
^®^  -/o     r+^  sin  6^  ""  i  €^  -  6-^  ' 

If  a  be  greater  than  b  and   not  a  multiple  of  it,    let 
a  ^  ^rb  -¥  c  where  r  is  an  integer,  and  c  <a»     Then  as 

8in(2r6+c)^-sin  |2  (r-l)6+cj.i?«2sin  6a?cos{(2r-l)6+c{  ,r, 
we  have 

sina«v      sin  J2(r  -  1)  6  +  cj  a? 

-; — r-  ■» — ^— : — T- —  +  2  cos  (a  -  6)  w. 

sm  bw  sm  bx 

Similarly, 

sin  {2(r-  1)6  +  c}  0^      sin  {2(r -2)  6  +  c}  a? 

sin  boo  sin  biv 


+  2  cos  (o  -  36), 


sin  (26  +  c)       sin  co? 

7— r -  -r— T—  +  2  COS  (6  +  C)  Jr : 

sm  007  sm  6a? 

so  that 

sin  a 07      sin  c<v        ,  ,^  •        .v  x,      v    ^ 

-: — 7-  =  -; — 7-  +2{cos(a-6).r+cos(a-36)a'+,.,+cos(6+r)a'}. 
sm  6a?      sm  6tr        ^  .  ^  ^       ^    1 


DEFINITE    INTEGRALS.  493 


Now  by  what  has  preceded,  since  c  <  ft, 

dw     sin  c/v      ir  €*  -  c'*^ 


r 


'o    1+^'  sin  6^7      2  c*-6"** 
also,  by  (11,  a),  we  have 


Jr         doo 
•      1  +«* 


COS  mm  ^  —  e' 
2 


Applying   this   to   each    term    within    the   brackets   and 
summing  the  series,  we  find 

•   dx    sin  aw     ?r  e^'-e"*'     7r(6"''-6"*')     tp  €*+6"''-2e"'' 


J/* 


0     *+«*sinfejr     2  e*-6-*        6^-6"*  2       €*-€-*      ' 

where  a«»2r6  +  c. 

If  a  be  a  multiple  of  6,  c^O  and   -  — —  is  reduced  to 

sin  bw 

the  finite  series  within  the  brackets,  so  that 


r^    dx      sin  ad?  1  -  €"" 

Jn     1  +  J?*  sin  6ci?  "  '^  6*  -  €"* ' 


0 

In  the  same  way  it  will  be  found  that 
•  xdw    cos  ax      ir  €*  +  €'" 

0 


,  r"   xax    cos  ax      ir  €   +  6  , 

^*)  7   tt::;?  .A;n:z  "  «  — » — ^» — '  o  -  2r6  +  c, 

•/q       1   +  ^      Sin  OJ?         2  6—6 

r*    *^^    cosad?        7r6"* 
(/)    /     -i     .    ^     -  -r i,  a- (2r  +  l)6. 

^''  ^     Jo       l+«*    sin  6.1?         6^-6"*  ^ 


0 

In  a  similar  manner  also  are  found  the  following  integrals: 
dm       1       sin  ad?      7r  6*  -  e'" 

dx 


/••  dm       1       sin  ad?      7r  6*  -  e'" 

(g)     I r r—  ■■ 1 r>  o  <  6, 

^^     /,      jir    l  +  .r*cos6.r      2  6*  +  6-* 


Jr*  dx       1       sin  ad? 
ft      d?    I  +  d?*  cosbx 
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Also, 


-_^       f^     dw     cwaa     ,       ••e^-e"*      ire"* 


•     d«     cosajr     ,    ^  ,|.^— e"*      ire 

0 

Differendating  the  last  of  these  equations  with   respect 
to  a  and  observing  that  dc  b  da,  we  have 

/"«   ^dar    sin  gay  v^fLjllT         ire"° 

Adding  this  to  (A),  we  find 

/<»  do?  sina^      tt  ,        .    ^,> 

In  this  equation  there  is  implied   the  condition    that  a 
shall  not  be  an  odd  multiple  of  b.     If  a  »  (2r  +  l)  6, 

/•  do?  sin  a^      ir 
^      w    co%ba      2  * 

when  o  ■*  6,  we  have 

r^  dx  ir 

The  preceding  remarkable  integrals  were  first  given  by 
Cauchy  (Mimoirea  dea  Savans  Etrangersj  Vol.  i.) :  the 
demonstrations  are  taken  from  Legendre,  Exercices^  Vol.  ii. 
p.  174. 

f     ^ r-^  sin  ra ; 

when  a  <  TT. 

By  expanding  the  denominator,  we  have 

-— J =  e""  +  e-**'  +  €-*''  +  &c. 

Hence  on  multiplying  by  (e"'  +  €""*)  sin  rw^  we  have  to 
integrate  two  series  of  terms  of  the  forms 

g-{(tn+i)ir-aj*gi„y<p^   and  6"*<«»+»>'+">'sinra?; 
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the  values  of  which  are  by-  (8,  a  and  6), 

r .   r 

r»  +  {(2«+l)«--a}»'  f»  +  J(2« +!)«•  + a}*' 

Hence  we  have 

Now  if  we  decompose  €*"+ 2  cosa  +  c'**  into  its  quadratic 
factors,  we  have 

e'  +  8cosa  +  e-.4(sin|)    {i  +  (-!_)  }  x 

\    "*"  W  +  aj  j  I    "*"  \Sir  -  a/  j 

Taking  the  logarithmic  differential  of  this  with  respect 
to  r  we  have 

€^-e-^  ^^^r  1  ^  1  ^\ 

6'  +  2  coso  +  6"*^  *       1*^+  (-Jr  -  a)'      r*+  (Sir  -  o)*  J 

+  *^lir"7 7. +  3 — t:: ^  +  *'c*f' 

lr*+(ir  +  a)«      r*+(87r  +  a)*  j 

therefore 

W      /     — "zz zz —  sin  rar «  *  — . 

•/o         e*'-6""  *  c'+gcosa  +  c"' 

In  like  manner  we  find 

/LN       r"  ^*  (€«'-6"«^  sin  a 

In  (a)  make  a «  0,  then 


In  (6)  make  r  «  0,  then 

0 
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DifTerentiating  (c)  with  respect  to  r, 
/••  dj?  a?co8r.r  c' 

(21)     By  a  process  similar  to  that  in  (20)   we  find 

,  ^      /••daf(€°' +€-'*')                 (€*'+6-»0co8io 
(a)      /     ^ ^cosr^= 8 — . 

^^     A  €"+e-"  6'+€-"+2cosa 

In  all  these  integrals  a  is  less  than  ir. 
If  o  -  0, 

/•*  e(j?cosr«r       i     *^'        i  ^ 

Multiply  both  sides  by  €'~'"'^dr,  and  integrate  from  r  «  0 
to  r  sr  00  :   then  as 


m 


X    dr  e""''  cosr.r  «  — r ^, , 

^  nr  '\-  a^ 

^^^     Jo     (m«  + a;*)  (€''+€-")  '"  2w  •/ ei^'  +  e-*"" 

Putting  6~'''Biir,  the  second  side  becomes 

1      /•!  d«  «"~i 
2m  w'o       1  +  »    ' 

Hence  when  m  »  ^, 

when  fw  «  1, 

/••  do? 

^^^      /,     (l+^)(e"+€-")  "^""i 

(22)     Poisson*  has  demonstrated  the  following  formulae : 
If    f«  s  cos  A*  +  (-)4  sin  a?,     t?  <«  cos  J7  -  (-)J  sin  »t, 
so  that    w*  +  «"  =  2  cos  n.i?,      w"  -  t>"  «  2  (-)4  sin  no? ; 
•  Journal  de  PEeole  Pofytechnigue,  Cah.  xix.  p.  482. 


7r. 
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then    /     ^ ^ L  J/^(a  +  t))  +  F(a  +  tt)i 

•/o     1  -  2p  cos  ^p  +  ;>*  *  ^ 

-  TT  {F(a  +  p)  +  F(a)}  (1), 

Q      1  —  2p  COS  X  -{•  p* 

-^i''(«+p)-''WJ («>• 

These  expressions  may  be  easily  proved  by  developing 
the  functions  and  the  denominator  in  terms  of  cosines  and 
of  sines  of  multiples  of  w^  integrating  each  term  separately, 
and  observing  that 

f^  dcD  cos  mx  cos  nw  «  o,     f^  dw  sin  mx  sin  nw  »  0, 

f^  da  (cos  na?)'  a  ~ ,     ^''  dw  (sin  n^)*  —  -  . 

In  applying  these  formulae  it  is  to  be  observed,  (l)  that 
p  must  be  less  than  1 ;  (2)  that  for  the  particular  value  assigned 
to  a  none  of  the  differential  coefficients  of  F(a)  become  in- 
finite ;  (3)  that  the  sum  and  difference  of  F  (a  +  v)  and 
F{a  +  f«)  be  expanded  in  converging  series ;  (4)  that  the  func- 
tion under  the  sign  of  integration  should  not  for  any  value 
of  w  between  0  and  ?r  become  infinite,  while  the  corresponding 
series  remains  finite,  or  vice  versa. 

From  the  equation  (l)  may  be  readily  derived  the  fol- 
lowing : 

dxF{a  +  t>)  +  F(a'¥u)         Zir 
1  —  2p  cos  ^  +  p*  1  —  p* 

In  equation   (3)  put  F{a)  «  e^%  c  being  a  constant. 

Then 

-F (a  +  t>)  -  e"  e'"^'  {cos  (c  sin  w)  -  (-)*  sin  (c  sin  «) } , 

-F  (a  +  m)  «  e*'*  6*^*^**"'  {cos  (c  sin  x)  +  (-)*  sin  (c  sin  .r)  \ . 

Therefore 


A  1  -  20  COS  ^  +  0»  1  -  0»        ^  ^'^  ^ 


€ 


''da?  c^'^^'cosrcsino?)  w 

1  -  2  p  COS  .r  +  p*  1  -  p* 

32 


(a)    / 
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In  the  same  way  from   (2)   we  have 

r'^dx  6^"**  sin  (c  sip  3?)  sin  x  _   ir      ^^ 
Jq  l-2pcosj?  +  p*         ~2p^^     "     ^' 

If  we  expand  both  sides  of  these  equations,  and  equate 
the  coefficients  of  like  powers  of  p,   we  have 

^^ 
(c)     f^  dx  €*"*'  cos  (c  sin  .t)  cos  n.T  =  — 


z   I.2..«ft 


J^                                                                                        IT             €^ 
^  dx  6^"^'  sin  (c  sin  a)  sin  fia?  « , 
^                              2   1 .2  ...  n 

Differentiating  (a)  and  (6)  r  times  with  respect  to  c, 

d J?  6^*^'  cos  (c  sin  a?  +  rx)        irp' 

1 1  8-   — t —  ««^ 


(e)      f 

Jq  1  -  2p  cos  or  +  p*  1  -  P* 

/•''  d.r  6*^*^**'  sin  (c  sin  .r  +  rx)  sin  .r      w 
Jq  1  -  2p  cos  cr  +  p*  2 

In  equation  (3)  make  F  (a)  «  a'',  a  being  positive,  and 
then  make  a  »  1 ;  this  gives 

/'{l  +  coscT  +  (-)^sin  «J?}  =  {l  +  cos.r  +  (-)J8ind?|* 
=  2    (cos  -j    <cosa  -  +  (-)3  sm  — >, 

X  ,      X  Jt 

since     1  +  cos  .r  =  2  cos*  - ,     and    sin  j?  *=  2  sin  -  cos  -  . 

2  2  2 

Hence,   putting  x  for   ^x  and    therefore  ^ir  for   tt   at 
the  limit, 

r^^  da?  (cos ^y  cos  a ^  tt  /I  +P\" 

^         Jo       1  -  2p~cos 2^'  +^^  "  2  (1  -  p*)  V     2     /  ■ 

In  this  make  p  «=  o ;   then 

TT     1 

(fi)     j^''  dx  (cos  xY  cos  a.r  =s ^  . 

Developing  both  sides  of  {g)  and  equating  the  coefficients 
of  like  powers  of  p,  we  find 

/,x    r4»j    ^         x«  ^  -jr  a(a-l)...(a-r+l)   1 

(Ap)   /oa'^a.i'(cos.i?rcosa.i?cos2r.P= — -  — . 

^  ^  •''*  ^         ^  4  1  .2.3...r  2" 
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DiiFerentiating  (g)   with   respect  to  a   and  then   making 
a  =  0,   we  have 

rl^     ri^     d Jy  log  (cos  ay) w         .      (l±E] 

Expanding  this  last,  and  equating  the  coefficients  of  like 
powers  of  p, 

(m)     j}''daflog(cosw)  cos 2rj? -(-)'"'- -. 

4  r 

(23)     Swan  berg*  has  proved  the  following  theorems  more 
general  than  those  of  Poisson.     If 

2(-)iJNr-/(a+aMS  6  +  /3«^..0-/(«  +  ar^,  6  +  /3t>^...)> 
f«  and  V  having  the  same  signification  as  before ;   then 

•'O    l-2pC08^  +  P^         1-p'  r-i-  / 

.,_^JV_8in*_  ^  ^y^^^^p.    6  +  /3p-...)-^(a,6...). 

Let  /(a,  6...)  =  a'ft*..., 

a  —  a  =  6  ■■  /3 ...  ■■  1. 

Then,  changing  47  into  2  or,  and  therefore  the  limit  ir  into 
^TT,  we  obtain  from  the  first  of  these  expressions 

't'da  (cosXJ7)'(cos/(ifl?)"'..,cos  (l\  +  m/ui  +...)^ 


/' 


1  -  2p  cos2«r  +p' 

2"i-ii»V    2    /V    2    / 


(24)     The  same  writer  (p.  233)  has  proved  the  following 
theorems.     If 

P-/(a  +  att\  6+/3M^..)+/(a  +  at>^  6+/3r^...), 

(-)»  Q  -/(o  +  au\  h  +  /3fi'*...)  -/(a  +  or\  6  +  /3r^...), 

where  m  and  t?  have  the  same  signification  as  before, 

*  Nofta  Aeia  Reg,  Soe.  VfuaiientiMy  Vol.  x.  p.  271. 

32—2 
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(2)     r^51^  =  ^/(a+ae-**,  ft  +  /3e-'^...)-T/(a,  6...). 

These  expressions  are  easily  proved  by  expansion,  with  the 
assistance  of  the  formula  in  Ex.  (11)  :  they  are  evidently  sub- 
ject to  the  same  cases  of  exception  as  the  formulee  of  Poisson. 

Let  /(a,  b...)  ^a'  .b"* 

and  aeaB^s^ei;    then  changing  X  into  2X,  ^  into  2/^ 
&c.,  we  have 

^  ^     /•«  d.i?(co8X.ry(cosM«J^)".«.cos(/X +III/4 +••.)  * 

<">  i„ ¥T^ 

■K   t\  +e-'**\'/l+e-*''*\- 


(ft)    / 


"  2A  V      i       I  \       2       ) 
*  d.r  j?(cosX.ry  (co8)uJ?)"'*..8in  (/X  +  m/uL  +..•)  « 


7r    /I    +6-'^''y/l_+£^\'"  TT  1 

""2   V      T"      j    V        2        j     -       2e'*-+-- 

If  in  (a)  nty  &c.  be  made  equal  to  zero,  the  expression 
becomes 

/•aoefj?  (COSX^VCOS/XO?  TT     /l+6"*^*\' 

^""^    Jo  ¥~+l^'  "  2A  V       2        j  • 

Let  /(a,  ft)  =  a'.c'"*',  considering  two  terms  only,  and 
asa«/3  =  l9  ft=0.  Then  as  before,  changing  X  into  2X, 
we  find  by  formula  (1), 

r<*>dw  (cosX<rV.€'"^'"cos(/Xa?  +  m  sin /jlw) 

('*>     in f^T^ 


-sXAv / 


2h\         2         / 

In   this  expression  put   X  =  0,   then 

/*  dv  e"'**^'*''*  cos  (m  sin  a,v)       w         -m* 

(e)    J '  -         -•"' 

•'ft 


A*  +  ,r-  2  A 
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The  Student  may  exercise  himself  in  deducing  other  in- 
tegrals from  the  general  formulas  by  assuming  other  forms 
for  the  functions,  and  other  values  for  the  constants  a,  6... 
a,   fi  ...  . 

(25)  Jacobi*  has  proved  the  following  remarkable  trans- 
formation of  a  definite  integral : 

^''d^/^*^*(cosar)(sinar)*''=l.3.5.7...(2r-l)  jr''da'/(cosar)cosra?; 

where  Z'*^' («)  ■»  (-p)  /C*)^  an  J  all  the  differential  coeffi- 
cients up  to  the  (r  —  1)^^  inclusive  remain  continuous  from 
«r  a  1  to  z  ^  -  ly  or  from  ^  a  0  to  x  ^  ir.  To  demonstrate 
this  formula  we  must  premise  the  following. 

If       Jlf    =    cos  JPy 

d'-Ul  -2f")   «        ,    V     .                        ,            ,  sinro? 
-    —  ■     .-- -  =  (-V-M  .3.5.7...  (2r  -  1) . 

This  is  easily  proved  by  the  formula  (A)  p.  l6,  for  writing 

2r  -  1 
in  it  r  -  1   for  r  and for  n,  and  making  a  =  1,  6  —  0, 

r  =  -  1,  it  becomes 

^  —  -  (-y-^  3  .  5  ...  (2r  -  1)  {(1  -  «•)*  af'-' 


djs 


r-l 


1.2.3       ^  ^  1.2.3.4  ^  ^  * 

Or,  putting  cos^  for  z  and  sin  or  for  (l  —  x*)^. 


«r-l 


^^,_,    =  (-V-'3.5...  (2r-l)  I  (cos  cry-*  sin  .r 

-  (^  -  1)  (r  -  2)  .^ 

1.2.3  V         /       V         / 

.  (r-l)(r-2)(r-3)(r-4), 
1  .2.3.4 (cos j?y-» (sin  xY  -  &c.}  ; 

■  CrelkU  Journal,  Vol.  xv.  p.  1. 
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and  therefore  by  a  known   trigonometrical  formula 

2r-l 

Now  if  tt  be  a  function  which,  with  its  differentials  up  to 
the  (r  -  l)^**,  vanishes  at  the  limits,  we  have,  on  integrating 
r  times  by  parts  between   the  limits, 

jdxu  —  -  =  (-y Jdzv  --—  . 
^  dz^      ^    ^  ^  dz^ 


Put  tt«(l-*0   »   ,  !)-/(«),  then 


«r— I 


dzT 

.  d^il-z^y^      da:      d       d^"    .  »-^ 

and  as         -V__/-  _   =  __  (i  - »«)    » 

dar*^  d«     d.r    ds^  * 

d^ 
d« 

we  have,  putting  z  =  coso^  and  dz  ^  ^  sin  o^dcT, 

/o^'d^/^'^*  (cos  J?) .  (sin  j?)'''=  1 . 3 . 5 . . .  (2  r- 1)  ^''da?/(cos.r) .  cosrdP. 

(26)  I  shall  conclude  this  Chapter  on  Definite  Integrals 
with  some  examples  of  their  application  to  the  solution  of 
partial  differential  equations.  This  mode  of  expressing  the 
integrals  of  such  equations  was  introduced  by  Laplace*,  and 
has  been  much  employed  by  later  writers,  particularly  Pois- 
sonf,  Fourier  I,  Cauchy,  and  Brisson||. 

It  is  particularly  applicable  to  linear  equations  of  orders 
higher  than  the  first  with  constant  coefficients,  and  it  is  useful 
because  the  solutions  are  put  into  a  shape  which  facilitates  the 
determination  of  the  arbitrary  functions.  The  principle  of 
the  method  is  to  transform  an  explicit  function  not  expressible 
in   finite  terms  into  an   ordinary  function   involved   under  a 

*  MimoireM  de  l^AcademiCt  1779. 

t  Mlmoires  de  rituliluL  1818,  and  Journal  Polylceh.  Cah.  xii. 

\  Journal  Poly  tech.  Cah.  xii.  and  xiv. 

II  Thcorie  de  la  Chaleur. 
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definite  integral ;  but  the  mode  of  transformation  must  be 
determined  in  each  particular  case  by  the  nature  of  the 
function  to  be  transformed,  as  will  be  seen  in  the  following 
examples. 

(a)     The  integral  of 

dz  d^  Z  n*t  — 

(see  Chap.  vi.  Sect.  1.  Ex.  4.  of  the  Integ,  Calc.)^  and  our 
object  is  to  transform  the  operative  function  into  one  involving 

only  the  first  power  of  — .      Now 

ClcV 

/.V  dwe--*  -  Tri,      and  /.*,-  da.6-<-»>'  -  w*. 

Therefore,   putting  a  —■  i^   for  6,    and   multiplying    the 

diV 

two  sides  of  the  integral  by  the  two  sides  of  this  equation, 

therefore        n-^z  -  /.V <*»«""'/(<«'  +  2wo/4). 

This  transformation  is  due  to  Laplace,  Jour.  Polytech 
Cah.  XV. 

(h)     The  integral  of 

di^""   \d?  "^  dy*  ^  dz") 

d*        d»        d*       _, 
is,  if  we  put     _+^-^ +  —  -/>. 

t.  =  «""F(.r,  y,  x)  +  e-""/(«,  y,  «) ; 
which  may  also  be  put  under  the  form 

if  0  +  >/,  =  F,    ^-xf'  -/• 
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Now     6*^^  -  6-'^  «  aDtj^^ae  8ine€*'^~*; 

but  as  the  function  <f>  is  arbitrary,  we  may  write  0  instead 
of  aD<p^  so  that 

(e""  -  €-'")  0  (*,  y,  «)  =  X»  dfl  sin  0  e""~*  «  0  (*,  y,  »). 

Now  by  Ex.  (4,  d) 

Sir i^'de  sine  e'"""* 

^f^^j'-'dudvanue   ^'  ^'  ^-      '  \ 

therefore 

2,r(e""'-€-'"'')0(.t,  y,*) 
==  f^l' J^*' dudv  B\nu.t.<f>{x -i- at Binunnv^   y  +  atwnucMV,   s  +  al  cosw). 

Also  as  e""'  +  e-'"'=(a2))-'  ^  (e""  -  e"" ").  we  find 

+  7- jo' jo  "^'^udo  8intt./.^(f +  a/8iiiu8int;,    y  +  a/8iii«cco8  0,    jar  +  a<oo««). 
at 

This   transformation   is  given   by  Poisson,    Memoires  de 
VInatituty  1818. 

(c)     The  equation  for  determining  the  vibratory  motion 
of  a  thin  elastic  lamina  is 

the  integral  of  which  is 

Now       /J«*  dy  e-*«y  cos y*  =  Tpi  cos  (a*  +  ^ j  ; 
and  therefore     /_*„*  dy  e'-'"^  cos  ( ^  -  y*j  =  tt^  cos  a«. 
Hence  putting    6/  — ^  for  a% 
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Also     «n(6<£j)-6i^/d/cos(6/^). 

Therefore  as  F{w)  is  an  arbitrary  function,  and  as  we 

may  write  F(flf)  for  b'-r;jF(w)j  we  have 

dor 


ir^z 


/dycos(j-y»)/t^-2y(60*l 


+  fdi  fdy  cos  (^  -  y«)  F  {^  -  2y  (60M  • 

Foisson,  /6. 


CHAPTER   XII 


COMPARISON    OF 


The  integration  of  differential  expressions  frequently 
leads  to  forms  which  are  not  expressible  bj  any  finite  com- 
bination of  algebraic,  circular,  and  logarithmic  functions. 
Such  integrals  are  called  transcendents,  and  the  study  of 
their  properties  becomes  of  importance  as  affording  the  means 
of  classifying  and  arranging  them  so  as  to  reduce  them  to 
the  smallest  number  of  independent  functions. 

The  class  of  transcendents  which  has  been  most  studied 
consists  of  those  called  elliptic^  from  their  being  in  certain 
cases  capable  of  representation  by  elliptic  arcs.  They  thus 
appear  to  be  functions  little  more  complicated  than  those 
which  are  represented  by  circular  arcs,  and  to  be  naturally 
pointed  out  as  the  next  subject  of  investigation.  The  pro- 
perties of  these  functions  which  have  been  discovered,  relating 
chiefly  to  sums  and  differences  of  connected  transcendents  are 
very  numerous;  but  in  the  following  pages  I  shall  confine 
myself  to  elementary  illustrations  of  some  of  the  principal 
theorems,  making  use  chiefly  of  those  examples  which  admit 
of  a  geometrical  interpretation. 

Fagnani  has  availed  himself  of  the  relation  which  sub- 
sists between  the  integrals 

jydx    and    jxdy^ 

to    compare    certain    transcendents    of    considerable    interest. 
Since 

j-vdy  +  jydx  =  .vy  +  const., 

if  a  symmetrical  equation  subsist  between  x  and  y,  so  that 
v  is  the  same  function  of  y  that  y  is  of  r,  or  that  when 
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it  follows  that 

f(p(jixf)  dw  +  /0  (y)  dy  ^  wy  -k-  const. 

This  is  true  whatever  be  the  nature  of  0,  independently 
of  the  integrability  of  the  functions. 

(7)     Thus  if  X  be  the  abscissa  of  a  hyperbola,  the  major 
axis  of  which  is  unity,  the  corresponding  arc  is  represented  by 

{e  being  the  cxcentricity). 

If  y  be  another  abscissa  connected   with   the  former  by 
the  equation 

'"  ■  Kirrr]  ■ 


"■■{T^y- 


or  e*  af*  y*  -  e*(a)*  +  y*)  +  1  -s  0, 

which  is  symmetrical  with  respect  to  x  and  y,  it  follows  that 

Therefore 

Mr  Fox  Talbot  *  has  extended  to  any  number  of  variables 
the  principle  made  use  of  by  Fagnani  in  the  case  of  two,  and 
he  has  arrived  at  the  following  Theorem. 

If  there  be  n  variables  «r,  y,  Zy  &c.  connected  by  (n  - 1) 
symmetrical  equations,  so  that  they  are  all  similar  functions 
of  each  other,  then  if 

Ofyz..,  ^  ,vyz,..       .  ,  ^     , 

s  y 

we  shall  have 
/<^(.r)rf.r  +  f(p{y)dy  +  f(p{z)dz  +  &c.  =«  .vyz  &c.  +  const. 

"  Phil.  Traft*.  lR.irt  and  1K37. 
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The  same  theorem  in  a  somewhat  different  fomi  had  been 
previously  given  by  Hill  in  CreUe*8  Jaumaly  xi.  p.  19$. 
It  is  only  a  case  of  the  more  general  one  in  which  the  con- 
tinued product  wyzy  &c.  is  replaced  by  any  symmetrical 
function  of  those  quantities. 

Let  the  variables  be  three  in  number,  and  let  the  sym- 
metrical conditions  be 

ti?  +  y  +  »  =  i»y  +  y«  +  i^j?  +  S 

ivyz  +  1  »  0. 

Then  since 

(y +»)  dx  -k-  {z  -k-  x)  dy  +  (jp  -k-y)  dz  ^d  (wy  -^yz  +  aro?), 

and  since  by  the  conditions  just  given 

1  -  3j?  -I-  .r* 

we  shall  have 

/*l-3J7  +  ar*^  rl-"3y  +  y*,  /•l-3«+«^, 

=  *y  +  y*  +  *«'P  +  Cy 
a  result  easily  verified. 

If  the  two  conditions   be 

.1?  +  y  +  «  =  0, 
(^*  -  1)  (y«  -  I)  («»  _  1)  +  1  =  0, 
we  shall  find  that 


Hence  by  the  theorem 

^^H"!^:^)  -^^^n-T?^)  -^^^n-n;^)  ="*"^^' 

since  ^  +  y  +  «r  =  o  by   the  first  condition. 

(2)     The  principle  of  symmetry,  of  which  these  examples 
afford  an  illustration,  is  of  the  greatest  importance  in  the 
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theory  of  the  comparison  of  transcendents.  The  following  ex- 
amples, taken  from  the  interesting  papers  of  Mr  Talbot,  already 
noticed,  will  tend  to  explain  the  manner  in  which  this  principle 
is  applied.     The  solutions  are  not  quite  the  same  as  his. 

/•/I  +  af^\^ 
Take  the  integral   / 1 )  dcV,  and  transform  it  by  as- 

suming  that  ■=  a,  o  being  a  new  variable,  we  have  thus 

Hence 


dof « 

Of 

2.V  - 

—  do, 
a 

1  +0? 

w*  ^    . 

a?a* 

^  is  a  root  of  u^  -  au  +  1  »  0.  But  this  equation  being  a 
quadratic  must  have  another  root,  which  wc  shall  call  ^,  and 
therefore,  .r  and  y  being  symmetrically  related  to  a. 


\   y    J  iy-a 


da. 


and    (i±^)*d,Wi±i^Vdy  =  (-^+-^^l«*da: 

the  quantity  within  the  brackets  is  equal  to 

4..ry  -a(x  -^  y) 


^xy  -  2a  (a?  +  y)  +  a" 

which,  as   by    the  theory    of  equations  iT  +  y  »  a,   IxHTomes 

4-a^ 

Hence     f'{}^)'dn  +  f{}^]'du  -  f  at  ^  C, 
where  xy  =  1.     Taking  the  integrals  between  limits,  we  have 

/;-(^)'^»\/^(^)'--*{('^)'-r'r)'}- 
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The  equation 


1 


might  be  obtained  at  once  from  the  general  theorem  that  if 
Fu  s  0  be  an  equation  of  the  n^^  degree  whose  roots  are  »y 

d 

&c.,  and  F'u  «  -—  F«,  then 

du 

+  ^7-  +  &c.  «  0  or  1, 


^^  "  ^wT  **?"-»» 


F'x      F'y 

as  k  is  less  than  or  equal  to  n  —  I.     For  in  the  present  case 
F'u  ^2u  —  a,  n  =  2,  and  Ap  -=  1  =  n  -  1. 

This  theorem  is  so  essential  in  the  subject  we  are  illustra- 
tingy  that  we  shall  give  a  simple  demonstration  of  it,  which  is 
perhaps  new. 

Let  0?  be  a  root  of  the  equation  -Fw  =  w*-pi «"""'  — &c.=0, 
and  consider  it  as  a  function  of  p..^ ;   thus  we  have 

F'of 
and  therefore 

d  .  2j?  «  dpi  =  2  -=7-.  d|>«-*- 

I*  w 

But  'px  and  j9„.^  may  be  supposed  independent  of  each  other, 
therefore  p,  does  not  vary  for  a  variation  of  Pn-k^     Hence 

if  k  is   less  than  n-1;    ifA:  =  w-l,  pi=  p«-»5    and  dpi 
=  dp^^j^.     Hence  in  this  case 

as  was  to  be  proved. 

dw 


(3) 


1 

(  1    —    cW*)** 


Assume  ; — r  =a  — ,  where  a  is  as  before,  a  new  variable. 

(1  -ar^Y      ax 
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Thus  .t?  is  a  root  of  the  equation 

m'  +  a*w*  -1=0,      or  Fu  =  0, 

and  dx  =  —      ,  ■  ada* 

F  *v 


Hence 


dx  «   ^     . 


(1  -  ^)*  F'x 

by  the  theorem  ju8t  proved.      Consequently 

rr»      du  rya     du  rx,       du 

where  ^1^1)^1,  x^y^z^  are  the  corresponding  roots  of  Fu  ^  0 
for  two  values  aia^  of  a. 

The  ambiguity  of  sign  of  the  radical  must  always  be 
borne  in  mind  in  considering  equations  similar  to  the  last. 
For   the  fact  that  y  for  instance  is  a  root  of  Fu  «-  0  does 

not   necessarily  imply  that ^  =  —  is  true,  if  we  give 

a  determinate  sign  to  the  radical.  Thus  we  must  either  leave 
the  sign  of  the  radical  undetermined,  or  if  we  determine  it, 
i.e.  if  we  assume  that  it  shall  be  always  taken  positively  or 
negatively,  we  must  look  on  the  integrals  themselves  as  liable 
to  be  taken  with  a  negative  sign. 

(4)  In  these  examples  we  have  considered  «r  as  a  func- 
tion of  a  new  variable  a.  But  we  might  have  considered  it 
as  a  function  of  two  new  variables,  a  and  /3,  or  more  generally 
of  any  number  of  variables  a,  /3»  7,  &c.  It  is  true  that  we 
cannot  conversely  determine  a,  /3,  &c.  in  terms  of  x,  but  this 
circumstance  is  for  our  purpose  unimportant. 

In  the  last  example,  suppose  we  were  to  assume 


(1  -  jr>)4      ax-^fi' 
Then  x  is  a  root  of  the  equation 

tt'+  (aw  +  /3)'-l  =0. 
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Hence  -dw^Z  -~r-  (aaf  4  /3)  da  +  -=-  (a«  +  ^3)  dfi^ 

Consequently,  just  as  before 

J/-'«      du  ry»      du  /•'•      du 

L.  (H^w'-^.  o^^^"^-4.  (H^^*"*** 

The  difierence  between  this  and  the  previous  result  is 
that  here  Xi,  x^^  y\y  y^  are  quantities  to  which  we  maj  assign 
any  values  wc  please,  while  in  the  former  case  when  the  value 
of  X  was  assigned  that  of  a  became  known,  and  hence  those  of 
y  and  «  were  both  determined.  This  restriction  is  wholly 
unnecessary.  We  may,  if  we  please,  suppose  that  the  inferior 
limits  07,  y  are  zero :  in  order  to  this  we  have  merely  to  make 
a  «  0  and  /3  »  1,  when  Fu  •>  0  becomes  u^^  U.  Thus  all  its 
roots  are  zero,  or  %i  is  equal  to  zero  if  Xi  and  yi  are  so.  Hence 
the  last  equation  may  be  replaced  by 

Jr'      du  r^      du  /•'      du  > 

[  (1  -  «')i  "^  Jo   (T^^i  "^  l  (1  -  «»)«  "  **'  I 

where  x  and  y  are  arbitrary. 

(5)    The  integral  which  we  have  been  considering  is  a  case 
of  the  following  general  integral  : 

B 


/; 


d<37, 


(a  +  fix  +  yx^  +  5^  +  €X*)i 

where  a,  /3,  &c.  are  real  constants,  and  i?  is  a  rational  func- 
tion of  X.  All  such  integrals  may,  by  suitable  transformations, 
be  reduced  to  three  standard  or  canonical  forms,  which  are 
called  elliptic  integrals. 

The  reason  of  this  designation  is  that  an  elliptic  arc  may 
be  represented  by  an  integral  included  in  the  general  form 
above  written  :  for  if  s  be  the  arc  corresponding  to  the  abscissa 
X  in  an  ellipse  whose  semi-major  axis  is  unity  and  eccentricity 
c,  we  have 


COMPARISON    OF    TRAN8CBNDBNT8.  513 

1  -cVl* 


or     8 


where,  as  we  see,  the  denominator  is  the  square  root  of  a 
rational  and  integral  function  of  a:  of  the  fourth  order. 

Legendre  was  the  first  writer  by  whom  elliptic  integrals 
were  treated  in  a  systematic  manner,  but  since  his  time  the 
subject  has  assumed  a  new  form  in  consequence  of  the  re- 
searches of  Abel,  Jacobi,  and  others. 

We  shall  here  merely  prove  the  fundamental  property  of 
elliptic  arcs. 

Let  1(1  -.ir«)(i  -e».r')}i- A.r. 

Then  our  integral  is    j  -  — d<v, 

IsCt  us  assume 

/3  A«  +  aa?  +  .t''*  m  0*, 

where  as  heretofore  a  and  /3  are  two  new  variables.      Then 
.r  is  a  root  of  the  equation 

w*(w»  +  a)«-/3«(l-t*»)(l  -«*tt') -«    «r    Fu^O, 
Hence     d.v  ^  ~  }  A^*/3rf/i  -  r^o^  +  a)  da}, 

and    /3  *  "  ^*^  rf'^  -  -^  {(^"^  +  •^') ^/3  -  fi^da\  (l  -  e'^. 

If  we  take  the  sum  of  this  for  all  the  six  roots  of  Fu 
every   term   will   disappear  except   that    whose   coefficient   is 

2  - — ,  which  as  we  know   is  unity.      Now  as  Fu  involves 
F'x 

only  even  powers  of  u,  it  must  have  three  pairs  of  roots,  the 
roots  of  each  pair  being  equal  and  of  opposite  signs.     Take 

*  Another  tMumption  might  ahM>  be  made;  v.  Legendre,  Thiorie  dea  Fonet. 
EUipt,  III.  p.  192. 

33 
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one  root  of  each  pair,  and  call  the  three  roots  thus  taken 
47,  y,  z :  the  other  roots  are  therefore  -  47,  -  y,  —  «•  There- 
fore 

—  aso^ar  ^ay^y^  —axsir 

Now  the  first  three  terms  of  this  equation  are  equal  to 

the  second  three  terms,  and  — ^- — ;  = ,  &c.->&c.   Hence 

aof-k-ar  ^w 

1-Cci'^^         1-«V^        l-e'sf*^         ,  ,^      , 
— dw  +  -— —  -  rfy  +  — d%  =  e«  dQ...  (a). 

Ao?  Ay  A»  r-      V  / 

The  values  of  <v  and  y  are  arbitrary ;  when  they  are 
given,  O)  /3,  and  z  may  be  determined.     We  have 

/3A.r  +  aay  +  flT^-i  0,       /3  Ay  +  ay  +  y' «  0. 

Hence  ft  ^  wy -— -— , 

yA4?-47Ay 

and  by   the  theory  of  equations  a^y^z'* «  /3^ 

Hence  z  ^  ^  —  . 

.vy 

It  is  immaterial  which  sign  we  ascribe  to  z.  Let  us  take 
the  upper  sign,  then 

y^ "  ar^  y£^.v+w^y 

y^w  --  wC^y        l-e^OT^y*    ' 

since     y'K^^  -  4?« Ay|'  =  (y'  -  o^)  (i  -  e'a^y'). 

In  accordance  with  what  has  been  already  said,  the  term 
in  dz  of  equation  (a)  will  be  to  be  taken  negatively  if  the 
value  we  have  assigned  to  z  does  not  make 


I  but    on   tile  contrnry   makes 

I  A«  being  supputied  ulwa^a  positive.  Now  if  we  actually 
f  express  as  +  «■'  in  terms  of  .v  and  y,  wc  shall  find  that  it 
I  is  always  positive  for  values  of  x  and  y,  which  do  not  trann- 
9s  certain  limits.  Hence  tiie  secoud  of  the  laat  written 
I  equations  must   be  taken,   and    tlierefure,  if  E.v  denote 

■  have,  as  .r,  y,  z  are  zero  together, 

Ea^  +  Ey-  Ex^e'jpyjr (6). 

A  little  consideration  will  shew  that  as  Ex  •=  -£(-«) 
I  the  final  renult  would  be  in  efl'ect  the  same  if  we  had  taken 
I  the  lower  sign  in   the  equation 

.ty 

Equation   (b)  is  the  fundamental  equation  for  the  cum- 

I  parison  of  elliptic  arcs.      Let  z  =  ]  :    the  corresponding  values 

[of  .V  and  y   lie  (e  K'ing   less  than    unity)  within   the   limits 

[already    mentioned.      Now    £^    represents   generally    un    art 

measured  from  the  end  of  the  minor  axis.  Ex  will  therefore 

be,  when    z  =  I,  equal   lu  the  quadrttutal  arc   of   the  ellipse, 

and  consequently  E  (l)  -  Ey  will  be  an  arc  measured  from 

the  end  of  the  major  axis  to  the  point  whose  abscissa  is  y, 

I  (y  is  of  course  not  the  ordinate  corresponding  to  .v).     If  the 

L  first  arc  is  called  m  and  the  second  »' 


Lor  the  diffi^rence  between  two  elliptic  arcs  is  expressed  ss  an 
Kslgebraical  function  of  the  corresponding  absciBHK^.  Thik  ri-- 
fmarkablc  theorem   wns  discovered  by  Fngnani*. 

As   we   have    made   x "  i,    we  shall   have   (he    follouing 
r  relation  Wtween  -r  and  y, 

j/A*  +  .r:iy  -  I  -  e'j^y'. 


i>  MMtemaHr*,  Taiii. 
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This  relation  admits  of  a  simpler  form,  viz. 

1  —  0- '  —  y*  +  e*  .r'  y* «  0. 

(6)  The  result  at  which  we  have  just  arrived  admits 
of  a  simple  independent  proof,  which  is  worth  noticing,  be- 
cause it  is  easily  remembered,  and  because  it  is,  in  effect, 
Fagnani's  own  demonstration  of  his  theorem.     As  we  know 


Hence     d«  -  d«  =  (^  ^  _  ^  j    da>  +  [^_:  )    dy. 


Also      X-a^^y'iX-t^a^)   or    ( -^^::pr) 


and   so  likewise        —  1    =  - . 

V  1  -  y*  /        .r 

.i?d.r  +  ydy      rfC^'-hy*) 

Thus  as  "  da  ^  —       = . 

wy  2tvy 

But  in  virtue  of  the  relation  in  j?  and  y, 
d(ar  +  y  )  =  e'd(xyy  =  2(?wyd{xy). 

Hence  da  -  </«'  =  c^d(.ry); 

and  as  when  a?  «  0,     «  s  «'  »  o, 

8^8=^  €^wy.,,8LS  before. 

In  fig.  (63),  let  BMNA  be  a  quadrant  of  the  ellipse  AC, 
the  major  axis  being  unity.  Then  if  CP  be  .r  and  CQ,,  y,  we 
shall  have 

BM  -  AN^^ay, 

This  may  be  put  in  a  different  form.  Draw  CY  perpen- 
dicular to  MY,  the  tangent  at  M  and  CZ  perpendicular  to 
JVZ,  the  tangent  at  N\  then  we  can  shew  that  MY  and  NZ 
are  equal,  and  that  either  is  equal  to  the  difference  of  the  arcs 
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BM  and  ^A^.      For  MY  being  the  polar  subtangent,  is  equal 

rdr 
to  — -— .      Now  the  equation  of  the  curve  is 
as 

.r^  +  — ^ — 7=  1,    or   r  «  1  -  6*  +  c*a'^ 

Hence  rdr  ^  ^  xdw^  and,  as  we  know, 

1  -c*ir*\* 


ds 


Thus  J#F= — i- ^  ■      =  ^asvy 

(1  -  ar*)i  ^ 

and  therefore  BM  -  ^iNT  -  MY, 

which  is  the  form  in  which  Fagnani's  theorem  is  generally 
presented.  That  MY  is  equal  to  NZ  is  now  evident,  since  the 
expression  e^  wy  is  symmetrical  in  w  and  y. 

Almost  all  the  preceding  results  are  included  in  AbeFs 
theorem.  This  very  remarkable  theorem  appeared  in  the 
third  volume  of  Crelle'^s  Journal;  and  though  it  is  only  a 
particular  case  of  the  general  results  which  Abel  communicated 
to  the  Institute  in  1826,  and  which  were  published  in  the 
Mimoirea  dee  Saoana  Etrangers  in  1841,  yet  in  itself  it  is 
enough  to  place  him  in  the  first  rank  of  analysts. 

The  following  demonstration  of  it  is  essentially  the  same  as 
AbeFs,  but  it  is  somewhat  differently  arranged.  Taken  in 
connection  with  the  examples  already  given,  it  will  not,  we 
hope,  be  found  difficult  to  follow. 

Lemma  I. 

Let  «v  be  a  root  of  the  equation  Fu  «  0,  then,  as  we  know, 

'_.2—    -   - 
Fu         F',r  t*  -  a* 

11  J   V-    *  1     ^    ^ 

u      Fx      tt'      Fx  tt^**      Fx 

u'  I  0?* 

Thus  —  - +  -  2  i^    +  &c. 

Fu  u      F'V 
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Consequently,  if  fl^u  denote  the  term  in  -  in  the  ex- 
pansion of  ^u  in  a  series  of  descending  powers  of  u. 

This  is    true   whatever  integral   value   we   assign    to    q ; 
and  therefore,  if  fa  be  an  integral  function  of  of, 

F  w  Fu 

Lemma  II. 

fx 


Now   consider    the  expression    2 


(w  -  a)  F'a 


—  is  necessarily  an  integral  function  of  or,  call   it 

OB  "  a 

Dfx.     Then 

fx  =  {x  -  a)  Dfx  +  /a, 

*"  (a?  -  a)  F* J?  "*       Fx      ^        {x-a)Fx' 
By  Lemma  I.,    s/^^H-^, 

and,  as  we  know,     2-= — ; r  =  —  -=r-« 

Fx  (x  -  a)  Fa 

Hence         2        -^^         -D    ^""-{l    -  {"  ■ 

(o?  -  a)  Fx  (u  -  a)  Ftt      Fu 

But        O; — -^^  ^     =/a  n  7 \-Tr  =0, 

as  the  lowest  power  of  —  in  the  developement  of  - — -- — 

is  the  (n  +  1)*^,  if  w  be  the  degree  of  JPw,  or  there  is  no  term 

in  -  in  the  developement. 
u 


Consequently, 


A  ^  ,^      _/w  /« 


(x  -  a)  F'.r  (?/  -  a)  Fu       Fn 

which    was   to  be   shewn. 
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Ex.      Let  Fum^u^  -  1.     The  roots  of  Fu  =  0  are  A  1, 
then  if  fu  ■  u\ 

(x-a)F'a)      2  (I  -  o)      2  (-  1  -  a)      *  Vl  -  a  1  +  a/ 


I -a* 


Also      -^»  «»  1  1 


(a  -  a)  Fti      (ii  -  a)  (tt'  -  1)      u 


Hence      0- — "^^  ,    «  1. 


{-E)(-;^) 


Lastly 


(a  -  a)  Fti 
/a  g' 


and       n  7 —     .  -, _r-  «  1 r ^  as  before. 

(m  -  a)  Ftt       Fo  o*  -  1       1  -  a* 

Having  premised  these  lemmas,  we  proceed  to  the  theorem 
itself. 


Consider  the  integral 


fx 


-—J  -   dx 


>/0 

where  /.r  is  an  integral  function  of  ^,  and  00? »  0|«.  0^^; 
01  .r  and  i^iX  lieing  also  integral  functions. 

Assume 

V  0*1'  **  01**^ % 

(ao  &c.,  and  c^  &c.  being  as  heretofore  new  variables)  we  shall 
therefore  also  have 

/-r-          .        Co +  C|J?+...C,.ir" 
\/  <bW  «  0^47 . 

Thus  .r  is  a  root  of  the  equation 
0a«  (<?o  +  •••Cii«")*  ""  01**  (^0  -I-  .-.fluiW'')*  =  0,     or  Fu  «  0, 
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and     cftT  =  —r-  {^i««^(«o  +...a«.r*)(rfao  +...+  a^da^) 

Hence 

^  \{c^  +  ...  c,cT»)  (da^  +  ...  inTda^) 


(or  —  a)  y/  0  a?  t  X  X  —  a 

-  (a^  +  &c.)(rfc, +  &c.)| 

The  coefficient  of  each  of  the  difierentials  da^  &c.,  dc^  &c. 

'®  /  \  f»^   multiplied  by  an  integral  function  of  x. 

{x  "  a)  F  X 

On  taking  the  sum  therefore  for  all  the  roots  of  Fu  s  o, 
we  see  from  Lemma  II.,  that 


{x  -  a)  v/0a7  (u  -  a)  Fu 

(da^  ^  ...  tt"<ia„)  -  (a„  +  ...  a^ti")  (dc^  +  ...tt'rfc.)} 

/a   , 

"^T^  n^o  +  •••  ^na''){da^  +  ...  o'"da.) 
/^  a 

Let  us,  for  the  sake  of  conciseness,  put 

C     +    •  •  •  C?n  X     ^   ^x* 

Then 
Fm  =  0,«  C,"  -  0, «  4.',  Fa'^<p.a.C;  -<j>a.  A*, 

and  the  last  written  equation  will  become 

2  —J^^^=dx  =  2  0  /''-  -^--^^Jl^-^L^-- 
(cr  -  a)  v/0,r  w  -  a  0^?/  C„«  -  0iM  ^^'^ 

0.0  C/  -  0,0  ^. 
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Now  a,  /a,  ^lO,  <f>2a»  u^  fu^  ^lU,  if^iU  are  all  constant, 
since  they  do  not  involve  a  or  e,  and  a  little  attention  shews 
that 

that    is,    that    we  can    differentiate    or    integrate    under   the 
symbol  n. 

It  is  easily  seen  that 


2 


and  consequently  integrating  the  last  equation,  and  restoring 
the  values  of  the  different  quantities  which  it  involves,  we 
shall  have 

\/0a         (c^  +  ...c^a"")  y/^a  -  (a^  f  ...  a.a")  v/0io 
which  is  AbePs  theorem. 

In  consequence  of  the  ambiguity  already  more  than  once 
noticed,  the  signs  of  the  transcendent  functions  ^*^\^  >/^^s9  &c. 
must  be  considered  as  hitherto  undetermined,  though  not  in 
reality  indeterminate. 

If  iT  -  a  is  a  factor  of  /.r,  so  that  /««  «  (.r  —  o)/i^, 
where  f^m  is  an  integral  function,   we  shall  have 

v/0  W  (^0  +  •  •  •  ^»'*")  ^^0«  W  -  (/!„  4  . . .  a.  M'")  \/0,  M 

for  in   this  case  fa  ^  o. 
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Again,  if  the  index  of  the  highest  power  of  u  in  fu  be  less 
Uian  half  the  corresponding  index  in  ipu,  the  term  affected  by 
the  symbol  11  will  disappear.  And  therefore  in  this  case  the 
general  theorem  will  become 

/< 


^'°^,^ 


tt")  y/^  +  (a,  +  ...  o.a*)  V*"^ 


4 


The    number   i 
symbol  2  is  of  cou 


functions  ^iV,,  ^'C,,  &c.  under  the 
e  that  of  the  roots  of  Fu  =  0.  Of  their 
argnments  x,,  .r,,  &c.  a  certain  number  may  be  considered 
independent  variables,  namely,  as  many  as  there  are  disposable 
quantities  a  and  c,  or  m  +  n  +  2.  When  a  and  c  have  been 
suitably  determined  in  terms  of  the  independent  argumeott, 
the  other  arguments  will  be  given  as  the  roots  of  an  equstioo 
whose  degree  is  less  than  that  of  fu  =  0  by  m  +  n  +  2. 

It  will  assist  the  student  in  forming  a  distinct  conception 
of  AbeVs  theorem,  to  consider  it  as  a  result  of  the  same  cha- 
racter as  the  simple  examples   with  which  we   set  out.      It  j 
differs  from  them  merely  because  the  assumption  made  is  muA  1 
more  general.  ' 

Full  developements  of  the  theory  of  elliptic  functions  will 
be  found  in  Legendre,  Th^orie  des  fonctiona  eltipliqttes,  in 
.Tacobi,  "  Nova  Fundamenta,  &c.'',  and  in  the  works  of  Abel. 
The  work  of  Professor  Verhulst,  published  at  Brussels  in  J8*], 
contains,  in  a  condensed  form,  the  principal  discoveries  of 
I-egendre  and  Jacobi,  and  will  probably  be  found  useful.  It 
contains  also  some  original  matter,  which  is  not  without 
interest.  There  are  also  many  memoirs  in  Crelle's  Journal, 
both  on  elliptic  functions,  and  on  those  which  are  called  hyper- 
elliptic  or  Abelian.  We  may  refer  also  to  a  paper  by  Ivory 
in  the  Phil.  Trans,  for  1831. 

Sjience.  in  his  Mathemniir.at  Essnpt,  has  given  the  name 
of  Lngarithmic  Trnnscen dents  to  functipns  of  which  the 
general   form   is 


J 
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cV*      «*      .V*      a/^ 

^0! dt Js &c. 

2'       3»       4"       5" 

which  he  denotes  by  the  characteristic  symbol 

Ln  (1  ±  ^). 

It  is  easily  seen  that  when  n  s  i  the  series  is  that  of  the 
logarithm  of  l  ^  a^  according  as  the  upper  or  lower  sign 
is  taken,  so  that 

L,  (I  Js  at)  »  log  (1  ±  a). 

All  these  transcendents,  including  the  logarithm,  may  be 
expressed  by  means  of  integrals  which  have  a  mutual  de- 
pendence on  each  other.     Thus 

L,  (1  ±  ^)  -  log(l  ±*)  =  f^-^^ 

/dw 
w 

/dsB 
—  L,(l±*), 


From  these  integrals  various  properties  of  the  tran- 
scendents may  be  deduced  by  analytical  transformations, 
some  of  which  are  here  given. 

(7)  Omitting  /.i  (1  ^  ^),  as  it  is  a  transcendent  the 
properties  of  which  are  well  known,  let  us  take 

/dx 
—  log  (1  A  .r). 
.r 

Using  the  lower  sign,  and  changing  1  -  .r  into  ,r,  and 
,v  into   1  —  .r,   we  have 

—  rfcT 


j— -  log  («). 
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Adding  this  to  the  equation 

A,(l-.r)=  /-^logO  -*), 
we  have 

I  0?  1  -  d7  j 

a  Iog(<V)  .  log  (1  -  cP)  +  C. 

To  determine  the  constant,  make  «r  «0,  when  as  log(l)  =  0 
and  Ljj(l)  =  0,  we  have 


7r« 


MM 

C  =^  Liip)  ^  "  •--  by  a  known  theorem.      Hence 

Lj,(^)  +  £,(1  -  dp)  =  log  (a?)  .  log  (1  -  a?)  -  —  . 

o 

This  property  of  the  transcendent  L^  is  only  true  so  long 
as  A'  is  less  than  unity,  as  when  any  greater  value  is  assigned 
to  it  log  (1  -  iv)  becomes  impossible. 

Euler,  Commen.  Petrop.  1738. 

(8)  Again  in   the  equation 

L,(l  -^)=  T  — log(l  -a), 
we  have  by  changing  x  into  .r*, 

i:,(l-^)-2/^log(l-a-») 

/dw ,      ^  ^  /-rfcr , 

—  log  (1  +  a)  +  2  /  —  log  (I  -  .r). 
W  J     X 

Hence     Lj(l  -  .i?*)  =  2  £,,(1  +  .r)  +  2Ljj(l  -  .r). 

(9)  If  we  take  the  upper  sign,  and  in 

Z^(l  +  x)  =  (—  log  (1  +  0?) 

J     X 

change  x  into  — ,  it  becomes 

X 
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/diV 
—  log  *  ■  ^  (log  xy ; 
up 

therefore,  integrating, 

L,  C-^)  +  ^.(1  +  ^)  =  i(iog  '^y  +  c. 

By  putting  ar=l    we  find   C  — 2/^,(2). 
But  in  the  equation 

1,(1  -  J?*)  =  2Z,(1  +  a)  +  2/.^(i  -.r), 
if  we  put  .r  «  I    we  find 

2A,(2)=  -£,(0)  =  ^; 

therefore     /,,  f 1  +  L^O  +  .r)  =  ^  (^og'^)*  +  -r  • 

Analogous  properties  may  by  the  same  method  be  demon- 
strated of 

L3(ldii.r)»  f—L^O^'V), 

J    X 

and     />4(1  irt?)  «  f—  1,8(1  i.r), 

and   so  on  in  succession.      Generally,  the  student  will  have 
no  difficulty  in  demonstrating  the  following  propositions : 

L,(l  -  oO  -  2"-*  A,(l  +  ar)  +  2"-' /..(I  -  or), 

=2L,.(2)  +2/:„.,(2)>-^    '   +  &c. 

1  .2.3. 4.. .2n' 

(loK*r  (log  a?)--' 

•^.-4V  /  I    g    J  1  .2.S.4...(2n- I) 
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Spence  has  extended  this  analysis  to  the  investigation  of 
the  properties  of  transcendents  defined  by  the  general  law 

— 0.-i(i?); 

the  final  function  or  ip^i^)  being  such   that  it  remains  un- 
changed when  —  is  substituted  for  w,  or 

<3? 


00 W  '=»0o(-j  . 


But  for  this  investigation  and  others  connected  with  it 
the  reader  is  referred  to  the  work  before  quoted. 

The  transcendents  which  we  have  been  considering  are 
all  such  that  they  may  be  derived  by  direct  integration  from 
known  functions,  but  there  are  many  other  transcendents 
which  are  given  only  by  means  of  differential  equations.  As 
these  are  frequently  functions  of  great  utility  in  physical 
researches,  the  study  of  their  properties  without  integrating 
the  equations  in  which  they  are  involved  becomes  of  great 
importance.  Two  examples  of  such  investigations  are  sub- 
joined. 

(10)  Let  F  be  a  function  of  a>  and  r  given  by  the 
differential  equation  of  the  second  order 

in  which  g^  ky  and  /  are  functions  of  «y?,  and  r  is  a  variable 
parameter;    and  if   V  also  satisfy   the  conditions 

dV 

A,  F=0  when  ir=«r, (2) 

a<v 

dV 

— -  +  A2r=0  when  ^  »  .Ts, (3) 

dtV 

then   will 

ji^d*  V^V,  =  0 ; 

V^  and    r„  being   values  of  V  corresponding   to  the  values 
r„  and  r«  of  r. 


m    •••-'«     '  H 
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From  the  given  equation  (f)  we  easily  obtain 

(.-,...r.p..p.A(*-^)-r.^.(*^-)  = 

therefore  integrating  with  respect  to  /v^ 

But  from  the  condition  (2)  we  find  on  taking  the  limit 
«v  s  ^,  9  that 

d»v  d  X 

Similarly  we  find  from   (3)  that  at  the  limit  <r|  ■»  x^  the 
same  relation  holds ;    hence 

(r«-r.)i;?d^^F.F.-0. 

As  r^  and  r„  are  supposed  not  to  be  the  same,  it  follows 
that 

f:^*dwg  v^  F.  -  0. 

Since  we  have 

r^  -  r^\       dx  dx  I 

it  appears  that  when  m  a  n, 

the  real  value  is 

j/^dwg  F.'  ,-V,J-(k^'  +  h,  F.)  when  *  -  *„ 

aVj^       ax 

as  may  be  deduced  by  the  usual  method  for  evaluating  in- 
determinate functions. 

It  is  to  be  observed  that  the  equation  (3)  involves  an 
equation  to  determine  r,  which  equation  may  be  written  as 

F{r)  -  0. 

Poisson*  has  shewn  that  this  equation  has  an  infinite 
number  of  real  and  unequal  roots,  for  the  demonstration 
of  which  proposition  I  must  refer  to  the  works  cited  below. 

*  BulUiin  de  la  Soeiiii  Fhilomaiique,  182».     Thforie  de  la  Chaleur,  p.  178. 
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The  function  V  is  of  gfeat  importance  in  the  theory  of 
heat,  and  the  investigation  of  its  properties  has  formed  the 
subject  of  several  elaborate  memoirs  by  MM.  Sturm  and 
Liouville.  See  Journal  de  Mathematiquesj  Tome  i.  pages 
106,  253,  269,  373,  and   Tome  11.  p.   16. 

(II)  Let  F^  and  Z,  be  integral  and  rational  functions 
of /u,  (l-/u')i,  cos  CD  and  sinoi  determined  by  the  equations 

:r  0  -mO -7-  +  - — i  - .  V  +  mCm  +  i)r.-o, 

dfk  a/x        1  -  /lA     aw 

d  dZ^  1        d*Z, 

:r  ( ^  -  ^')  "T-  + 1 — i  -rV  +  ^  (^  +  1 )  Z.  -  0, 

dfx  dfx        1  -  M     aw^ 

then  will 

so  long  as  m  and  n  are  different. 

Multiply  both  equations  by   (1  -  fi^)^  and  assume 

./!_„»«)  —  =  —      when   they  become 
^       ^^  dfjL      dt'  ^ 

•"  +  ^  +  m  (m  +  1 )  ( 1  -  ,x«)  I^«  =  0  . . .  ( 1 ) , 


dt^         duT 
d'Z^      d'Z, 


dt*        diM? 


+  w  (n  +  1)  (1  -  m')  Z,  =  0  ...  (2). 


Multiply  (1)  by  Z^dtdo)  and  (2)  by  Y^dtdwj  subtract 
(2)  from  (1)  and  integrate  with  respect  to  t  and  w*  Then 
transposing,  and  observing  that  (1  -  ij?)dt  «=  d^,  we  have 

\m  (m  +  1)  -  n  (w  +  1)}  fd^fdwY^Z^ 

Now  if  we  eflPect  the  integration  of  the  first  term  of  the 
right  hand  side  with  respect  to  t^  it  becomes 
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In  taking  the  limits  from  #»  -oo  to  ^a  +  oo,  or  from 
M  =  -  1  to  /u  s  +  1,  the  part  under  the  sign  of  integration 
vanishes,  in  consequence  of  the  factor  1  -  ^x* ;  hence  on  in- 
tegrating with  respect  to  w  from  0  to  2 ir  we  find  that  the 
first  term  of  the  right  hand  side  of  the  equation  is  equal 
to  zero.  In  the  same  way,  on  effecting  the  integration  with 
respect  to  w  of  the  second  term  of  the  right  hand  side  of 
the  equation,  we  find   it  to  become 


f'i'-f:-^-"-!;]- 


which  vanishes  on  taking  it  between  the  limits  to  ^  0  and 
a>  =  27r,  because  F„  and  Z^  are  supposed  to  be  rational  and 
integral  functions  of.sinw  and  cos  oi.  Hence  on  integrating 
with  respect  to  i  and  taking  it  between  the  limits  /=  -oo 
and  /  =  +  «  ,  or  m  *  -  1  and  /ui  =  +  1 ,  the  second  term  of 
the  right  hand  side  also  vanishes ;   therefore 

{TO(m+  1)  -w(w+  1)1  f,\'dul''du)r^Z,^0. 

So  long  as  m  is  different  from  n  this  involves  the  con- 
dition that 

The  functiims  V^  and  Z^,  arc  known  by  the  name  of 
Laplace'^s  Functions,  that  mathematician  having  been  the 
first  who  studied  their  properties  and  pointed  out  their  utility 
in  the  calculation  of  attractions.  For  the  investigation  of 
other  remarkable  theorems  relating  to  these  functions  the 
reader  is  referred  to  the  Micanique  Ciiesfe,  Liv.  in.,  or 
to  CBrien'^s  Mathematical  Tracts.  Mr  Murphy  has  ap- 
plied to  the  treatment  of  these  functions  a  new  and  very 
remarkable  analysis,  which  will  be  found  in  the  introduction 
to  his  ElemefUary  Principlrs  of  the  Thcftry  f^f  Electricity, 
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In  Aulidc,  ct  IpliicniiaiBTaarla.  ad  SdcB 
MSH.  ac  Vcleram  edlHoonm  emmdaTlt  « 

etc.  iJimtr 

Dissertations  on  the  Eumcnidee  of 
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Trinlt;  OdIW*i  CmnibrUli^.    ««.  lie. 

Juvetin)  nad  Pereius,  with  NotcA. 

DylhenF'.A.J.1(>FLiuiiii.>I.A.   <lwi.  H.. 

The  AnabasiB  of  Xenophon,  bnaed 
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Will)  HB  InlrDdnctian,  br  C.  Banrnaroii, 

B.D.,  F.L.a..  FrUow  o(St.John'i  CoUtije. 
CnnitirldBe.uid  Member  of  the  Boyil  ttociet)' 


Five  Sermons  preached  before  the 

Unlroilly  or  Cunbridgl.      Bj  J.  J-  Blukt, 
3.D.,  UU  UirgutFt  ProteHor  of  DiTtnltT- 


4.    Tho  Viiloe  of  TUnt. 

i.    ReflrcUuni  on  Ibe  Qinenl  Fut-Dir 

Four  Sermons,  preached  before  the 

rnlTcnilrol  Cunbiidgc.      Bjl.  i.  Blo' 
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CoHege,  C»lcutta.  Bj-  W.  H,  Mii.i,  D.D. 
Third  Edit.  reriHd  ud  oorreeled.   Rro,   it. 

ObservationB    on    the    Attempted 

AppUodon  of  Futhriatie  FriiMlpln  to  the 
Theory  ud  HliUiric  CriiJeiim  of  the  Goiprli ; 


Phraseological    and    Explanatory 

NDtei  on  the  Hebrew  Toit  of  the  BooH  of 
Uesnia.  By  Ihl  Rev.  T.  Puaroj.M.A,, 
Lord  Almoner't  Under  in  Arable,  ud 
FeUow  ot  Trinity  DciUegr.  Crown  8to.  9>.  M. 

The  Infiiience  of  Christiamty  on 

Hie  Lfinffuue  of  Modem  Europe.  The 
E«nyi  vhloh  obEttined  the  Hul#an  Priie 
for  ttc  Tew  IM*.  By  W,  jExmnoe  ReM, 
R.A.,  Seholur  end  NudyD'i  Blodent  nf  St. 
John's  ColicEC  uid  Cnwe  Unlrerilty 
BchoUr;  end  the  Kev.  w.  Atibat,  B.A., 
late  Scholar  of  Qi1b>  CoUege'    Sro.    4a. 

Pariah  Sermons,  according  to  the 

order  of  ibe  ChrUUan  Tear.  By  the  late 
Rer.C.  A.  Wht.  EtUledbytheBer.J.B. 
Wmr,  M.A.,  Vicar  of  Wravby-wlth-Bland- 
ford,  Brigg.    llmo.   Oi. 

A  Catalogue  of  the  ITttnuscripts 

pi«iTtea  in  tlie  Uhrary  of  the  Unlreraity 
of  Cunbrid^.  Edited  for  the  SyndloK  of 
the UniTerslty Preu.  Ivola.  STO.dDth.  Mi. 

Oraduati    Cantabiigienaos :     dve 

CalalofnKronimquonabrtnno  I'EOluq 
lOm  Oeit,  JS*fl,  Grudo  qDoconque  oi 
AcademlD.  CutA  1.  RaiiiLi.i.  AM.. 
Trln,  Sseii  atque  Acad.  Rcgiatnu'lL  Bvi 


national    Godliness.        Sennons, 

Kipluutory  and  Fraetieal.  Preached  at 
Cambridge  and  Ijuupeter,  by  Rovi.a?<i> 
WiLLUu,  n.D,,  Fellow  of  Kig't  l>llese, 
Ouabridge,  and  ProfCaaor  of  UMirew,  Lam- 
lieter.    uuwn  Svo.   lOe.  Sd. 

Cambridge    Examination    Papers, 

bcini  •  Bupplanenl  to  (be  Cunbrldse  Tni- 
TenityCaleodar,  lUT.    Umo.   9g.  6d. 
Coiilainlnff  the  Pipeta  aet  fDr  the  Tyr- 

Whltt'a  Hebrew  Huhnlanbliw.      Uav.  IIUA 

Thei^o^cal 


Nor.lBMl.— MithnBatiealTripot 

The  Ordinary  B.A.  De«ne.  Jan.  UU.- 
Smith'i  Ptliiee.  Feb.  ISi;.— CiaTen  Seluilar- 
iblp.  Feb.  lM7.-~aaHlcalTripoe.  Feb.  lOtt. 
Uoral  Seleneet  Tripot.  Feb.  lUT.— Cbw. 
aeUor's  Legal  Medal.  Feb,  1837. — C&aB- 
ceUor'a  Medala.  Feb.  1S3T.— Brli'e  SelHte^ 
uhlpa.  Feb.  lSiJ.-KBtBTBlsdmwaT«I■^ 
Mareb,  19a7^Previoiu  ExamloaUnb.  Marth, 
Igil.—TheolagieBlEujDiiiaUon.  April.IUT 

Cambridge  UniTerBity  Caiendar  for 

ISSt.   ICtMtloHHt  AnHuntlf.]    lima.  Oi.  «d. 

On  the    Study  of    Language: 

on  Eipoeitlon  of  Tooke'a    DlTeraJona  ot 


liBh  Lanfiuge."    I3ma.    fi.  Cd. 

A  New  Dictionary  of  the  EngUsli 

Langnaga.  Comhflung  EKplanatlon  with 
Etymology  :  and  tUotCrated  by  QuoWUoa* 
from  the  beat  AuthoritieB.  By  C.  Kiciubb- 
•os,  U,.D.     New  Edition,  with  ■  Buppla- 


A  New  DictionaiT  of  the  English 

Language.  Combln&g  ISiplanatlout  wiUi 
Et>-nu)logie».  By  C.  llirQ.BiBOx,  LL.D. 
Hew  Edition.    Sid.    lia. 

Athenoe  Cantabrigienses.    By 

THusmos  CooPK.   SVD.      '  [IiiM/prrti, 


A 


WOEKS 

EDITED   FOE   THE    SYNDICS 

OFTBE 


DEIGHTON,  BBU,  AND  CO.  CAMBRIDGE. 
HAMILTON.  ADAMS  AND  CO.  31  PATEKNOSTEK  C 
LONDON. 


Saticti  IrcQffii  EpUcopi  LugduiKnsin  Libros  quiitque 
advureos  HaersMi  teitu  Gneco  ia  looia  uuuuuUii  Iocu|il<!lato, 
veniuuo  LsUiik  uiuD  CodiciliU4  CUroniouUiio  *a  Anrndsliuia 
doDua  collatt,  pnemuBB  da  pUdtia  GmMtiounun  tjrolwioiw, 
fngmeDU  necnon  Gmoe,  Sjrruoa,  ArmamM^  oommctiUtioiio 
(Kqwtiu  ot  induibuB  wiu  edidit  W.  Wioui  Habtit,  S.T.B. 
CiJIogu  Rti|;«lu  oUm  wciiu.     1  Vola,    Dmoj  OoUto,     Jttadn. 

7^  IV&rA»  of  Isaac  Barrow,  compared  with  the 
Original  MSB.  eoUrgod  witli  Materikla  hitherto  tinpuhliftiad. 
A  new  Edition,  by  A.  N^riEB,  M.A.  of  Triiiity  Colkge, 
Vicar  of  Holkham,  Norfolk.    Inthefrm. 

Wlteatly  on  the  Common  Prayer,  edited  by  G.  £. 
CoUD^  D.D.  Huttr  of  Jwiu  CoUeg>,  KMa>iiiitig  CbapUin  to 
the  Lord  Kahop  of  El;.    In  At  Prttt. 

Selixt   Dinmurus,   by   Julin   Smitb,   late   Fellow  of 

(^locua'  Collag*.   CautHid^.     Edited    by   H.    O.    WlLLUJU, 

KD.  ProicMor  of  AnUo  iu  the  Diu*mitj.    In  O*  Pnm. 


iSXotii  tbiUt)  foe  ti)c  ^snDicg 


Gavihridge  Greek  and  English  Testament,  in  Parallel 

Columna  on  the  BBinc  page.  Et&ted  by  J.  ScHOLEflEUi,  M.A. 
lata  EogiuB  Profiigaor  of  Greek  in  tlie  Univonritj.  A  naW 
EilItioD  prinliKl  on  Demy  4(0.  Writing  Paper,  with  targe  maigia 


for  MS.  notes. 


:k  and  English  TeetamefU,  in  Parallel 
saiuu  pftj^.     Edited  hy  J.  Soholrtiild,  TM",A. 
I   the  UniTenJ^.    Fonitlk 


Cambridge  Qi 
Columiu  on  t 

Lite   Begins    Profeeaor  of  Greek 
Sdition.    Small  Ootava.     7<.  6d. 

Cav>hridge  Gre^k  Ttatamenl.     Ex  edittone  Btephani 

tertis,  1550.     Small  Octavo,     i*.  6d. 

A  Catalogue  of  the  Manuscripta  preserved  in  the 
Libnfj  of  the  Uoiveraltjr  of  Cuobridga.  Vol.  1.  Demy 
Ootavo,    30*-    Vol.  II.    jo». 

Vol.  m.     hlLtprta. 

Gatahgua  Bibliothecte  BurchhardliaTue,  cum  Appear- 

dice  librorum  nUonini  Orieatalium  in  Bibliotbera  Ackdmnia 
CantabrigiflDsia  aflservatorum.  Jusan  Syodiconun  Preli  Ac^ 
deiuid  coafecit  T.  Fbkbto.v,  A.M.  Collegii  SS.  Trinitattt 
SooiuB.     Damy  4to.     51. 

M.  T.  Ciceronis  rfe   Offieiia  Lihri  ires,  leith  Afargmal 

Analysis,  an  English  Commentary,  pjid  copious  IndioM,  )lj 
E.  A.  HoLDEy,  M.A.  Vice-Pdncipal  of  Cbeltenhun  Cl>l]ei([B, 
late  Fellow  and  Assistant  Tutor  of  Trimty  College,  Cambliilge. 
Poat  Svo,     gM.  6d. 

51.   T,    Ciceronis    Oratio  j>ro    Tito   Aiinio   Mil^ne, 
oitli  a  Translation  of  Asconius'  Introductioii,  MarginsJ  Ait&lyai^   | 
and  Kngliali  Notes,  by  J.  S.  Pt'HtoM,  M,  A.  Pmaident  and  IHitor    i 
of  St  CiUliariiie's  College.     Poat  Octayo.     3»,  6tl. 

M,  Minucii  Felicis  Octavtua.     The  t«xt  newly  reviaed 

Ironi  the  Original  MS.  with  an  English  Commentary,  Analyn^ 
Introduction,  and  Copious  Indices,  Edited  by  H.  A.  Eoldkv, 
M.A.  Yice-Prinrapal  of  Chelteiiluuii  Collage,  lata  Fellow  and 
AinatADt  Tutor  of  'niiiitj  Uollegs  Cambridge.    Crswa  Oolavo. 


Ceesar  Morgan's  Investigation  of  the  Trinity  of  I^aio, 
utd  of  Pliilu  Joiivufi,  uid  of  tho  effeoU  which  ui  fttUchnunt  to 
their  wntiDgt  hwl  upon  the  pricciplca  uid  reawnunjia  of  the 
Fathera  of  the  Cliriiituui  Church.  A  new  Edition,  revind  by 
H.  A.  HoLDur,  H.A.     Crown  Octavo.    .|j. 

Theophili  Epiaa^i  AntitxJienaia  Libri  Trea  ad  Auto- 

IffCimy,  Eilidit,  ProlegoniMiiB  Vcniona  NotuU*  iDdioibua 
instnmt  Gduilmub  Gilhoh  HcMrBBi,  B.T.B.  Collegii 
8MiBtJ»^  Tim.  kpud  Caotabrigioiuei  quondam  Sodni. 
Pan  OoUtvo.    6t. 

De  Ohligaiior^t  ConacieiUta  Pralecttoties  Decern 
OioDii  io  Scholft  Thaatagic*  h&bitic  ■  Rubibto  Sihoiuson,  SS. 
TbwloguB  ibidem  ProhOTore  B^o.  With  Engli*li  Noto, 
including  an  »bndg«d  Tnniktion,  bjr  W.  Wnnncu.,  D.D. 
MaMer  of  Trinitj  Collage.    OoUvo.    gi. 

Urotioa  de  Jure  Belli  el  Pact*,  with  the  rtotes  of 
Barb«ynui  and  other*;  Kccompuiifid  t>y  «i  kbrid;^  TruuLition 
of  the  Tell,  by  W.  WiiBitCLL,  D.D.  Maatir  of  Trinity  Colletfc. 
Throe  Vuluiniia,  8vo,  ^u.    The  trtuiiUtiOQ  separate,  1 14. 

TTie     Uomiliea,    Kith      Various     Jleadiiiga,    and    the 

QuoUtious  from  llic  Fathera  given  at  Iriigth  b  the  Original 
Lau(piag«a.  Edited  li;  G,  E.  CuaniK,  IJ.D.  Matter  of  Jtma 
CoUcg*,    ExMuining  Chajibin    to    the   LunI    Biiliuli  of  Ely. 

OotOTO.        IM,  6(1 

Archhiahop  Uflhcr'a  Anairer  to  a  Jfmett,  teilh  other 
TncU  on  Popery.  Editsd  by  J.  Svuoi-nrtXLO,  M.A.  lat* 
Bc^M  ProtMtor  ef  Or*«k  iallia  UaiTanity.    Ottavu.    tji,  (kL 

Wilson's  tUuatration  of  the  Method  of  eijtlaining  the 

New  Taatament,  by  the  oaiiy  opinJonB  of  Jem  and  Chrtatiuil 
oonccnibg  Christ.  Edited  byT  Ttrirov,  D.D.  Lord  Blahop 
of  Ely.     Octavo.     Hi. 


AtambdHec  Stnibtcsftji  pttit  IStwItil. 


Lectures  on  Divinity  delivered  in   the   University   i 

CwnbridgB,      By  Jolin   Hay,   D.D.     Third   Edition,   by   5 
TDsroH,  D.D.     Lord  BlBhop  of  Ely,    a  voli.  8vo,    ^ot. 


Tlieophylacti  tit  Evangelium    8.   Matthwi 

tariia.  Edited  by  W.  G.  HDMFintT,  B.D.  Pretenduy  of  8t'l 
Paul's,  and  Vicar  of  8t  MutlD'a-in-the-Fields,  London,  Utfr^ 
Fellow  uf  Trinity  CuUege.     OO^ia.     i^. 

Tertullianus   de    Corona   MHitts,  de   Spectaculia,  dn] 

IdoloUtno,  with  AnaJyaia  and  Engliah  Not«e,  by  GaoBO 
Cqbkei,  B.D.  PreAchor  at  the  ChartQi-  Houae,  Ute  Fellow  N 
Tutor  of  8t  John's  College.    Crown  OcUvo.     71.  6ci. 

Astronomical  Observations,  far  the  Years  1849,  1850^^ 

»ad  1851,  made  »t  the  Obaervatory  of  Cmubridgo,  by  the  E 
Jaiocb  fin.T.T.m,  M.A.  Fluiuian  Profatsor  of  ABtronooi;  and 
EEperiinentid  Philosophy  in  the  Univerdty  of  CunbriJge,  uid 
I»te  Fellow  of  Trinity  College.    Eoyal  410.    Nearly  rmdf. 

Ailronomtcal  Observations,  far  the  Years  1846,  1847, 

Mid  1848,  nudo  at  the  ObserTatory  of  Cambridge,  by  thfiB«K 
Jahbs  Cbalmh,  M.A.  Plamiaji  Profeeaor  of  Astnmoay  and 
Eiperimentil  Philosophy  in  the  UnivHrsity  of  Cambridge,  ud 
late  Fallow  of  Trinity  College.     Royal  ^to,  450  P«gea,  151. 

'a*    The  PablislierB  are  directed  to  offer  a  lintited  number  of  Copies 
of  the  Cambridge  Observations  of  Ibrmer  years  at  the  foUowiDg 


